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Abstract

Various aspects of the geometric setting of Algebraic Quantum Field Theory (AQFT) models
related to representations of the Poincaré group can be studied for general Lie groups, whose
Lie algebra contains an Euler element, i.e., ad h is diagonalizable with eigenvalues in {—1,0,1}.
This has been explored by the authors and their collaborators during recent years. A key
property in this construction is the Bisognano-Wichmann property (thermal property for wedge
region algebras) concerning the geometric implementation of modular groups of local algebras.

In the present paper we prove that under a natural regularity condition, geometrically imple-
mented modular groups arising from the Bisognano-Wichmann property, are always generated
by Euler elements. We also show the converse, namely that in presence of Euler elements and
the Bisognano—Wichmann property, regularity and localizability hold in a quite general setting.
Lastly we show that, in this generalized AQFT, in the vacuum representation, under analogous
assumptions (regularity and Bisognano—Wichmann), the von Neumann algebras associated to
wedge regions are type I1I; factors, a property that is well-known in the AQFT context.
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1 Introduction

This paper is part of a project by the authors and collaborators aiming to deepen the relations
between geometric properties of Algebraic Quantum Field Theory (AQFT), Lie theory and
unitary representation theory; see [MN21I, MNO23a), IMNO23b, NO21, [NO@21, [ENO23].

Starting from fundamental properties of a relativistic quantum theory, the Bisognano—
Wichmann (BW) property and the PT symmetry, a generalized setting to study AQFT models
has been developed, that starts from the geometry and representations of the symmetry group
as fundamental input. Through this description, it was possible to present a new large set
of mathematical models in an abstract way (nets on abstract wedge spaces) or a geometric
way (nets on open subsets of homogeneous spaces). A key role is played by the Bisognano—
Wichmann property which in AQFT models ensures that the vacuum state is thermal for any
geodesic observer in a wedge region (see e.g. [Lo97] and references therein). In our context
the Bisognano-Wichmann property serves to provide a geometric implementation of modular
groups of some local algebras. Along this analysis, a fundamental role has been played by
Euler elements that also have been extensively studied in Lie theory (see e.g. [MN2I] and
[MNO23a]) and here creates a bridge between Lie theory, the AQFT localization properties,
and the modular theory of operator algebras.

Nets of standard subspaces (in the one-particle representation) are fundamental objects
to analyze properties of AQFT Models. In particular, they play a central role in the recent
study of entropy and energy inequalities (see [CLR20] and references
therein), new constructions in AQFT ([MN22} [LL15, [LMPR19, [MMTS21]), and in a very large
family of models (see references in [DM20]). Due to the Bisognano-Wichmann property and
the PCT symmetry, the language of standard subspaces deeply relates the geometry of the
symmetry group with its representation theory and the algebraic objects related to the local
von Neumann algebras.

To introduce the main ideas of this paper, we first recall the key steps to understand the
setting we developed for this generalized AQFT.

Geometric setting: In the physics context, the underlying manifolds are relativistic spacetimes,
i.e., time-oriented Lorentzian manifolds. In Minkowski or de Sitter spacetime localization
regions are called wedges and they are specified by one-parameter groups of Lorentz boosts
fixing them. On 2-dimensional Minkowski spacetime, the conformal chiral components yield
fundamental localization regions, corresponding to circle intervals, which are also specified by



one-parameter groups of dilations of the Mé&bius group. So one can describe fundamental
localization regions in terms of generators of certain one-parameter groups in the Lie algebra
of the symmetry group. This framework can be generalized to the context where G is a
(connected) Lie group whose Lie algebra g contains an Euler element h (ad h is diagonalizable
with eigenvalues in {—1,0,1}) to construct an abstract version of the correspondence between
wedge regions and boost generators. In particular, one can associate to every connected simple
Lie group G and any Euler element h € g a non-compactly causal symmetric space M = G/H
(see Section 213l and [MNO23a| for details). For the Lorentz group G = SO 4(R)., we thus
obtain de Sitter space M = dS?. In this case we associate to every boost generator (=Euler
element) the corresponding wedge region, and, in the general context, a wedge region in M
associated to h is a connected component of the open subset on which the flow of A is “future
directed” (timelike in the Lorentzian case). More generally, for an Euler element in a reductive
Lie algebra g, there exists a non-compactly causal symmetric space G/H in which one can
identify wedge regions W, but localization extends to general non-empty open subsets, see
Section 1] for details.

AQFT setting: Models in AQFT are determined by nets of von Neumann algebras indexed by
open regions of the spacetime satisfying fundamental quantum and relativistic assumptions, in
particular isotony, locality, Poincaré covariance, positivity of the energy, and existence of the
vacuum vector with Reeh-Schlieder property. Nets of standard subspaces arise at least in two
natural ways: as the one-particle nets in irreducible Poincaré representations, from which the
free fields are obtained by second quantization, and by acting with the self-adjoint part of the
local von Neumann algebras on a cyclic separating vacuum vector. The Bisognano—Wichmann
property and the anti-unitary PCT symmetry determine the wedge subspaces and the key role
in this identification is played by Tomita—Takesaki theory. This technique has been established
by Brunetti, Guido and Longo in [BGLO02| for cases of physical relevance.

This construction has been realized in a much wider generality by the authors in the current
project (cf. the references above) with the following idea: given an involutive automorphism o
of a Lie group G, an (anti-)unitary representation U of the extended group G, = G x {1,0} on
an Hilbert space H, an Euler element A in the Lie algebra g of G, and a G-transitive family W4
of abstract wedges (fiber-ed over the adjoint orbit of h), then one can associate an “abstract
net” (H(W))wew, of standard subspaces of H giving a net only depending on the symmetry
group. This construction builds on the Brunetti-Guido-Longo (BGL) construction ([BGL02]
and [LRT7S]).

Often this net can be realized geometrically on a causal homogeneous space M, in such a way
that the abstract wedge acquires a geometric interpretation as wedge regions in M. Here we call
a G-space causal if it contains a family Cp, C T (M) of a pointed, generating, closed convex
cones which is invariant under the G-action. Typical examples are time-oriented Lorentzian
manifolds on which G acts by time-orientation preserving symmetries or conformal maps. Given
a representation of G, one can then try to extend the canonical net of standard subspaces
from the set of wedge regions to arbitrary open subsets O C M. A net of real subspaces
associates to open regions of a causal homogeneous space real subspaces of localized states
satisfying properties that are analogous to those of nets of von Neumann algebras: For a unitary
representation (U, H) of a connected a Lie group G and a homogeneous space M = G/H, we
consider families (H(O))oca of closed real subspaces of H, indexed by open subsets O C M
with the following properties:

(Iso) Isotony: O; C O3 implies H(O1) C H(O2)
(Cov) Covariance: U(g)H(O) = H(gO) for g € G.
(RS) Reeh—Schlieder property: H(O) is cyclic if O # 0.
(BW) Bisognano—Wichmann property: There exists an open subset W C M (called a wedge

region), such that H(W) is standard with modular group A;(l‘%)% = Ul(expth), t € R, for
some h € g, for which exp(Rh).W C W.



So one has to specify the real subspaces associated to wedge regions and identify their
properties. There are different possibilities to extend to larger classes of open subsets, that in
general do not coincide. One is based on specifying certain generator spaces in which a linear
basis may correspond to components of a field on M and then obtain local subspaces in terms of
test functions, see [NO21, FN 023] for irreducible representations and Theorem [£.24] for general
representations of reductive groups). Alternatively, one can specify maximal covariant nets
which are isotonic and have the (BW) property, here discussed in Section 2:2.4]

In this paper we discuss the necessity and the consequences of considering Euler elements as
fundamental objects for our constructions. We will further see how this choice will be consistent
with AQFT models. This will be done by facing the following three questions:

Question 1. Is it necessary to consider Fuler elements determining fundamental localization
regions for one particle nets?

Yes, it is a consequence of the Bisognano—Wichmann property and a natural regularity
property: Given a standard subspace H whose modular group corresponds to a one-parameter
subgroup (expth)icr of G (BW property), in Theorem B.I] we show that h is an Euler element
if there exists an e-neighborhood N C @ for which ﬂgEN U(g)V is cyclic. This result is abstract
and does not refer to any geometry of wedges or subregions but can be applied to any net
of real subspaces satisfying a minimal set of of axioms, such as (Iso), (Cov), (RS) and (BW).
Our Euler Element Theorem (Theorem [31]) has particularly striking consequences for such
nets. In this setting, it implies in particular that all modular groups that are geometrically
implementable by one-parameter subgroups of finite-dimensional Lie groups in the sense of the
(BW) property, are generated by Euler elements. Similar regularity conditions are satisfied in
many AQFT models and an analogous property has been used also in [BB99, Def. 3.1] and
[Stx08l, Sect. IV.B].

The second question concerns the converse implication:
Question 2: Are the nets of standard subspaces associated to Euler elements reqular? More
precisely, let h € g be an Euler element, 7, = ¢™**" the corresponding involution on g, and
suppose that this involution on g integrates to an involution 77 on G, so that we can form
the group G,, := G x {idg, 77}, Given an (anti-)unitary representation of this group Gr, , we
consider the canonical standard subspace V= V(h,U) C H, specified by

Ay = 2™V and gy = U(ThG)

(cf. [BGLO2]). A natural way to address such regularity questions is to associate to V a net
H™#* defined on open subsets of a homogeneous space M = G/H by

H™(0) == (] Ulg)V

O0Cg.W

(cf. @0)). If every g € G with ¢ W C W satisfies U(g)V C V, this leads to a covariant,
isotone map with H™**(W) = V. Regularity now corresponds to the existence of open subsets
O C W with NO C W for which H"**(0) is cyclic (Reeh—Schlieder property). We show
that regularity follows if the representation satisfies certain positivity conditions, namely that
the “positive energy” cones Cy in the abelian Lie subalgebras g+1(h) = ker(adh F 1) are
generating; see Theorem [£.I0} This requirement can be weakened as follows. If G = N x L
is a semidirect product and we know already that the restriction U|p satisfies the regularity
condition, then it suffices that the intersections C+ Nn+1(h) generate nii(h) (Theorem [AI2)).
This is in particular the case for positive energy representations of the connected Poincaré
group G = P = RV x [ZL That representations of linear reductive groups always satisfy
the regularity condition can be derived from some localizability property asserting for every
(anti-)unitary representation the existence of a net on the associated non-compactly causal
symmetric space, satisfying (Iso), (Cov), (RS) and (BW) (Theorem [£24]). In particular, the
maximal net H™®* has this property. As every algebraic linear Lie group is a semidirect product



G = N x L, where N is unipotent and L is reductive [Ho8I Thm. VIII.4.3], many questions
related to regularity can be reduced to representations of nilpotent groups. These regularity
results include all the physically relevant one-particle models; for instance the U(1)-current and
its derivatives (covariant under the Mobius group) satisfy the hypotheses of Theorem 10l and
so do the one-particle representations of the Poincaré group, to which Theorem applies,
but not Theorem .10}

Question 3: What can we say on nets of von Neumann algebras? Once fundamental local-
ization regions are specified, it is natural to discuss nets of von Neumann algebras on causal
homogeneous spaces as above. Such nets exist because second quantization of one-particle nets
on causal homogeneous spaces produces nets of operator algebras. For a systematic construc-
tion of twisted second quantization functors, we refer to [CSL23]. Second quantization nets
correspond to bosonic second quantization in AQFT, in general a spin-statistics result is still
to be obtained. The results on von Neumann algebras presented here apply to general geo-
metric relative position of von Neumann algebras, and second quantization provides examples
of nets on causal G-spaces. In Section B Theorem implies that, given a connected Lie
group G, when the BW property and a suitable regularity property hold, and there is a unique
G-fixed state (the vacuum state), then the wedge algebras are factors of type III; with respect
to Connes’ classification of factors [Co73]. This extends the known results in AQFT dealing
with more specific groups and spaces (see for instance [Dr77, [Lo82l [Fr85] [BDEST], [BB99] and
references therein). Here the key property for an Euler element h € g implementing the mod-
ular group through the BW property is to be anti-elliptic, i.e., any quotient ¢ = g/n (n J g
an ideal), for which the image of h in q is ellipti(ﬂ is at most one-dimensional and linearly
generated by the image of h. If g is simple, then g has no non-trivial quotients, so that any
Euler element h € g is anti-elliptic, but Theorem [5.15] covers much more general situations. We
actually do not need to start this discussion with a vacuum vector, but with a vector that is
invariant under U (exp(Rh)). The case of non-unique invariant vector is discussed in Section [5.4]
in terms of a direct integral decomposition taking all structures into account.

Along the paper, only very few comments on locality, or its twisted version, will come up.
This is because the regularity property as well as the localization property merely refer to
a subspace, resp., a subalgebra. To implement (twisted-) locality conditions, suitable wedge
complements have to be introduced (cf. [MN21]). In our general setting, some work still has to
be done to adapt the second quantization procedure.

Recently, operator algebraic techniques have been very fruitful for the study of energy
inequalities. In many of these results the modular Hamiltonian is instrumental. This object
corresponds to the logarithm of the modular operator of a local algebra of a specific “wedge
region”, which in some cases can be identified with the generator of a one-parameter group of
spacetime symmetries by the Bisognano—Wichmann property (see for instance [MTW22] [Lo20]
CLRR22| [Lo19l [CLR20) [Ara76l [LX18] [LM23]). In our setting, we start with a general Lie
algebra element h € g specifying the flow implemented by the modular operator through the
(BW) property. Then

log Aywy = 2mi - OU (h)

is the corresponding modular Hamiltonian. In this case, we know from Theorems [3.1] and
that h has to be an Euler element. In particular we obtain an abstract algebraic characterization
of those elements in the Lie algebra of the symmetry group that may correspond to modular
Hamiltonians. The study of the modular flow on the manifold is particularly relevant. In order
to find regions where to prove energy inequalities, one may also need to deform the modular
flow ([IMTW22] [CF20]). Due to the recent characterization of modular flows on homogeneous
space, a specific geometric analysis is expected to be possible.

IWe call z € g elliptic if ad  is semisimple with purely imaginary spectrum, i.e., diagonalizable over C with purely
imaginary eigenvalues.



This paper is structured as follows: In Section 2] we recall the fundamental geometry of
Euler elements, both abstractly and on causal homogeneous spaces. In Section 2] we recall
the geometry of standard subspaces, properties of nets of standard subspaces and the axioms
(Iso), (Cov), (BW) and (RS). In particular, Section 2224 introduces minimal and maximal nets
on open subsets of a causal homogeneous space M = G/H that are associated to an Euler
element h € g and a corresponding wedge region W C M.

In Sections Bl @ and [§] we discuss Questions 1,2 and 3, respectively. Our key result, the
Euler Element Theorem (Theorem B is proved in Subsection Bl In Subsection we
describe its implications for operator algebras with cyclic separating vectors (Theorems [3.7]
and [B9). The main results of Subsection 1] are Theorems .10l and T2] deriving regularity
from positive spectrum conditions. In Subsection 2] we turn to localizability aspects of
nets of real subspaces. Here our main results are Theorem asserting localizability for
linear reductive groups in all representations in all non-empty open subsets of the associated
non-compactly causal symmetric space for a suitably chosen wedge region. This allows us to
derive that, for the Poincaré group, localizability in spacelike cones is equivalent to the positive
energy condition (Theorem [26]). In Section Bl we continue the discussion of applications of our
results to standard subspace and von Neumann algebras M by systematically using Moore’s
Eigenvector Theorem 5.1l The first main result in this section are Theorem [5.11] characterizing
for (anti-)unitary representation (U, H) of G, the subspace V& = (), U(g)V as the set of
fixed points of a certain normal subgroup specified in Moore’s Theorem. The second one is
Theorem that combines Moore’s Theorem with Theorem [3.7] to obtain a criterion for M
to be a factor of type III;. If M is not a factor, but M’ and M are conjugate under G, we
show that all the structure we discuss survives the central disintegration of M.

We conclude this paper with an outlook section and four appendices, concerning background
on operator algebras, unitary Lie group representations, direct integrals, and some more specific
observations needed to discuss examples.

Notation

e Stripsin C: Sg={z2€C:0<Imz < B} and S1g={z € C: |Imz| < 8}
e The neutral element of a group G is denoted e, and G, is the identity component.
e The Lie algebra of a Lie group G is denoted L(G) or g.

e For an involutive automorphism o of G, we write G° = {g € G: o(g) = g} for the
subgroup of fixed points and G, := G % {idg, o} for the corresponding group extension.

e AU(#H) is the group of unitary or antiunitary operators on a complex Hilbert space.

e An (anti-)unitary representation of G is a homomorphism U: G, — AU(H) with U(G) C
U(H) for which J := U(o) is antiunitary, i.e., a conjugation.

e Unitary or (anti-)unitary representations on the complex Hilbert space #H are denoted as
pairs (U, H).

e U is the canonical unitary representation on the complex conjugate space H, where the

operators U(g) = U(g) are the same, but the complex structure is given by I¢ := —i€.

o If (U,H) is a unitary representation of G and J a conjugation with JU(g)J = U(c(g))
for g € G, the canonical extension U* of U to G, is specified by U*(c) := J (cf. Defini-
tion 2:23)).

e If G is a group acting on a set M and W C M a subset, then the stabilizer subgroup
of Win G is denoted Gw :={g € G: ¢W =W}, and Sw :={g € G: g W C W}.

e A closed real subspace V of a complex Hilbert space H is called standard if VNV = {0}
and V + ¢V is dense in H.



If g is a Lie algebra and h € g, then gx(h) = ker(ad h — A1) is the A-eigenspace of ad h
and g*(h) = |J, ker(ad h — A1)* is the generalized \-eigenspace.

An element h of a Lie algebra g is called

— hyperbolic if ad h is diagonalizable over R
— elliptic or compact if ad h is semisimple with purely imaginary spectrum, i.e., eRadh
is a compact subgroup of Aut(g).

A causal G-space is a smooth G-space M, endowed with a G-invariant causal structure,
i.e., a field (Cm)men of closed convex cones Cy, C Ton(M).

e For a unitary representation (U, H) of G we write:

- oU(z)=4 ‘tZOU(exp tz) for the infinitesimal generator of the unitary one-parameter
group (U(exptz))icr in the sense of Stone’s Theorem.

— dU: g — End(#H>) for the representation of the Lie algebra g on the space H* of
smooth vectors. Then 0U(x) = dU(z) (operator closure) for z € g.
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2 Preliminaries

In this section we recall fundamental geometric structures related to Euler elements of Lie
algebras and corresponding symmetric spaces. Its main purpose is to introduce notation and
some general techniques that will be used throughout the paper. Subsection 2] deals with
abstract wedge spaces of graded Lie groups G, and how they can be related to sets of wedge
regions in homogeneous causal G-spaces M = G/H. Subsection then turns to nets of real
subspaces H(O), associated to open subsets O of some homogeneous space of G. Here we
introduce the basic axioms (Iso), (Cov), (RS) and (BW). We also show that, if (BW) holds for
some h € g and some wedge region W C M, for which ¢.W C W implies g.H(W) C H(W),
we obtain minimal and maximal isotone, covariant nets H™™ and H™** satisfying (BW), such
that any other net H with these properties satisfies

H™™(0) C H(O) C H™(0)

on all open subsets @ C M. We also study basic properties of intersections of standard
subspaces in G-orbits.

2.1 The geometry of Euler elements

In this subsection we recall some fundamental geometric structures related to Euler elements
in the Lie algebra g of a Lie group G. For more details and background, we refer to [MN21]
MNO23al  MNO23bl INO22|.

2.1.1 Euler elements

Let G be a connected Lie group, the Lie algebra of a Lie group G is denoted L(G) or g. For an
involutive automorphism o of G, we write G = {g € G: o(g) = g} for the subgroup of fixed
points and G, := G % {idg, o} for the corresponding group extension. Then

e: Go — ({£1},9), (g,idg) — 1, (g,0)— —1



is a group homomorphism that defines on G, the structure of a Zs-graded Lie group.

Remark 2.1. (a) The group G, depends on o, but two involutive automorphisms o1 and
o2 lead to isomorphic extensions G, = G, if and only if o207 1is an inner automorphism
cy(z) = yxy ™" for some y € G with o1(y) =y~ (hence also o2(y) = y~*). Then

®: Goy > Gy, (g9,1de) — (g,1dc), (e,02) — (y,01)
defines an isomorphism because

(y,01)(g,idc) (y,01) " = (yor(g)y ' ide) = (02(g),ide)

and

(y,01)" = (yo1(y),idc) = (e, ide).
(b) If o is inner, then the above argument shows that G, = G x {£1} is a product group.
Therefore (anti-)unitary representations (U, H) of G, restrict to unitary representations U of
G for which there exists a conjugation J commuting with U(G). Then the real Hilbert space H!
is U(G)-invariant, and (U, H) is simply the complexification of the so-obtained real orthogonal
representation of G on which J acts by complex conjugation.

Definition 2.2. (a) We call an element h of the finite dimensional real Lie algebra g an Euler
element if ad h is non-zero and diagonalizable with Spec(ad h) C {—1,0,1}. In particular the
eigenspace decomposition with respect to ad h defines a 3-grading of g:

g=g1(h) ®go(h) ®g-1(h), where g,(h)=ker(adh —ridy)

Then 74 (y;) = (—1)7y; for y; € g;(h) defines an involutive automorphism of g.

We write £(g) for the set of Euler elements in g. The orbit of an Euler element h under
the group Inn(g) = (e*1?) of inner automorphisms is denoted with @), = Inn(g)h C g. We say
that h is symmetric if —h € Oy,

(b) The set

G=G(Gs):={(h,7) €gx Gs: : 2= e,e(t) = —1,Ad(r)h = h}

is called the abstract wedge space of Go. An element (h,7) € G is called an Euler couple or
Euler wedge if h € E(g) and

Ad(7) = 7. (1)
Then 7 is called an Euler involution. We write Ge C G for the subset of Euler couples.
(c) On g we consider the twisted adjoint action of G, which changes the sign on odd group
elements:

Ad®: G, — Aut(g), Ad®(g) :=e(g) Ad(g). (2)
It extends to an action of G, on G by
g.(h,7) == (Ad"(g)h,g7g ). (3)

(d) (Order structure on G) For a given Ad®(G)-invariant pointed closed convex cone Cy C g, we
obtain an order structure on G as follows ([MN21| Def. 2.5]). We associate to W = (h,7) € G
a semigroup Sw whose unit group is Sw N S‘jvl = Gw, the stabilizer of W. It is specified by

Sw = exp(C+)Gw exp(C-) = Gw exp (C+ + C,).
Here the convex cones C'y are the intersections
Cy:=+CyNg "Ngsi(h), where ¢&7 :={yecg: Ad(r)(y) = £y} (4)
That Sw is a semigroup follows from [Ne22, Thm. 2.16], applied to the Lie subalgebra
Lw = (Cy = C4) +go(h)" + (C- = C-),



in which h is an Euler element. That Lw is a Lie algebra follows from [C,Cy] = [C—,C_] = {0}.
To see this, observe that g+ := > ,.,9x(h) is a nilpotent Lie algebra, so that the subspace
n:=(CuvNgs+)— (CuNgy)is anilpotent Lie algebra generated by the pointed invariant cone
Cu N g+, hence abelian by [Ne99, Ex. VII.3.21].

Then Sw defines a G-invariant partial order on the orbit G.W C G by

g W < g W <= g{lgl € Sw. (5)

In particular, g.W < W is equivalent to g € Sw.

(e) (Duality operation) The notion of a “causal complement” is defined on the abstract wedge
space as follows: For W = (h,7) € G, we define the dual wedge by W' := (—h,7)=1.W.
Note that (W') = W and (W) = gW' for g € G by @). This relation fits the geometric
interpretation in the context of wedge domains in spacetime manifolds.

Remark 2.3. If h € g is an Euler element in a simple real Lie algebra, then the cases where
the involution 7, is inner are classified in [MNO23¢].

Remark 2.4. Let W = (h,7) € G and consider y € g. Then exp(Ry) fixes W if and only if
[y,h] =0 and y=Ad(n)y.
If (h,7) is an Euler couple, then Ad(7)y = 1hy = y follows from y € go(h), so that
gw = {y € g: exp(Ry) C Gw} = go(h) = ker(ad h). (6)
Definition 2.5. (The abstract wedge space) For a fixed couple Wy = (h, ) € G, the orbits
Wi(Wo) =GWo CG and WWy):=G,.WoCG

are called the positive and the full abstract wedge space containing Wo.

Here is a classification theorem of real Lie algebra supporting Euler elements. The families
are determined by their root system:

Theorem 2.6. ([MN21l Thm. 3.10]) Suppose that g is a non-compact simple real Lie algebra
and that a C g is mazimal ad-diagonalizable with restricted root system ¥ = 3(g,a) C a* of
type X,. We follow the conventions of the tables in [Bo90| for the classification of irreducible
root systems and the enumeration of the simple roots ai,...,an. For each j € {1,...,n}, we
consider the uniquely determined element h; € a satisfying ar(hj) = 0. Then every Euler
element in g is conjugate under inner automorphism to exactly one hj;. For every irreducible
root system, the Euler elements among the h; are the following:

Anihi,... hy, By : ha, Ch : hn, Dy : hi,hn-1,hn, E¢:hi,he, E7:h7. (7)

For the root systems BCr, Es, Fy and G2 no Euler element exists (they have no 3-grading).
The symmetric Euler elements (see Definition 22)a)) are

Aon_1 : hn, By, : h1, Ch : hn, Dy, : h1, Doy : hon—1, han, E7:hr.  (8)

Example 2.7. (Wedge regions in Minkowski and de Sitter spacetimes) The Minkowski space-
time is the manifold R*? endowed with the Minkowski metric

d52:dx8—dx%—...—d:c§.

The de Sitter spacetime is the Minkowski submanifold dS* = {(z0,x) € R"® : x> —2% = 1}, en-
dowed with the metric obtained by restriction of the Minkowski metric to dS¢. In the literature
the zo-coordinate is often denoted t as it is interpreted as a time coordinate. The symmetry
groups of isometries for these spaces are the (proper) Poincaré group Py = R*% x SOy 4(R) on
Minkowski space R and the (proper) Lorentz group £ = SO; 4(R) on dS%.



The generator h € s01,4(R) of the Lorentz boost on the (zo, z1)-plane
h(zo, z1,x2,...,2q4) = (1, %0,0,...,0)
is an Euler element. It combines with the spacetime reflection
Jr(x) = (—z0, —21,%2,...,%q)

to the Euler couple (h, jr) € G(L+) C G(P+), for the graded Lie groups L4 = SO1,4(R) and P-.
The spacetime region
Wr={zeR": |zo| < 1}

is called the standard right wedge in Minkowski space, and
Wi == Wr N ds*?

is the corresponding wedge region in de Sitter space. Note that Wx and therefore W& are
invariant under exp(Rk1). Poincaré transformed regions W = g.Wg, g € P4, are called wedge
regions in Minkowski space; likewise the regions W9 = g. W3S, g € £, are called wedge regions
in de Sitter space. To W = ¢g.Wgr we associate the boost group Aw(t) := exp(t Ad(g)h).
They are in equivariant one-to-one correspondence with abstract Euler couples in Gg(P+)
and Gg(L,), respectively. Here the couple (h, ji) corresponds to Wx and WSS, respectively
(cf. [NO17, Lemma 4.13], [MN21, Rem. 2.9(e)] and [BGL02, Sect. 5.2]).

2.1.2 Wedge domains in causal homogeneous spaces

In this subsection we recall how to specify suitable wedge regions W C M in a causal ho-
mogeneous space M = G/H. Motivated by the Bisognano-Wichmann property (BW) in
AQFT, the modular flow, namely the flow of the one-parameter group generated by an Euler
element on a causal homogeneous space M should be timelike future-oriented. Indeed, the
modular flow is correspond to the inner time evolution of Rindler wedges (see [CR94] and also
[BB99l BMS01], [Bo09], [CLRR22 §3]). In our context this means that the modular vector field

XM (m) = % o exp(th).m (9)

should satisfy
XM (m)ecs, forall meW,

where the causal structure on M is specified by the G-invariant field (Cy,)me s of closed convex
cones Cp, C Ty (M). If this condition is satisfied in one m € M, we may always replace h by
a conjugate and thus assume that it holds in the base point m = eH. Then the connected

component
W oi= Wi (h)en (10)

of the base point eH € M in the positivity region
Wi (h) == {m e M: X' (m) € C5,} (11)

is the natural candidate for a domain for which (BW) could be satisfied. Note that this domain
depends on h and the causal structure on M and that W is invariant under the connected
stabilizer G? of h, hence in particular under exp(Rh). These “wedge regions” have been studied
for compactly and non-compactly causal symmetric spaces in [NO23| and [NO22, MNO23b],
respectively.
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Remark 2.8. If Z(G) = {e}, then each Euler element h € g determines a pair (h,7,) € Gg
uniquely. So the stabilizers G™™) and G" coincide and we may identify Wi (h,m) C GE
with the adjoint orbit O, = Ad(G)h. We thus obtain a natural map from W, (h, 7,) = Oy, to
regions in M by g.(h,7s) — g. Wi (h). If, in addition, G" preserves the connected component
W C W (h) (which is in particular the case if W7 (h) is connected, hence equal to W), this
leads to a map from the abstract wedge space W4 (h, 7,) to the geometric wedge space on M.
Proposition 2] below implies that it is isotone if the order on Wy (h, 1) is specified by the
invariant cone Cs from ([I2]).

The compression semigroup of a wedge region

Let M = G/H be a causal homogeneous space and (Cr,)men its causal structure. Writing
G xTM — TM,(g,v) — g.v for the action of G on the tangent bundle, this means that
9.Crmn = Cg.m for g € G,m € M. Identifying T.y (M) with g/h, we consider the projection
p: g — g/b and the cone C := Cey C g/h. For y € g, the corresponding vector field on M is
given by

XM (gm) = 4 Jexp(ty)-gH exp(t Ad(g)~'y).eH = g.p(Ad(g)'y).

dt t= - g‘% +=0

The set
Cu={yeg: (Vme M)ngw(m) €Cn} = ﬂ Ad(g)p'(C) (12)
geG

is a closed convex Ad(G)-invariant cone in g. If G acts effectively on M, then it is also pointed
because elements in Cys N —C)hr correspond to vanishing vector fields on M. This cone is a
geometric analog of the positive cone Cy corresponding to a unitary representation of G (see
(@3)). The following observation shows that it behaves in many respects similarly (cf. [Ne22]).

As any connected component W C W (k) C M is invariant under exp(Rh), the same holds
for the closed convex cone

Cw:={y€g: (Yme W) X} (m) € Cn} D Cn.

Below we show that this cone determines the tangent wedge of the compression semigroup
of W.

Proposition 2.9. For a connected component W C WAfI(h), its compression semigroup
Sw:={geM: gW CW}
is a closed subsemigroup of g with Gw := Sw N Sﬁ/l DG! and
L(Sw) = {z € g: exp(R+z) C Sw} = go(h) + Cw,+ + Cw,—, (13)

where the two convex cones Cw,+ are the intersections £Cw Ng+1(h). In particular, the convex
cone L(Sw) has interior points if Car does.

Proof. As W C M is an open subset, its complement W€ := M \ W is closed, and thus
Sw={geG:g "W CW}

is a closed subsemigroup of G, so that its tangent wedge L(Sw) is a closed convex cone in g
([HN93)).
Let m = gH € W, so that p(Ad(g)~'h) € C°. For x € gi(h) we then derive from
g2(h) = {0} that
e = h 4 t[x,h] for teR.

11



This leads to

p(Ad(exp(tz)g) 'h) =p

= p(Ad(g)~'e™" ™' "h) = p(Ad(g) ™" (h — t[z, h])
= p(Ad(yg

Ad(g) "' (h+tx)) = p(Ad(g) " h) + tp(Ad(g) ).

For « € Cw,+, we have p(Ad(g)"'z) € C, so that p(Ad(exp(tx)g)~*h) € C° for t > 0, which
in turn implies that exp(tx).m € W for m € W and t > 0. So exp(Ryz) C Sw, and thus
z € L(Sw). It likewise follows that Cw,— C L(Sw). The invariance of W under the identify
component G% of the centralizer of h further entails go(h) C L(Sw), so that

Cw,+ + go(h) + Cw,— C L(Sw). (14)

We now prove the converse inclusion. If X2 (m) & Cpm, i.e., p(Ad(g) "'z) & C, then there exists
a to > 0 with

(
(

p(Ad(g) ™ h) + to - p(Ad(g) 'z) & C
(INe99, Prop. V.1.6]), so that exp(toz).m ¢ W. We conclude that
L(Sw) N g1(h) = CW,+.

Further, the invariance of the closed convex cone L(Sw) under e
z_1+zo+ z1 € L(Sw) and z; € g;(h), we have

Radh jmplies that, for © =

Ta1 = lim eFle My e L(Sw) Ngei(h) = Cwoa,

which implies the other inclusion L(Sw) C Cw,+ + go(h) + Cw,—, hence equality by (I4).
Let p+: g — g+1(h) denote the projection along the other eigenspaces of ad h. Then

Cw,+ 2 Cut := £Cu Ngxa(h) = p+(Cur)

also follows from [NO®21, Lemma 3.2]. Therefore C3; # (0 implies C, 4 # 0, and this is
equivalent to L(Sw)° # 0. O

Remark 2.10. In many situations, such as the action of PSLa(R) on the circle S = Py (R),
the cones Cw,+ O Cwy,+ coincide, and we believe that this is probably always the case. It is
easy to see that, if x € Cw, 4, then the positivity region

Q. :={me M: X} (m) € Cp}
contains W (by definition), and it is also invariant under exp(Rh) and exp(Rz), to that
Qz 2 U exp(—tz).W. (15)
>0

Clearly, Q, = M follows if the right hand side of (IH) is dense in M, but we now show that
Minkowski space provides an example where 2, = M without the right hand side of ([I3]) being
dense in M.

If G is the connected Poincaré group acting on Minkowski space M = R and

W =Wgr = {(x0,%x): 1 > |x0l|},

then o
Sw =W x (S04-1(R) x SO1,1(R)")

(INO17, Lemma 4.12]) implies that
OW,i = L(SW) n g1(h) = R+(ieo =+ el)

consists of constant vector fields, so that Cw,+ = Cu,+ in this case. Here we see that, for
z =eo+e1 € Cw,+, the domain Q, = W — Rz is an open half space, hence in particular not
dense in M. Therefore we cannot expect the domain Q, in ([IZ) to be dense in M.
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2.1.3 Non-compactly causal spaces

Let G be a connected simple Lie group and h € g be an Euler element. The associated
non-compactly causal symmetric spaces are obtained as follows (see [MNO23a, Thm. 4.21]
for details). We choose a Cartan involution § on g with #(h) = —h, write K := GY for
the corresponding group of fixed points, and consider the involution e := 7,0 € Aut(g).
Assuming that the involution 7, integrates to an involution & on G, we consider a subgroup
H C Fix(t$) = G™e that is open (hence has the same Lie algebra h = g™°) and for which
H N K fixes h). Then M := G/H is the corresponding non-compactly causal symmetric space,
where the invariant causal structure is determined by the maximal pointed closed convex cone
C C g~ ™ 2 T.g(M) containing h. This construction ensures in particular that eH € W;;(h).
Assume, in addition, that G = Inn(g) is centerfree. Then [MNO23b, Cor. 7.2] identifies W
from () with the “observer domain” W(y) associated to the geodesic v(t) = Exp,y(th)
in M. Further, [MNO23b, Prop. 7.3] thus implies that the stabilizer Gw of W coincides with
the centralizer G" of h:
Gw =G",

so that, for centerfree groups, we may identify the wedge space
W(M,h) :=GW =2 G/Gw = G/Gr =2 O,

with the adjoint orbit Oy of h.

If, more generally, G is only assumed connected and M = G/H is a corresponding non-
compactly causal symmetric space, then the connected component W := W;;I(h)eH C M
containing eH is the natural wedge region and Gw,, C G" may be a proper subgroup. Typical
examples arise naturally for g = slo(R) (see [FNO23, Rem. 5.13]).

For non-compactly causal symmetric spaces, we typically have G, % G-, because the
product TncTh need not be inner (cf. Remark Iﬂ]) If, for instance, g = hc and Ty is complex
conjugation with respect to b (non-compactly causal of complex type), then 75, is complex linear
and Ty is antilinear, hence their product is antilinear and therefore not inner.

From 1, = 07, we derive Tmc7n = 0, which leads to the question when @ is inner. For a
characterization of these case, we refer to [MNO23c].

2.1.4 Compactly causal spaces

Let G be a connected Lie group and M = G/H be a compactly causal symmetric space, where
H C G is an open subgroup and 7. is an involutive automorphism of G. We assume that
there exists an Euler element h € h = g{., so that we obtain a so-called modular compactly
causal symmetric Lie algebra (g, 7ec, C, h) (cf. [NO22]). Here C' C q := g~ ™ is a pointed gener-
ating closed convex cone, invariant under Ad(H ), whose interior C° consists of elliptic elements.
We further assume that the involution 75, on g integrates to an involutive automorphism 7
of G such that 77 (H) = H and the existence of a pointed generating Ad(G)-invariant cone
Cy C g such that
—7(Cy)=Cy and C=CyNyq.

Then eH € M is a fixed point of the modular flow and there exists a unique connected
component
W = Wi (h)en

of the positivity domain W;;(h) that contains eH in its boundary. Theorem 9.1 in INO22| then
asserts that
Sw:={g € G: gW C W} =Gwexp(Cy),

where Gw = {g € G: g W = W} and

Cyq:=Coy+Cq_Cg ™ for Cg+:==xCiNngs1(h). (16)
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The cone Cg IS —Tec-invariant with

(Ce) e =CiNnq=Cy+C_  for Ci:==xC5Nqxi(h)==2xCNgxi(h). 17)
Here

Gw =Gl/H" CG"
is an open subgroup with the Lie algebra go(h) and the wedge space
W(M,h) :=GW =2 G/Gw

carries the structure of a symmetric space ([N(/)QQ7 Prop. 9.2]). Covering issues related to
W(M, h) are discussed in [NO22, Prop. 9.4].

Remark 2.11. In general 7cc # 7, and also 7cc # 7,6 for Cartan involutions 6 with 0(h) = —h.
The latter products 74,0 are precisely the involutions ¢, corresponding to non-compactly causal
symmetric spaces. In general we also have G, % G-, because the product 7.7, need not be
inner (cf. Remark [27]), as the following example shows. If (g, 7cc) is compactly causal of group
type, then g = b @ bh with 7ec(x,y) = (y, ), whereas 75, preserves both ideals. Therefore Tcc7n
flips the ideals, hence cannot be inner. If (g, 7cc) is of Cayley type, then (by definition) 7ec = 7
for an Euler element h.

If g is simple, then it is of hermitian type, so that all Euler elements in g are conjugate.
The relation

Tec Ad(g)7n Ad(9) ™" = Teen Ad(73 (9)9 )

then shows that 7cc7p, is inner for one Euler element if and only this is the case for all Euler
elements. As we have seen above, this is true for Cayley type spaces.

2.2 The geometry of nets of real subspaces

In this section we recall some fundamental properties of the geometry of standard subspaces
on generalized one-particle nets. We refer to [Lo08l, [MN21] INO17| for more details. Sections
2251 and 2:2.4] contains some new observations that will become relevant below.

2.2.1 Standard subspaces

We call a closed real subspace H of the complex Hilbert space H cyclic if H+ ¢H is dense in H,
separating if HN¢H = {0}, and standard if it is cyclic and separating. We write Stand(#) for
the set of standard subspaces of . The symplectic orthogonal of a real subspace H is defined
by the symplectic form Im(-,-) on H via

H = {¢ e H: (YneH) Im,n) =0}

Then H is separating if and only if H' is cyclic, hence H is standard if and only if H' is standard.
For a standard subspace H, we define the Tomita operator as the closed antilinear involution

H+iH— H+dH, &+ine & —in.

1
The polar decomposition JyA7 of this operator defines an antiunitary involution Jy (a conju-
gation) and the modular operator Ay. For the modular group (A} ):cr, we then have

JuWH=H, AiH=H for every t€R
and the modular relations
JAH Jn = AY for every t € R.

One also has H = FiX(JHA,ﬂ/Q) ([Lo08l Thm. 3.4]). This construction leads to a one-to-one
correspondence between couples (A, J) satisfying the modular relation and standard subspaces:
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Proposition 2.12. ([Lo08| Prop. 3.2]) The map H — (An, Ju) is a bijection between the set of
standard subspaces of H and the set of pairs (A, J), where J is a conjugation, A > 0 selfadjoint
with JAJ = A",

From Proposition we easily deduce:
Lemma 2.13. ([Mol8| Lemma 2.2]) Let H C H be a standard subspace and U € AU(H)

be a unitary or anti-unitary operator. Then UH 1is also standard and UARU™ = AZ(E) and
UJwU* = Jyn, where e(U) =1 if U is unitary and e(U) = —1 if it is antiunitary.

Proposition 2.14. ([Lo08],[INO®21| Prop. 2.1]) Let V C H be a standard subspace with modular
objects (A,J). For € € H, we consider the orbit map of: R — H,t — A™Y27¢. Then the
following are equivalent:

(i) €ev.

(i) € € D(AY?) with A'Y?¢ = JE.

(iii) The orbit map of: R — H extends to a continuous map {z € C: 0 < Tmz < 71} — H

which is holomorphic on the interior and satisfies of (mi) = JE.

(iv) There exists n € H’ whose orbit map o extends to a map {z € C: |Imz| < 7/2} = H
which is continuous, holomorphic on the interior, and satisfies o (—mi/2) = &.

2.2.2 The Brunetti-Guido—Longo (BGL) net

Here we recall a construction we introduced in [MN21] that generalize the algebraic construction
of free fields for AQFT models presented in [BGL02].

If (U,G) is an (anti-)unitary representation of G, then we obtain a standard subspace
Hy (W) determined for W = (h, 7) € G by the couple of operators (cf. Proposition 212)):

JHU(W) = U(T) and AHU(W) = €2WiaU(h)7 (18)

and thus a G-equivariant map Hy: G — Stand(#). This is the so-called BGL net
HEC": G(G,) — Stand(H).
In the following theorem, we need the positive cone

d

Cy:={zcg: —i-0U(z) > 0}, oU(z) = dt li=0

U(exptx) (19)

of a unitary representation U. It is a closed, convex, Ad(G)-invariant cone in g.

Theorem 2.15. Let Cy C g be a pointed generating closed convex cone contained in the positive
cone Cy of the (anti-)unitary representation (U, H) of Go. Then the BGL net

HESY: G(Gs) — Stand(H)

1s Go-covariant and isotone with respect to the Cg-order on G(Gg).

The BGL net also satisfies twisted locality conditions and PT symmetry. We refer to [MN21]
for a detailed discussion. In this picture we have not required o to be an Euler involution so
Gr(Go) may in particular be trivial (see Example[2.16]). This general presentation is motivated
by the results in Section [ that will exhibit the existence of an Euler element in g and an
involution 7, defining a graded group G, , as a consequence of a certain regularity condition
for associated standard subspaces in unitary representations of G.
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Example 2.16. It is easy to construct graded groups G, for which Gg(Gs) = 0, i.e., no Euler
couples exist. For example, we may consider G = SL2(R) and the involutive automorphism
0(g) = (g7)~" (Cartan involution). We claim that Gy = G x {1, 8} contains no Euler couples.
In fact, if (h,7) is an Euler couple, then Ad(r) = 7. Identifying the Lie algebra slz2(R),
endowed with its Cartan-Killing form, with 3-dimensional Minkowski space R':2, we have
Ad(G) = Ad(Gs) = SO1,2(R)e, a connected group. But the automorphisms 75, are contained
in SO1,2(R)* because they reverse the causal orientation. Hence no involution 7 = (g,6) € Gy
satisfies Ad(T) = 75,. Clearly, the picture changes if we replace 6 by an involution 7, where
h € sl3(R) 2 s01,2(R) is an Euler element.

2.2.3 Nets on homogeneous spaces

For a unitary representation (U,#H) of a connected a Lie group G and a homogeneous space
M = G/H, we are interested in families (H(O))ocas of closed real subspaces of H, indexed by
open subsets O C M; so-called nets of real subspaces on M. Below we work in a more general
context, where the connection between the abstract and the geometric wedges is less strict. For
such nets, we consider the following properties:
(Iso) Isotony: O1 C O implies H(O1) C H(O2)
(Cov) Covariance: U(g)H(O) = H(gO) for g € G.
(RS) Reeh—Schlieder property: H(O) is cyclic if O # (.
(BW) Bisognano—Wichmann property: There exists an open subset W C M _(called a wedge
region), such that H(W) is standard with modular operator Ayyy = 20U for some
heg.

Nets satisfying (Iso), (Cov), (RS), (BW) on non-compactly causal symmetric spaces have been
constructed on non-compactly causal symmetric spaces in [FN(/)23]7 and on compactly causal
spaces in [NO23].

In some cases there is a one-to-one correspondence between the abstract wedge space W4 C
Gre(Gs) and the set Wi := {g.W: g € G} of wedge regions in M, see Remark 2.8 In these
cases, the BGL net on Wy can be considered as a net on concrete wedge regions in M, satisfying
the previous assumptions, on the set Was of wedge regions in M. A general correspondence
theorem still has to be established. If V is a standard subspace with Ay = ezmaU(h)7 then
H(g. W) := U(g)V yields a well-defined net on Wy if g.W = W implies U(g)V = V. If ker U is
discrete, the latter condition means that Ad(g)h = h and U(g)hU(g9)™* = J.

2.2.4 Minimal and maximal nets of real subspaces

To add a geometric context to the nets of standard subspaces that we have already encountered
in terms of the BGL construction (cf. Theorem 2.15]), we now fix an Euler element h € g and a
homogeneous space M = G/H of G, in which we consider an open subset W invariant under
the one-parameter group exp(Rh). We call W and its translates gW, g € G, “wedge regions”.
At the outset, we do not assume any specific properties of W, but Lemma [Z17] will indicate
which properties good choices of W should have. Let (U, H) be an (anti-)unitary representation
of G, and V =V(h,U) the corresponding standard subspace. For an open subset O C M, we
put
H™(0):= () Ulg)V and H™0):= > U(g)V. (20)
9€G,0CgW 9eG,gWCO

We call H™** the mazimal net, in accordance with [SW8T].

This leads to H™**(O) = H (the empty intersection) if there exists no g € G with O C gW,
i.e., O is not contained in any wedge region. We likewise get H™™(0) := {0} (the empty sum)
if there exists no g € G with gW C O, i.e., O contains no wedge region.
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We also note that, if we write

OA::( N gW)OQO and OV:= |J gWcoO,

gwo0 gWwCo
then O and O are open subsets satisfying (O™)" = O, (O¥)Y = OV, and
HmaX(O/\) _ HmaX(O) and Hmin(O\/) — Hmin(O). (21)

So, effectively, the maximal net “lives” on all open subsets O satisfying O = O” (interiors of
intersections of wedge regions) and the minimal net on those open subsets satisfying O = OV
(unions of wedge regions).

Lemma 2.17. The following assertions hold:
(a) The nets H™ and H™™ on M satisfy (Iso) and (Cov).
(b) The set of all open subsets O C M for which H™**(O) is cyclic is G-invariant.
(c) The following are equivalent:
(i) Sw:={geG:gW CW}CSy.
(it) H™*=(W) = V.
W) is standard.
W) is cyclzc

(W) =
H™=(W) is standard.
(vil) H™™(W) is separating.

(d) The cyclicity of a subspace H™**(QO) is inherited by subrepresentations, direct sums, direct
integrals and finite tensor products.

Proof. (a) Isotony is clear and covariance of the maximal net follows from

HmaX(gOO) — m U(g)v — U(go) m U(galg)v = U(QO)HmaX((’)).

90O CgW goOCgW

The argument for the minimal net is similar.

(b) follows from covariance.

(c) (i) & (ii): Clearly, H"®**(W) C V, and equality holds if and only if W C gW implies
U(g)V D V, which is equivalent to Sﬁ/l C S;', and this is equivalent to (i).

(if) = (iii) = (iv) are trivial.

(iv) = (ii): By covariance and exp(Rh).W = W, the subspace H™**(W) C V is invariant
under the modular group U(expRh) of V. If H™**(W) is cyclic, then it is also standard, as a
subspace of V, so that [Lo08| Prop. 3.10] implies H®**(W) = V.

(i) © (v) follows with a similar argument as the equivalence of (i) and (ii).

(v) = (vi) = (vii) are trivial.

(vii) = (v): By covariance and exp(Rh).W = W, the subspace H™®(WW) D V is invariant
under the modular group U(expRA) of V. If H™" (W) is separating, then it is also standard,
because it contains V. Now [Lo08, Prop. 3.10] implies H™™ (W) = V.

(d) We use that
H™ () =Va for A:={gcG:g 'OCW} (22)

Now (B0) implies that, for U = Uy @ Uz, we have

H™™(0) = HP™(0) @ HE™(0).
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This proves that cyclicity of H™**(0O) is inherited by subrepresentations and direct sums. For
finite tensor products, the assertion follows from Lemma[Dl If U = [ ;f Un, du(m) is a direct
integral, then ([22)) and Lemma [C3(a) imply that

@

H™(0) = [ Hi™(0) du(m) (23
b

for direct integrals. So Lemma implies that H™**(0O) is cyclic if every H;**(0O) is cyclic

in Hp. O

Lemma [ZT7(d) implies in particular that a direct integral representation (U, H) is (h, W)-
localizable in a family of subsets of M in the sense of Definition [£I8]if p-almost all representa-
tions (Um, Hm) have this property. For the case where G is the Poincaré group and M = RY4,
a similar argument can be found in [BGL02, Lemma 4.3].

Remark 2.18. (The case where Sw is a group) If the semigroup Sw is a group, i.e., Sw =
Gw = {g € G: ¢W = W} is a group and ker(U) is discrete, then the inclusion Sw C Sy is
equivalent to

Gw CGy=G"" ={geG": JU(g)J =U(g)} (24)
(cf. Lemma 213). In the context of causal homogeneous spaces, the definition of W as a
connected component of W, (k) (see § ZZI.2)) implies that exp(Rh) C G C Gy, and we have
in many concrete examples that Gy C G" and L(Gw) = g" (see [NO22, NO23, [MNO23D)

and §§ 1.3l and 2-T4]). However, U(Gw ) need not commute with J, so that (24) may fail.
Examples arise already for g = sl2(R); see [FNO23| Rem. 5.13].

Lemma 2.19. Let (U,H) be an (anti-)unitary representation of G, and H a net of real
subspaces on open subsets of M satisfying (Iso), (Cov) and H(W') = V with respect to h € g and
W C M. Then '
for each open subset O C M and equality holds for all domains of the form O = g.W, g € G
(wedge regions in M ).

If  #W # M, then we have in particular

H™8(@) = {0} SH™™ (@) = (| U(g)V and H™™(M) =Y U(g)V C H™>(M) = H.

geG geG

Proof. First we show that the three properties (Iso), (Cov) and H(W) = V of the net H imply
that Sw C Sy. In fact, g.W C W implies

(CQV)

Ul = U@HW) 2 Hgw) '€ Hw) =v.

From Lemma 2I7(c) we thus obtain H™®*(W) = H™"™(W) = V. Hence H(gW) = U(g)V =
H™2 (W) = H™" (gWW) by covariance for any g € G (Lemma ZI7(a)). Further, isotony shows
that O C gW implies H(O) C H(gW) = U(g)V, so that H(O) C H™**(0O). Likewise, giW C O
implies U(g)V = H(gW) C H(O), and thus H™"(0) C H(O). a

Definition 2.20. (a) (Causal complement) Let M = R“% be Minkowski space. Its causal
structure allows us to define the causal complement (or the spacelike complement) of an open
subset O C M by

O'={zeM:(VyeO)(y—=z)’<0}°. (25)
This is the interior of the set of all the points that cannot be reached from E with a timelike
or lightlike curve.
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(b) (Spacelike cones) In Minkowski space R?, we call an open subset O spacelike if =3 < x>
holds for all (zo,x) € O. A spacelike open subset is called a spacelike (convex) cone if, in
addition, it is a (convex) cone.

(c) (Double cone) A double cone is, up to Poincaré covariance, the causal closure

B, = (reg — Vi) N (—reo + Vi)

of an open ball of the time zero hyper-plane B, = {(0,x) € RY :x? < 7‘2}.

Remark 2.21. We continue to use the notation from Example 2.7] and Definition Let
d>2and M DD~ H(D) C H be a net of standard subspaces on double cones (cf. Defini-
tion [Z20(c)), let U be a representation of the Poincaré group 731 satisfying (Iso), (Cov), (RS)
and the following properties

1. Positivity of the energy: The support of the spectral measure of the space-time translation
group is contained in

Vi = {(x0,x) e R" : 2 — x> > 0,20 > 0}.

2. Locality: Dy C Dy = H(D:) C H(D,)'.

3. Bisognano-Wichmann property: Let W C M be a wedge region, as introduced in 271
Then

HW) = Y H(D), (26)

DCW

is standard with A;(l‘%)% = U(Aw(t)), where Aw (t) is the corresponding one-parameter
group of boosts (cf. Example 2.7]).

The Bisognano—Wichmann property implies wedge duality (or essential duality):
HW') = HW)".
Here W' is the causal complement of the wedge W, as in ([28) (see [MolS8, Prop. 2.7]).
For a double cone D we define
H(D) == )  H(Dy) (27)
D, CD’
and obtain the following net on double cones

M >Dr— H (D) :=H(D') = (] H(D:).
D;CD’

By locality one has in general that H(D) C H¥(D). The net H%(D) is called the dual net
of H. If H(D) = H%(D), then the net H is said to satisfy Haag duality. Given two relatively
spacelike double cones D; and Da, there always exists a wedge region W such that Dy C W
and Do C W' ([TWIT7, Prop. 3.1]). For every double cone D, we further have D = (-, W.

As a consequence H(D') = Y., H(W) (with the definition of H(WW) given in (26)). With
respect to V.= H(Wg), this leads to

Hmin(D/) _ H(D/) and Hd(D) — Hmin (D/)/.
We further obtain

HY(D)= () HW)= [  H(Wr) =H"™(D).
wop 9€P],gWrDD
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For the case d = 1 one still has

HUD) = () HOW) = (] H(gWa) = H™(D),
WDOD g€G,gWr DD

but, to this end, one has to consider the maximal net with respect to a unitary representation
(U,H) of the group G = PT = <PLT>7 where r(zo, 1) = (x0, —z1) and H is also covariant
for U(r). Indeed, every double cone is the intersection of Wgr+a and Wy, +b for some a, b € RY4,
but Wgr and W, belong to disjoint orbits of wedges with respect to Pjr. However, they belong
to the same orbit of PT because Wﬁ =rWg.

Alternatively, starting with a unitary representation (U, H) of Pjr for which H is covariant,
we can use Theorem B to extend U to an (anti-)unitary representation of Py by U(r,) :=
Jh(wg)- Then P acts covariantly on the net on wedge regionsEl Hence 17,Wgr = W, implies
the equality

) HW)= [  U@HWr)= ()  HgWsr) = H"™(D),

WDOD gePL,gWRrDD gePL,gWRrDD

where H™®*(D) now is defined with respect to the (anti-)unitary representation of Py. If both
constructions apply, then H™¥*(D) = H™*<(D).

We can conclude a correspondence between the maximal net construction and the dual net
construction but, since we will not deal with locality in this paper, a more detailed analysis is
postponed to future works.

2.2.5 Intersections of standard subspaces

Standing assumption in the remainder of this section: Let G be a connected Lie group
with Lie algebra g and h € g an Euler element. Assume that the involution 75, integrates to an
involution 75* on G. For an (anti-)unitary representation (U, H) of G, := G x {idg, <}, we
call

Vi=V(h,U) := HE®"(h, 7¥) (28)
the canonical standard subspace associated to (h,U). Tts modular objects are J = U(r{') and
A = eZTriaU(h).

For a subset A C GG, we consider the closed real subspace

Va:=Va(h,U) = [ Ug)V. (29)

geEA

We shall be interested in criteria for these real subspaces to be cyclic. An important property of
these subspaces is that they are well adapted to direct sums and direct integrals (Lemmal@).
For a direct sum representation U = U; @ Uz we have in particular V. = V; @ Va, which leads to

Va=Vi,4B V24 (30)

because U(g) ™ *(vi,v2) € V is equivalent to U;j(g) *v; € V; for j = 1,2.

These concepts require (anti-)unitary representations of G, , but often unitary represen-
tations of G are easier to deal with. The following lemma translates between unitary and
(anti-)unitary representations and their properties. It is our version of a closely related tech-
nique developed in [BGL02| Props. 4.1, 4.2], which is based on density properties of intersections
of dense complex subspaces of H.

Lemma 2.22. (The (anti-)unitary extension) Let (U,H) be a unitary representation of G
and write H for the Hilbert space H, endowed with the opposite complex structure. Then the
following assertions hold:

20ne can also argue with Borchers’ Theorem, positivity of the energy and the Bisognano-Wichmann property.
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(a) On H :=H & H we obtain by U(g) := U(g) ® U(rF (g)) a unitary representation which
extends by U(m,)(v,w) := J(v,w) := (w,v) to an (anti-)unitary representation of G-, .
The corresponding standard subspace V= V(h,U) coincides with the graph

V="(AY2), (31)

and its modular operator is A=AdA

b) If U extends to an (anti- )unitary representation of G,, by J = U(th), then the following
h
assertions hold:
(1) ®: H®? - H, (v, w) = (v, Jw) is a unitary intertwiner of U and the (anti- Junitary
representation U* of G-, on HO2, given by

Ul =U®*  and  U'(m)(v,w) :== J* (v, w) := (Jw, Jv).

(2) The standard subspace V¥ := V(h,U*) coincides with the graph T(Ty) of the Tomita
operator Ty = JAY? of V.

(3) The (anti-)Junitary representation U is equivalent to the (anti-)unitary representation
U®? of Gy, on HP?.

(4) If AC G is a subset, then V4 is cyclic in H if and only if Va is cyclic in H.

Proof. (a) The first assertion is a direct verification (cf. [NO17, Lemma 2.10]). Since

A= ezmaﬁ(h) =A@ A’l,
the description of the standard subspace V = Fix(jﬁlm) follows immediately.
(b) (1) Clearly, ® is a complex linear isometry that intertwines the (anti-)unitary representation
U with the (anti-)unitary representation U*.

(2) As A* = &7 1A® = A @ A, the relation

(v,w) = JHAHY2 (v, w) = (JAY*w, JAY?v) = (Tyw, Tyv)

is equivalent to w = Tyv. Hence Vi = I'(Ty).

(3) As the restrictions of U®? and U* to G coincide, [NO17, Thm. 2.11] implies their
equivalence as (anti-)unitary representations. However, in the present concrete case it is easy
to see an intertwining operator. The matrix

T A e I

defines a unitary operator on H®? commuting with U*(G). It satisfies JP2AJ%? = A* = A~}
so that
AJPPAT = AP %2 = JF
(4) If U|g extends to an (anti-)unitary representation U of G, on H, then (3) implies that
U = U®? and any equivalence W: (U, H) — (U®2, 1®%) maps Va to (VB V)a = Vi B Va (see
(0)). Therefore Va is cyclic if and only if V4 is cyclic in H. O

The following definition extends the classical type of irreducible complex representations
to the case where the involution on G is non-trivial. For a unitary representation (U, H),
we write (U,H) for the canonical unitary representation on the complex conjugate space H
by U(g) = U(g). We observe that, for an (anti-)unitary representation (U,H) of G, , its
commutant

U(Gr,) ={A € B(H): (Vg € Gr,) AU(g) = U(9)A}={A € U(G)': U(r)A = AU(r3))}

is only a real subalgebra of B(H) because some U(g) are antilinear.
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Definition 2.23. ([NO17, Def. 2.12]) Let (U, %) be an irreducible unitary representation of G.
We say that U is (with respect to 75), of

o real type if there exists an antiunitary involution J on # such that U* (Th) := J extends U
to an (anti-)unitary representation U* of G, on H, i.e., JU(g)J = U(r¢ (g)) for g € G.
Then the commutant of U*(G-, ) is R.

e quaternionic type if there exists an antiunitary complex structure I on H satisfying
TU(g)I™ ' = U(rF(g)) for g € G. Then U o 7F = U, U has no extension on the same
space, and the (anti-)unitary representation (U,H) of G-, with Ulg 2U® Uord) is
irreducible with commutant H.

o complex type if U o 7¥ ¢ U. This is equivalent to the non-existence of V € AU(H) such
that U(r¢(g)) = VU(g)V " for all g € G. Then (U,H) is an irreducible (anti-)unitary
representation of G-, with commutant C.

Example 2.24. (a) On the Poincaré group P = R>% x [Zl we consider the involution 7 (g) =
Jngjn, corresponding to conjugation with

jh(x07$17 .. .7$d) = (_3707 —T1, T2, 7:Cd)7

so that Pr, = P;. Then all irreducible positive energy representations of P are of real type
except the massless finite helicity representations that are of complex type (see [MuO1l, App. A]
for m > 0, and [Va85, Thm. 9.10] for the general case).

(b) (cf. INO17, Ex. 2.16(c)]) Consider the irreducible unitary representation of G = SUs(C) =
Sping(R) on C? = M (by left multiplication) where the complex structure on H is defined by
the right multiplication with C. This representation is of quaternionic type with respect to
o = id, but of real type with respect to the involution o(g) = g.

Remark 2.25. (Antiunitary tensor products) Let G = G1 x G2 be a product of type I groups
and 7 an involutive automorphism of G preserving both factors, i.e., 7 = 71 X 72. We want to
describe irreducible (anti-)unitary representations (U, H) of the group G, = G x {idg, 7} using
INO17, Thm. 2.11(d)].

(a) The first possibility is that Ul|g is irreducible, so that U(G)’ = R. Then

(Ula, H) = (U1, H1) ® (U2, Ho)

with irreducible unitary representations (U, H;) of G; both extending to (anti-)unitary repre-
sentations U} of G;. Hence both U; and U; are of real type.
(b) The second possibility is that Ul is reducible with U(G)" = C or H, so that

Ue=2Vae([Vor),

where (V,K) is an irreducible unitary representation of G of complex or quaternionic type.
Now V = U; ® Uz, and thus

H2(H1@H2) B (H1®Ha), Ulg = (U1 @U2) D (U1om @ Uz 07T2).

If U; is of complex type, then U; °T; 2 U; implies that V is of complex type. If both Up
and Uz are of quaternionic type, then U; o7; = U; for j = 1,2 implies V o7 2 V| so that V is
of quaternionic type.

Proposition 2.26. Assume that G has at most countably many connected components and
that A C G is a subset. Then the following are equivalent:

(a) For all (anti-)unitary representations (U, H) of G, , the subspace V4 is cyclic.
(b) For all irreducible (anti-)unitary representations (U, H) of G-, , the subspace V4 is cyclic.
(¢) For all irreducible unitary representations (U, H) of G, the subspace Va is cyclic in H.
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(d) For all unitary representations (U, H) of G, the subspace Va is cyclic in H

Proof. (a) = (b) is trivial.

(b) = (c): Let (U,?) be an irreducible unitary representation and (U,#) its natural (anti-
)unitary extension. Then either U is an irreducible (anti-)unitary representations (if U is of
complex or quaternionic type) or a direct sum of two irreducible representations (if U is of real
type) (cf. Definition 2:23)). In view of (30), the cyclicity of V4 is inherited by direct sums, so
that (c¢) follows from (b).

(c) = (d): Let (U, H) be a unitary representation of G. Decomposing U into a direct sum of
cyclic representations, we may assume that U is cyclic, hence that # is separable. Using [Di64]
Thm. 8.5.2, §18.7], we can write U as a direct integral

U= /EB Uz du(x)

X

of irreducible representations (U )zex. Then

~ & _
U= / Uz du(x)
b

implies that Va = f;f Vo.adp(z) by B8) and Lemma [C3(a). Further, Lemma [C3(b) implies
that V4 is cyclic because all subspaces Vx,A are cyclic by (c).

(d) = (a): If (U, H) is an (anti-)unitary representation of G, , then its restriction to G has an
(anti-)unitary extension (U, #H) which by Lemma 222(b)(1) is equivalent to U®2. Hence the
cyclicity of V4 =2 V4 @ V4 implies that V4 is cyclic. O

3 Modular groups are generated by Euler elements

In this section we show that, if the modular group of a standard subspace V is obtained from
a unitary representation of a finite-dimensional Lie group G and a certain regularity condition
is satisfied, then its infinitesimal generator is an Euler element h € g and the modular con-
jugation Jy induces on G the involution corresponding to 7, = e™*" on g (Theorem 3] in
Section [BJ)). In Subsection we describe the implications of this result in the context of
operator algebras with cyclic separating vectors (Theorem [B7)). In this context, we also obtain
an explicit description of the identity component of the subsemigroup Saq of G leaving a von
Neumann algebra M invariant.

3.1 The Euler Element Theorem

The following theorem is a key result of this paper on which all other discussion builds. An
important consequence is relation (32]) which provides an extension of U to an (anti-)unitary
representation of G, on the same space space. Note that, besides connectedness, no assump-
tions are made on the structure of GG, in particular G does not have to be semisimple.

Theorem 3.1. (Euler Element Theorem) Let G be a connected finite-dimensional Lie group
with Lie algebra g and h € g. Let (U,’H) be a unitary representation of G with discrete kernel.
Suppose that V is a standard subspace and N C G an identity neighborhood such that

(a) Ulexp(th)) = Ay "™ fort € R, i.e., Ay = 2™2UM)  and
(b) Vv :=,en U(g)V is cyclic.

Then h is an Euler element and the conjugation Jy satisfies

JU(expa)Jy = Ulexprn(z))  for mn=e"" zeg. (32)

23



In Theorem [D.2] we characterize those Euler elements for which a standard subspace satis-
fying (a) exists in every unitary representation of G.

Proof. Part 1: ad h is diagonalizable with integral eigenvalues: For x € g, we write
z(s):=e* "z cg.
Pick £ € Vx. Then we have for ¢ € ‘H

(¥, U(exp(sh) exp(tx))§) = (¢, U(exp(tz(s)) exp(sh)))
= (U(exp(—tz(s)))y, U(exp(sh))E). (33)

By assumption, there exists a § > 0 such that U(exptz)¢ € V for |t| < §, so that U(exptz)E
is contained in the domain of A&m = ™9V Therefore the left hand side of ([@3) can be
continued analytically in s to a continuous function on the closure of the strip S which is
holomorphic in the interior (Proposition 2.14]).

To obtain an analytic extension of the right hand side, we assume that ¢ € H® is an analytic
vector for U. Then there exists an open convex 0-neighborhood B C gc = g + ¢g (depending
on ¢) and a holomorphic map

Ny: B—H with ny(z)=U(expz)y for z€BNg

and
o 1 n
m(z) = —(@U)"  for z€B. (34)
n=0 "
Writing H(B) for the set of all these vectors ¢, we know that |J, .y H(£B) is dense in H
(INel59]). Shrinking §, we may assume that

e Me C B for  |t] <6,z < 27

Then, for a fixed ¢ with |¢| < §, the function s — U (exp(—tz(s)))y can be continued analytically
to the open disc D := {z € C: |z| < 27}. Further, s — U(exp sh){ has an analytic continuation
to the strip Sx. We conclude that both sides of (B3)) extend analytically to D N S; with
continuous boundary values. We thus obtain for any fixed ¢ with [t| < ¢ and s = =i the
equality

(w,e™ U (expta)g) = (my(—te ™), eV Mg). (35)
As Ul(exptz)é € Vand A\1,/2 =™V this is equivalent to
(¥, WU (exptz)€) = (ny(—te” ™" z), Jy€). (36)

The real subspace Vy spans a dense subspace of H, so that, for each analytic vector ¢» € H®,
there exists a 6, > 0, such that

Ulexp —tz) Jytp = Jyng(—te ™2 "z)  for  |t| < by. (37)
Multiplication with Jy on the left yields
JuU (exp —tz) Jytp = ny(—te” ™2 g) (38)
For a fixed to = dy, (B7) shows in particular that the G-orbit map of Jy is real analytic in an
e-neighborhood because

PO nw(_tefwiad hz)

defines a holomorphic function on a 0-neighborhood of gc. We therefore have JyH” C H“. As
both sides are differentiable in t = 0, we now obtain

JodU (z) Jyp = aU (e ™2 gy for o € H”. (39)
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The left hand side is a skew-symmetric operator on H*, so that dU(e ™ *"z) is skew-
symmetric on H¥. As ker(dU) = L(ker U) = {0}, it follows that
mh(z)=e " reg for xzeg (40)

because dU(z) is skew hermitian on H“ if and only if z € g.
This means that the automorphism 7, € Aut(gc) preserves the real subspace g C gc and
that we have

JdU(x)Jy =dU(e" ™" z)  on  HY forevery z€g. (41)
Applying this relation twice, we arrive at

AU (z) = JidU(z)Jy = dU(r7z) on HY for every € g. (42)

As aU is injective, this shows that e~2™2dh — 2 — id,. This in turn implies that adh is

diagonalizable with integral eigenvalues ([HNI12, Exer. 3.2.12]). We also note that ([@I]) entails
HU(expz)Jy = Ulexptn(z)) for ze€g

because any dense subspace consisting of analytic vectors is a core by Nelson’s Theorem.

Part 2: h is an Euler element: Let k € Z be an eigenvalue of ad h. We have to show that
|k] < 1. So let us assume that |k| > 2 and show that this leads to a contradiction. Let x € g be
a corresponding eigenvector, so that [h, z] = kz. In view of (b), there exists a § > 0 such that

Ulexptx)U(expsh)Vy CV  for [t|+ |s] < 4.
Let
M:=0U(h) and Q:=09U(z)

denote the infinitesimal generators of the 1-parameter groups U(expth) and U (exp tx), respec-
tively. Suppose that ¢ = U(exprh)n = ™™y for n € Vy and |r| < §, so that £ € V. As in
Part 1, for |t| 4+ |r| < § and any entire vector ¥ € H of @, both sides of

(%, U(exp(sh) exp(t))€) = (4, U (exp(te* ) exp(sh))é) (43)
extend analytically in s into Sx. For s := ‘7’—1‘ we have Ims < m, so that we obtain for any
nevn ) )

(1, eTTMeReMpy = (e Qe MMy for  [t] + |r| < 6. (44)

As this holds for a dense set of vectors v, we derive that

ZLAM ¢ M —tQ TEM M
eter Q e”

e TRl n=e "“elkl n for [|t|+]|r| <6 (45)

Now let E C R be a bounded Borel subset and P;as (E) the corresponding spectral projection
of the selfadjoint operator iM on H. We multiply the relation (@5) on the left with Pia(E) to
obtain

i s}

. ‘7;;‘ Iv{Pz‘]vI (E)ethr']Wn _ Pi]vf (E)efth TR Ivfe'r'lwn‘ (46)

Next we observe that 6‘7’2‘ 27

PiM(E) is a bounded operator and, as ™ > R the vector 7 is

M

™

s

contained in the domain of e T* ™| so that its orbit map ¢ — e'™n extends analytically to the

strip 32%. So both sides of (8] have analytic continuations in r to the strip Sﬁ' Hence by

uniqueness of analytic continuation, (@8] also holds for all real r and |t| < 8. Let

Hy = span{e™n: r € R}
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denote the cyclic subspace generated by 1 under e®¥ = U(expRh). We then obtain from (@8]
that

e%MPi (E)e'9¢ = PiM(E)efth%MC for ¢ €Hy. (47)

As H, is invariant under the von Neumann algebra generated by M

spectral projections, i.e. Piar(E)H, C Hy. This shows that

, it is invariant under all

BT M Pirs (B)e'® P (E)y = Pt (E)e "R ™™ Py (E)n. (48)
As all operators in this identity are bounded and Vy spans a dense subspace of H, we arrive
at the relation

iy ZL M

e M P (E)e'C Pirg(E) = Pirg(E)e " Popr (E)e# for |t| < 4. (49)

Hence .

Pt (E)e T P (B) = (Pt (B)e ™M Py (E))?
commutes with P;as (E)etQPiM(E) for |t| < §. As the von Neumann algebra on Py (E)H gen-

27
erated by P;u (E)eWMPi (E) contains the unitary one-parameter group Pin (E)e®™ Py (E),
it follows that

Pini(E)eMe'? Pirg (E) = Pini (E)e*™ Pipr (E)e' P (E)
= Pin(E)e'C Pini (E)e*™ P (E)
= P (E)e Q™ Py (E) for seR, |t <6

As E was arbitrary, this implies that e® commutes with eRe, contradicting the assumption
|k| > 2. We therefore have |k| < 1 and thus h is an Euler element. O

Remark 3.2. If N is an e-neighborhood in G, then so is N~'. Therefore condition (b) in
Theorem [3.1]is equivalent to the following:
(b’) There exists a cyclic subspace K C H such that U(g)K C V for every g € N.

Indeed, if (b) holds, then K := Vy satisfies (b’) for the e-neighborhood N . If, conversely,
(b’) holds, then Vy—1 DO K is cyclic. When nets of standard subspaces are considered in the
next sections, then Property (b) and (b’) will be related to regularity and localizability in a
specific region, respectively (cf. Definition 1] and Lemma [£.2T])

Starting points for the development of the proof of Theorem [3.1] were [BB99| for Part 1 and
[Str08] for Part 2. Accordingly, we recover one of R. Strich’s results as the following corollary.
Corollary 3.3. (Strich’s Theorem for standard subspaces) Let A € R* and consider a two-
dimensional connected Lie group G whose Lie algebra is g = Rz + Rh with [h,z] = Ax. Let
(U,H) be a unitary representation of G with OU(xz) # 0. Suppose that H C V are standard
subspaces such that

(a) U(exp(—pth)) = At fort € R.
(b) Ulexptz)U(expsh)H CV for |s| + |t| < & and some § > 0.
— 2n
Then B = IR
Proof. Theorem [3.1] implies that %h is an Euler element in g, so that % =1. O

Theorem 3.4. Let (U, H) be a unitary representation of the connected Lie group G with ker(U)
discrete. If (H(O))ocm is a net of real subspaces on (the open subsets of) a G-manifold M
that satisfies (Iso), (Cov), (RS) and (BW), then the Lie algebra element h satisfying

AH(W) — 627”' oU (h)
is an Euler element, and the conjugation J := Jygw satisfies

JU(expx)J = Ulexpm(x)) for 7 =" ™" zeqg.
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Proof. Let © C W be a non-empty open, relatively compact subset. Then O is a compact
subset of the open set W, so that

N:={gcG:9g0CW}

is an open e-neighborhood in G. For every g € N we have by (Cov) and (Iso)

g.H(O) = H(g.0) C HW) "2y,

Further (RS) implies that H := H(O) is cyclic, hence standard because it is contained in V.
Now the assertion follows from Theorem [311 O

Theorem 6.2 in [BB99] can be rephrased for standard subspaces. Then it becomes a con-
sequence of our Theorem [3.4l With the notations introduced in Example [2.7] we state the
following corollary:

Corollary 3.5. (Borchers-Buchholz Theorem for standard subspaces) Let U be a unitary rep-
resentation of the Lorentz group G = SO1 4(R)" on a Hilbert space H, acting covariantly on an
isotone net (H(O))ocaga of standard subspace on open regions of de Sitter spacetime. If 8 > 0
is such that -

_it
U(exp(th)) = AH(éng) for teR, (50)

then B = 2.

Proof. The net of standard subspaces (H(O))pcqge with the Lorentz group representation
(U, H) fit the hypotheses of Theorem [B.4] with respect to the Lie algebra element h = %h, as

AH(WgS) — 2midU(R)

We conclude that £ is an Euler element. Since h is also an Euler element in s50(1,d) and 8 > 0,
we must have g = 2m. |

Remark 3.6. (a) An important consequence of Theorem Bl is that 7, integrates to an invo-
lutive automorphism 7 on the group U(G) = G/ ker(U) that is uniquely determined by

2 (expa) = exp(ra(x)) for =z €g.

To see this, let ga: G — G denote the universal covering of G and T,? the automorphism of
G integrating 7, € Aut(g). Replacing G by G and U by U o qg, we may assume that G = G.
Then (32) implies that

JU(9)J =U(7¢(9)) for geG. (51)

It follows that & (ker U) = ker U, and hence that 7 factors through an automorphism of the
quotient group G/ kerU = U(G).

‘Whenever T;? exists (which by the preceding is the case if G is simply connected or if U is
injective), U extends to an (anti-)unitary representation of the Lie group

G, =G x{idg,77} by U(ry):=J (52)

In the setting of Theorem [3] (U, H) cannot be a multiple of an irreducible representation
of complex type. Indeed, in this case there exists no anti-unitary operator J on H such that

U(tn(g)) = JU(g)J™ " for geG. (53)

So the conclusion of Theorem [B1] fails, and therefore one of the two assumptions (a) and (b)
must be violated. Given h € g, it is easy to construct a standard subspaces satisfying (a) by
taking Ay := €279V (") a5 Tomita operator and any conjugation J commuting with U (h). The
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existence of such a conjugation only requires the unitary equivalence of the selfadjoint operators
i0U (k) and —idU (k) (INO15, Prop. 3.1]). This is much weaker than (53) and satisfied in all
unitary representations if g is semisimple and h an Euler element (Theorem[D.2]). So Hypothesis
(b) has to fail and thus regularity is lost. However, the doubling process from Lemma [2.22] a)
leads to a context where (B3) can be implemented.

This accords with the comment after Theorem 4.13 in [DM20], where is has been argued,
with a similar argument, that factorial representations with finite non-zero helicity of the
Poincaré group 771 of R*® cannot act on a net of standard subspaces on spacelike cones (cf. no-
tation in Def. 220). We briefly recall the ideas here. Let (U,H) be a factorial representation
of finite non-zero helicity, acting covariantly on a net of standard subspaces on spacelike cones
C — H(C). By [DM20, Cor. 4.4], H has the (BW) property with respect to the pair (h, Wgr)
(see ExamplelZZ[)E Following [GL95| Prop. 2.4] (or in our general setting [MN21, Thm. 4.28]),
a representation of finite non-zero helicity acting on a net of standard subspaces on spacelike
cones extends to a covariant (anti-)unitary representation of the proper Poincaré group P+ as
in (53). As representations of finite non-zero helicity are of complex type ([Va85, Thm. 9.10]),
we arrive at a contradiction.

Clearly, this example is compatible with the (BW) property in the form of condition (a)
in Theorem B1l By continuity of the Poincaré action on RY3, there always exists a spacelike
cone C C ﬂgEN gW if N C 731 is a sufficiently small neighborhood of the identity and W is
a wedge region. For V.= H(W), we then obtain H(C) C Vx = (1,5 gH(W), and thus Vy is
cyclic whenever H(C) is (which follows from (RS)). In particular, spacelike cone localization
of standard subspaces ensures the regularity condition (b) in the setting of Theorem [B] and
this regularity condition for H(C) ensures the geometric property used in [GL95, Prop. 2.4] to
obtain an extension to an (anti-)unitary representation of PT. As stressed for this specific case
in [DM20], one needs to couple finite non-zero helicity representations with opposite helicities
to provide an environment for non-trivial nets of standard subspaces.

(b) If vy =V, then V is U(G)-invariant because the connected Lie group G is generated by the
identity neighborhood N. In this case h € g is central, which follows from the discreteness of
ker(U) because U(G) commutes with Ay. Then we obtain on 7’ a real representation of G.
(c) If g is a compact Lie algebra, then every Euler element h € g is central, so that 7, = id.
Therefore the cyclicity of Vi as in Theorem BIlimplies that Jy and Ay commute with U(G), and
thus U(g)V =V for g € G. Therefore, a standard subspace V associated to a pair (h,7) € G(Gs)
by the BGL construction can only satisfy the regularity condition in Theorem [BIIb) if V and
M7 are U(G)-invariant. Therefore the representation (U, H) is the complexification of the real
representation of U on H’ = V. Conversely, for every real representation (U, &) of G, the real
subspace £ C ¢ is standard with Ag = 1 and Uc(G) leaves £ invariant, so that the regularity
condition is satisfied for trivial reasons.

3.2 An application to operator algebras

The following theorem is a version of the Euler Element Theorem [3.1] for operator algebras.
We consider the following setup:

(Uni) Let (U,’H) be a unitary representations of the connected Lie group G with discrete
kernel, so that the derived representation dU is injective.

(M) Let ©Q be a unit vector and M C B(H) be a von Neumann algebra for which € is cyclic
and generating. We write (A0, Jam,o) for the corresponding modular objects.

(Fix) Q€ HC, ie., Qis fixed by U(G).

(Mod) Modularity: There exists an element i € g for which >0V = A o. As ker(U) is
discrete, h is uniquely determined.

31t actually suffices to require the net to assign standard subspaces to wedge regions.
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(Reg) Regularity: For some e-neighborhood N C G, the vector Q is still cyclic (and obviously
separating) for the von Neumann algebra

My = [ My, where M, =U(g)MU(g)"".

geN

This implies that (My)’ is a von Neumann algebra containing M}, = U(g)M'U(g)~" for
g € N and that Q is cyclic and separating for (My)'.

Theorem 3.7. Assume (Uni), (M), (Fix), (Reg) and (Mod). Then h is an Euler element and
the modular conjugation J = Jam,q of the pair (M, Q) satisfies

JU(expz)J = Ulexpri(z)) for 1 =e™ "

Proof. Clearly, Q is also separating for My. Let Mg, := {M € M: M* = M} be the subspace
of hermitian elements in M. Then we obtain the two standard subspaces

Vi= Mo D Hi= (Mn)saf2. (54)

Further U(g) *MnU(g) € M for g € N implies U(g)"*H C V. Hence H C Vy, and the
assertion follows from Theorem B1] |

Example 3.8. (The minimal group) For G = R, g = Rh, and the unitary one-parameter group
Ut) = Aﬁf{fﬂ the conditions (Uni), (M), (Fix), (Mod) and (Reg) are satisfied because
the Tomita-Takesaki Theorem ensures that My, = M for every g € G. The conclusion of
Theorem [3.7] then reduces to the fact that Ja.q commutes with the modular group.

Endomorphism semigroups

We consider the context from Theorem [3.7] where G is a connected finite-dimensional Lie group
with Lie algebra g, h € g is an Euler element, (U, H) is an (anti-)unitary representation of G-,
with discrete kernel, J = U(r<), and V = V(h,U) C H is the associated standard subspace.
We also have a von Neumann algebra M with cyclic separating vector €2 for which

V="V := Mg

Here the equality of V and Vaq follows from the equality of their modular objects and Proposi-
tion 2.12]
We consider the endomorphism semigroup of M in G by

Sm:={g € G: U(gIMU(g)~' € M}.

Typically it is hard to get fine information on the semigroup Saq, but combining results from
[Ne22] with Theorem B.7] we actually get a full description of its identity component by com-
paring it with the endomorphism semigroup

vi={g€G:U(g)VC U(g)}

Theorem 3.9. (The endomorphism semigroup) Suppose that (Uni), (M), (Fix), (Reg) and
(Mod) are satisfied. With the pointed cones Cx := £Cuy N g+1(h), we have the following
description of the identity component of the semigroup Sa:

(Sm)e = (Gat)e exp(C + C-) = exp(C4)(Ga)e exp(C-)  and  L(Gm) = go(h).

In particular (Gam)e = (expgo(h)).
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Proof. As U has discrete kernel, h is an Euler element and V = V¢, [Ne22) Thms. 2.16, 3.4]
imply that
Sva = Gy, exp(Cy + C-) = exp(Cy )Gy, exp(C-). (55)

Further, g € Sa yields U(g)Va = V., C Vg because U(g) fixes €2, and therefore
Sm C Svpy- (56)

Let N be an e-neighborhood as in (Reg) and g € Sv,, N N. Then M’y contains both
algebras M’ and M}, = U(g)M'U(g) ", and U(g)Va C Vg implies U(g)V)y D V. Further,
Q is cyclic and separating for M’y and

Vg, = U(9)Var = U(9)Vu 2 Vig = V.

As Q is cyclic and separating for Mj and M’, [Lo08] Prop. 3.24] implies that M} O M’, which
leads to My C M, i.e., g € Spm. This proves that

SmNN =Sy, NN.

Since the semigroups exp(C+) and (Gv,,)e are generated by their intersections with N, it
follows that (Sv,)e = exp(C4+)(Gvr)eexp(C-) € Sam. Now the assertion follows from the
fact that the connected components of Sy,, are products of connected components of the group
Gv,, and exp(Cy + C_) (polar decomposition of Sy,,). |

Remark 3.10. Davidson’s paper [Da96] contains interesting results on the relation between
the stabilizer groups Gam and Gv,,, also on the level of endomorphism semigroups.

(a) [Da96l, Thm. 4] considers a unitary one-parameter group U; = e that fixes Q and leaves
the standard subspace V¢ invariant. It asserts that, if the set

D(8) := {X € M: [H,X] € M}

is such that D(5)Q2 is a core for H in H, then Ad(U;)M = M for all t € R.
(b) [Da96, Thm. 5] considers a unitary one-parameter group U; = e fixing O such that
UiV p C Vpq for ¢t > 0. He shows that, if

V. = ﬂ UV g

0<t<e

is cyclic for some € > 0, then Ad(U¢y)M C M for ¢ > 0. This condition is rather close to the
assumption in our Theorem [3.1]and the regularity conditions discussed in the following section.

4 Regularity and Localizability

If (U, H) is a unitary representation of the Lie group G and V C H a standard subspace with
Ay = e*™9UM) for some h € g, then the Euler Element Theorem (Theorem BI) describes a
sufficient condition for h to be an Euler element, and in this case it even implies the extension
of U to an (anti-)unitary extension of G, by Jy. In this section we study the converse problem:
Assuming that h is an Euler element and (U, H) an (anti-)unitary representation of G, , when
is Vv cyclic for some e-neighborhood N C G. We then call U regular with respect to h. In Sub-
section Il we discuss various permanence properties of regularity and also sufficient conditions,
such as Theorems [4.10] and deriving regularity from positive spectrum conditions.

In Subsection 2] we turn to localizability aspects of nets of real subspaces. Starting with
an (anti-)unitary representation of G-, and the corresponding standard subspace V= V(h,U),
we consider an maximal net H™®* associated to some wedge region W C M = G/H. We
then say that (U, H) is (h, W) localizable in those subsets @ C M for which the real subspace
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Hmax

is cyclic. Here the starting point is to assume this for W, which by Lemma [Z17] implies
that H™* (W) = V, so that the net H™** satisfies (Iso), (Cov) and (BW), but not necessarily
the Reeh—Schlieder condition. In this context our main results are Theorem asserting
localizability for linear reductive groups in all representations in all non-empty open subsets
of the associated non-compactly causal symmetric space for a suitably chosen wedge region.
For the Lorentz group SO1,4(R). and its simply connected covering Spin, 4(R), this leads to
localization in open subsets of de Sitter space dS?. Relating open subsets of dS? with open
spacelike cones in Minkowski space RY?, this allows us to derive that, for the Poincaré group,
localizability in spacelike cones is equivalent to the positive energy condition (Theorem E26]).

4.1 Regularity

Definition 4.1. We call an (anti-)unitary representation (U, H) of G, regular with respect to
h, or h-regular, if there exists an e-neighborhood N C G such that Vy = ﬂgEN U(g)V is cyclic.
Replacing N by its interior, we may always assume that IV is open.

Remark 4.2. In these terms, Theorem [3.] asserts that, if U is a unitary representation with
discrete kernel, V is a standard subspace and h € g with Ay = 2™ %Y then h-regularity
implies that h is an Euler element and that the prescription U(7,) := J extends U to an
(anti-)unitary representation of G, .

This leads us to the problem to determine which (anti-)unitary representations (U, H) of G-,
are h-regular. We start with a few general observations

Examples 4.3. (a) If G is abelian, then 7, = idy and J commutes with U(G). Therefore
U(g)V =V for all g € G and thus all representations are regular.

(b) From [FNO23] it follows that all irreducible (anti-)unitary representations are regular for
any Euler element if G is a simple linear Lie group or g 2 sla(R). In Corollary 25] below, this
is extended to all connected linear real reductive Lie groups.

(¢) Let L = SO1,4(R)e be the connected Lorentz group and h € s01,4(R) a boost generator.
Then all (anti-)unitary representations of the proper Lorentz group Ly = L., are h-regular.
This follows from d = 1 from (a) and, for d > 2, from (b).

Lemma 4.4. For an (anti- Junitary representation (U, H) of G+, , the following assertions hold:
(a) IfU = U1 ®Us is a direct sum, then U is h-regular if and only if U1 and Uz are h-regular.
(b) If U is h-regular, then every subrepresentation is h-regular.

Proof. (a) f U = Uy @ Us, then (B0) implies that Vxy = Vi,n @ Vo, n for every e-neighborhood

N C @G. In particular, Vy is cyclic if and only if Vi 5 and Va n are.
(b) follows immediately from (a). |

Applying Lemma [C3[b) to A := N, we obtain the following generalization to direct inte-
grals:

Lemma 4.5. Assume that G has at most countably many components. Then a direct integral
U= fff Unm dp(m) is regular if and only if there exists an e-neighborhood N C G such that, for
p-almost every m € X, the subspace Vo, N s cyclic.

To deal with tensor products, we need the following observations from [LMRI6]:

Lemma 4.6. Let V; C H;, j=1,...,n, be standard subspaces with the modular data (Aj, J;).
Then the closed real span
Vi=i®--- @V,

of the elements v1 @ - -+ @ vn, v; € V;, is a standard subspace of

H=H1® - Q@Hn
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with modular data
A=A1® --QA, and J=J1Q & Jn.

Moreover,
V=vV® oV,

Proof. The first assertion follows easily by induction from the case n = 2 ([LMR16], Prop. 2.6]).
The second assertion follows by induction from [LMRI6] Prop. 2.5]. O

Example 4.7. Consider the group G = SLa(R), an Euler element h € g = sly(R) (they
are all conjugate) and an irreducible (anti-)unitary representation (Ui, Hi1) of G-, for which
Ui1(Z(G)) € {£1}. We then consider the antiunitary representation

U:=U1®Ui ofGs on Hi®H:1

and observe that U1 (Z(G)) C T1 implies that U factors through the group G/Z(G) = PSLa(R).
For Vi :=V(h,U1), Vi = V(h,U1), and V := V(h,U), we then have

Vzi) =V=V1®V; CH="H®H.

However, U1(Z(G)) C T1 is a subgroup containing non-real numbers, so that

Vi,z@) = ﬂ Ui(z)v; = {0}.

z€Z(G)

We therefore have
V) =V # Vi,z(¢) @ V1,2 = {0}

Example 4.8. Another example from AQFT, where strict inclusions of the type (B7) arise,
is contained in [MTI9] Sect. 4.2.2]. We present the example in a slightly different way from
[MT19] in order to fit it with the language introduced in this paper. It is obtained by second
quantization of the tensor product of U(1)-current chiral one-particle nets. Consider the 1+ 1-
dimensional Minkowski spacetime R"! with the quadratic form z? = 22 — 2%, where spacetime
events are denoted x = (xo,z1). One can now pass to chiral coordinates:

To + x1 1’0—1’1)
V2 V2

In these coordinates, the right and left wedge in R''! are given by

(24,2-) = ( (57)

Wr=Ry xR_- and W =R_ xR;.

Consider the BGL net (H(I));cr., indexed by intervals on the compactified real line Roo =
RU{oo}, associated with the (anti-)unitary lowest weight 1 representation (U, H) of the Mobius
group Mob,, with respect to the Euler element h € sl2(R), the generator of the dilations, acting
by exp(th)z = e'x. We form the tensor product net

R™ 51 x Lo — A(I x I) :==H() @ H(I2) C HQH,
where I; and I are intervals in Roo. A pair of intervals specifies a region
D1, .15 = {(:L’+,:L’7) S RY: xy €,z € Iz}.

Here we only consider intervals 1, I C R, so that the product set I1 x I> C Rio can be identified
with Dy, 1,, and this set is connected.

The net H on “rectangles” in RZ, is covariant for the representation U ® U of the group
I\/I'dbzh := (M6b x M6b) -, -,). Note that the identity component of the Poincaré group 731 and

the dilation group (D(t));cp+ are contained in the group Méb?. Let r be the space reflection
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r(xo,x1) = (x0, —x1), resp., by r(z4+,x-) = (z—,x4+). We consider the group |\/|'c'>bz’fh7 gener-
ated by Mb'bih and r. We implement the reflection r unitarily on H ® H as the flip, acting on
simple tensors by U(r)(§ ® n) = n®&. This extends U ® U to an (anti-)unitary representation
U® of Mob2 H

7, for which the net H is covariant. Now let

G=R" xRt x 01,1(R)T =2 PT xR
be the subgroup of Méb? generated by PT = R»! x O1,1(R)" and positive dilations. Clearly,
H(Wr) = HRY) @ HR™) and H(Wz)=H(R™) @ HR").
Let I1 = (a,b) and I = (¢, d) be bounded real intervals. Then
Lx I =W, N Wiy,
where
WE =R +a)x (R™4+¢) and W)y =R +b) x (RT +d).
Let A= {g1,g2} C M8b x Méb, where g1Wr = W, and gsWgr = W}",. For

V.= H(VVR)7
we now derive from isotony
Va=HWZE)NHWE) D H(L x ) = H(I) @ H(I2) = HWE, n Wiky). (58)

We now consider ﬁm‘“, the maximal net with respect to G. In [MT19l Sect. 4.4.2] it is proved
that H™®*(I1 x Iz) = V4 properly contains H(I1 x I2) = H(I1) ® H(I2). The idea of the proof
is that the net H is Mob x Mob-covariant by construction, but the net on Minkowski space

RlJrl O ><12'—>ﬁmax(f1 XIQ)CH7 .[17[2CR

is only G-covariant and. Consequently, they have to be different. It is easy to see (again by
construction) that the net H™® is G-covariant with respect to U®|g. In order to prove that
it is not Mob x Mob-covariant, one can argue as follows: The representation

(&)
U Ulp = [ Undotm)

Ry

disintegrates to a direct integral of all positive mass representations (Um, Hm), m > 0, of Pt
On wedge regions, the net is the BGL net, hence disintegrates into the BGL nets H,, over
R+ = (07 OO)
~ D @
H(W) :/ Hm (W) dv(m) C Hmdr(m).
R, Ry
By (DI2) from Appendix[C] we also have

~ D @
H™*(D) = / H (D) dv(m) C / Hmdv(m)
Ry Ry

for all open doublecones D = I; x Is. We associate the following subspace to the forward light
cone:

K(Vi) = > Hme(D),

DOV,

where the union is extended over all double cones D contained in V..
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Following [MT19, Prop. 4.3], we have ZDCV+ Hy(D) = Hum, so that K™*(V) is not
separating because

S — &)

e~ 2]
K(Vi)= Y  Hwex(D)) = > Hu(D)dv(m) = [ Hmdv(m) ="H.

DV, Ripcv, Ry

Let g € Mob x Mob such that gD = V. for some bounded interval D. We conclude that there is
no unitary operator @ € U(#), implementing g in the sense that QH™**(D) D H™**(D) holds
for all double cones D C V4. In fact, the former is a standard subspace and sum of the spaces
on the right is not separating.

Lemma 4.9. Let (U, H) be an (anti-)unitary representation of G-, for which the cones

Cy =+Cun gil(h)

have interior points in g+1(h) with respect to the subspace topology. Then, for V.=V(h,U), the
semigroup Sy = {g € G: U(g)V C V} has dense interior, i.e., Sy = S.

Note that, if C'y has interior points, then so do the cones Ct, because they are the projec-
tions of £Cy onto g+1(h).

Proof. Let G" := G/ker(U) and n := L(kerU) = ker(aU). We write U": G" — U(H) for the
unitary representation of G" defined by U. Then

Cy=Cy+n and CU/n:C’m.
Moreover, for ny(h) =nnNgia(h) we have
Gh(h) = ga()/ua(h) for A=1,0,—1,

Therefore the cones
CL := £Cyr Nghi(h) = Cx/nxi1(h)

are generating and
Sy ={geG:U(g)VCV} =Gyexp(C} +C")

by [Ne22, Thm. 3.4]. To see that this semigroup has dense interior, it suffices to show that e
can be approximated by interior points. Since both cones C% have dense interior and the map

go(h) x g1(h) x g—1(h) = G, (zo,z1,7-1) > exp(xo)exp(z1 + x_1)

is a local diffeomorphism around (0,0,0), the semigroup Sy has dense interior. As Sy C G
is the full inverse image of Sy under the quotient map G — G", which has continuous local
sections, it has dense interior as well. |

Theorem 4.10. (Regularity via positive energy) If (U, H) is an (anti-)unitary representation
of G+, for which the cones
Cy :=2CunNg+i(h)

are generating in g+1(h), then (U, H) is regqular.
Proof. For a subset N C G and go € G, we note that
U(go)VC Vn & N""go C Sy. (59)

From Lemma we infer that Sy has an interior point go, so that the above condition is
satisfied for some e-neighborhood N. As U(g)V is cyclic, it follows in particular that Vy is
cyclic. O
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Remark 4.11. (a) The condition on the cone C+ to be generating holds for positive energy
representations of the Mobius group. Up to sign, the only pointed, generating (in the sense of
having interior points) closed convex Ad-invariant cone is

a

C::{XGg:VXZO}:{X:<C

_ba> . b>0,¢<0,ad? g—bc}.
1 0

For the Euler element h = % <O ]

) we have

0 1 0 0
Ci = £C N g (h), c+:R+(O 0>, a:nh(l O>,

and the half lines C+ in g+1(h) also have interior points. In general the generating property
of the cones C+ in g+1(h) is rather strong. For instance it is not satisfied by positive energy
representations of the Poincaré group on R*3. Theorem A 12 will show how to derive regularity
if the cones C'+ are not generating; see Remark .13l

(b) From the proof of Theorem [ I0lone can derive some more specific quantitative information.
If N is an e-neighborhood contained in gg 1Sy for some go € Sy, then the argument implies that
Vy is cyclic.

(c) If [g1(h),g—1(h)] = {0}, then B := exp(gi(h) + g—1(h)) is an abelian subgroup of G and
Sy D Ghexp(Cy + C_). If C C B is any compact e-neighborhood, then there exists a by € Sy
with C~tby C Sy, so that GFC~tby C Sy and thus Vogn = Vo D U(bo)V is cyclic. It follows that
N can be chosen arbitrarily large, whenever the cones Cy are generating. A typical example
is given by the 3-dimensional Poincaré algebra in dimension 1 + 1.

Note that the subgroups G+1(h) := exp(g+1(h)) C G are abelian.

Theorem 4.12. Suppose that G = R x L is a semidirect product. Let (U, H) be an antiunitary
representation such that

o (U|r,H) is regular, and
o the cones Cy := £Cy Nt+1(h) generate v4+1(h).
Then (U, H) is regular.

Proof. First, let N, C L be an e-neighborhood for which H := Vy, is cyclic. Our assumption
implies that Sy N R has interior points in R (Lemma [L9). Hence there exists 1o € (Sy N R)°
and an e-neighborhood Nr C R with roNgl C Sy. Then

UU@U(ro) 'VDUMWVIH for L€ N, r€ Ng,
and so regularity follows. O

Remark 4.13. The condition on the cones C+ in Theorem [£.I0]is stronger than the positive
energy condition Cy # {0}. The latter assumes the existence of a positive cone C in the
Lie algebra that —i0U(z) > 0 for every x € C but does not require the generating property.
Theorem [4.12] shows that, in order to recover the regularity of the net on Minkowski spacetime,
one has to look at the representation of the Poincaré group 771 =RY x 51 and to check the
non-triviality of the one-dimensional cones C+ in the eigenspaces v+1(h) = R(eo + e1) (light
rays) in the subalgebra v = R corresponding to translations, and the regularity property for
the restriction of the representation to the identity component 51 of the Lorentz group. The
first property is equivalent to the usual positive energy condition on Poincaré representations,
namely the joint spectrum of the translations is contained in {z € R"® : 22 > 0,20 > 0}.
The second one holds for every representation of the Lorentz group, see Example E3] and
Theorem [£24] below.
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Remark 4.14. (a) If G is simply connected, then G = Rx.S, where S is semisimple and R is the
solvable radical. In view of Theorem which guarantees localizability for representations
of S, Theorem applies whenever the cones Cy Nt41(h) are generating, i.e., the restriction
of the representation to the abelian subgroups R+ := exp(r+1(h)) have a generating positive
cone.

(b) A similar remark applies to (coverings of) identity components of real algebraic groups.
They are semidirect products G = N x L, where N is unipotent and L is reductive ([Ho81]
Thm. VIIL.4.3]). For these groups Theorem applies whenever the cones Cy Nn4i(h) are
generating.

(c) Presently we do not know if all (anti-)unitary representations of Lie groups of the form
G+, , h € g an Euler element, are regular. The preceding discussion shows that, to answer this
question, a more detailed analysis of the case of solvable groups has to be undertaken.

Proposition 4.15. Let h € g be an Euler element and G-, as above. An (anti-)unitary
representation (U, H) of G, is reqular if and only if its restriction to the connected normal
subgroup N,hl with Lie algebra

wg = ga(h) + (RA + [g1(h), a—1 ()]) + g1 (h)

is reqular.

Note that the equality of g = ni is equivalent to the FEuler element h being anti-elliptic in g
(cf. Definition 53] below).

Proof. Since g = n?l +go(h) on the Lie algebra level, we obtain G = NEGQ for the corresponding
integral subgroups, where N,ul is a normal subgroup with Lie algebra nEL and L(G") = go(h).
Then G* C G*™ implies that G* C Gy. For any e-neighborhood N C N,h” we therefore have

() U= ) UV

geENGh geN

Therefore U is regular if and only if U]y is regular. O
h

Proposition 4.16. We consider a group G = E x R, where E is a finite-dimensional vector
space with Lie algebra of the form
g=FE xRh,

where h is an Euler element. Then all (anti-)unitary representations of G are regular.

Proof. Let E; :={v € E: [h,v] = jv} be the h-eigenspaces in E. By Proposition 15 it suffices
to verify regularity on the subgroup N} = (E1 @ E-1) x R. Using systems of imprimitivity, it
follows that all irreducible unitary representations of such groups factor through representations
of groups for which dim E+; < 1. In fact, all all orbits of e®24" in E* = E* | ® E} are contained
in an at most 2-dimensional subspace because, for a« = a—1 + a1, we have

dh —t t
e " a=e ‘a1 +ea € Ra_1 + Rai.

As irreducible unitary representations of G are build from exp(Rh)-ergodic covariant projection-
valued measures on E*, we can mod out ker a+; to reduce to the situation where dim E1; < 1.

This reduces the problem to the cases where g is abelian, aff(R) or p(2) = R™' x s01,1(R).
The simple orbit structure for R on the dual space E* implies that in this case the cones

Cy  =4+CuNEgr

are always non-trivial, hence generating. Now regularity of all irreducible (anti-)unitary repre-
sentations follows from Theorem .10
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Moreover, Remark[ZITlimplies that, for all compact e-neighborhoods N C G (which project
to compact identity neighborhoods in the three types of quotient groups), the subspaces Vn
are cyclic. As N is independent of the representation, we can use Lemma to obtain the
result in general. O

Remark 4.17. Let (U, ) be an irreducible (anti-)unitary representation of the connected Lie
group G and 0 # v € D(AY?) be an analytic vector. If £ € V4, then U(g) '€ € V holds for all
gin A and, if A° # (), then the analyticity of the map G — V, g+ U(g) v and the closedness
of V imply that U(G)v C V, so that

VaNHY CVg.

If VaNH® is dense in V4 and Va4 is cyclic, it follows that Vg is cyclic. Its invariance under the
modular group of V then implies that V= Vg ([Lo08| Prop. 3.10]). Therefore V is G-invariant
and thus h is central in g if ker(U) is discrete. In view of [BN23| Thm. 7.12], one should not
expect that V contains non-zero analytic vectors if V¢ = {0}. For more details on the subspace
Vg, we refer to Section below.

4.2 Localizability

In this section we study localizability properties of unitary representations of a connected Lie
group G.

Definition 4.18. We say that the (anti-)unitary representation (U, H) of G-, is (h,W)-
localizable in those open subsets O C M for which H™**(O) is cyclic.

The following remark show that already the localizability condition in the wedge region W
has consequences for the representation.

Remark 4.19. By Lemmal[2T17|c) the property of (h, W)-localizability implies Sy C Sy. From
[Ne22] Thm. 3.4] we recall that

Sy:={g€G:U(g)VCV}=Gvexp(Cy +C-) with Cy==2CynNg+i(h) (60)
if ker(U) is discrete. If the Lie wedge
L(Sw) = {z € ¢ exp(R+2) C S

is not contained in go(h) (see Proposition 2.9] for a description of this cone for positivity do-
mains), this implies that one of the two cones

L(Sy)Ng+t1(h) =Cx =+CuNgxi(h)

is non-zero and thus Cy # {0}. If Sw = Gw is a group, this conclusion is not possible, so that
localizability does not require any spectral condition, in particular Cyy = {0} is possible.

Remark 4.20. For the canonical nets obtained from pairs (h, W) on a homogeneous space
M = G/H through two (anti-)unitary representations Ui, Uz of G, , as in (20), Lemma [D1]
shows that, for a tensor product representation U = Uy ® Uz, we have

HmaX(O) 2 HT&X(O) ® HglaX(O)7

and in general equality does not hold (Example [4.7).

Lemma 4.21. (Localizability implies regularity) Let @ # O C W C M be open subsets
such that N := {g € G: g7*O C W} is an e-neighborhood. If (U,H) is an (anti-)unitary
representation for which H™* (W) =V and H™**(O) is cyclic, then it is regular.
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Proof. By assumption H™**(O) is cyclic, and

H™(0) C [ ™ (gW) = () U(g)H™™ (W) = [ U(g)V = V.
geEN gEN geEN

It follows that Vn is cyclic. O

Nets satisfying (Iso) and (Cov) can easily be constructed as follows. Given an (anti-)unitary
representation (U, H) of G, the subspace H*™ C H of vectors v € H for which the orbit map
U': G — H,g — U(g)v, is smooth (smooth vectors) is dense and carries a natural Fréchet
topology for which the action of G on this space is smooth ([Go69, Nel(], [NO21, App. A], and
Appendix [B]). The space H~>° of continuous antilinear functionals n: H>* — C (distribution
vectors) contains in particular Dirac’s kets (-,v), v € H, so that we obtain complex linear
embeddings

H® s H o H >,
where G acts on all three spaces by representations denoted U, U and U~ °, respectively.

All of the three above representations can be integrated to the convolution algebra C° (G, C)
of test functions, for instance U~ (p) := [, ¢(9)U~*(g) dg, where dg stands for a left Haar
measure on G. The operators U(p) are continuous maps H — H™, so that their adjoints
U~°°(¢) define maps H™°° — H. For any real subspace E C H™°°, we can therefore associate
to every open subset O C G, the closed real subspace

HS (O) := span,U—>(C (O, R))E. (61)

On a homogeneous space M = G/H with the projection map ¢q: G — M, we now obtain a
“push-forward net”

HY (0) = HE (4 71(0)). (62)
This assignment satisfies (Iso) and (Cov), so that a key problem is to specify subspaces E of
distribution vectors for which (RS) and (BW) hold as well.

Suppose that g is simple and h € g an Euler element, and that M = G/H is the corre-
sponding non-compactly causal symmetric space (cf. Subsection ZI3). In [FNO23| a net of
standard subspaces HY has been constructed on open regions of M, satisfying (Iso), (Cov),
(RS), (BW), where W = W3} (h)er. The following lemma applies in particular to these nets:

Lemma 4.22. Let (U, H) be an (anti-)unitary representation and E C H™°° be a real subspace
with V.= HY (W). If the net HY has the Reeh-Schlieder property (RS), then H™*(0) is cyclic
for any non-empty open subset O C M.

Proof. Since H2!(0) is cyclic for each non-empty open subset @ C M by (RS), it suffices to
verify that H2 (©0) C H™**(0O). As the net H' is covariant, isotone and has the BW property
with respect to h and W, this follows from Lemma 2191 O

Example 4.23. We now describe an example of a net H} constructed from a standard sub-
space V = V(h,U) for which the corresponding maximal net H™** is strictly larger on some
open subsets. Here M = R, with its natural causal structure, on which we consider the group
G = Aff(R)., acting by affine maps.

On the space CZ°(R,R) of real-valued test functions on R, we consider the positive definite
hermitian form, given by

(f.a)1 = / I (P)3(p) dp = / pF(—p)a(p) dp
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where the Fourier transform is defined f fR 7 £ (1) de. We write HW for the real Hilbert

space obtained by completion with respect to this scalar product and n: C°(R,R) — HD for
the canonical inclusion. The symplectic form corresponding to its imaginary part is

-~ . 1 -~ .
o1(f,9)=Im | pf(=p)g(p)dp= 5. | pf(-p)g(p)dp = W/ f@)g'(x)dz.  (63)
R, R R

Let G := Aff(R). be the connected affine group. Then the canonical action of G on
C(R,R) by (g.f)(x) := f(g~'x) preserves the hermitian form and the Fourier transform
intertwines 1t with the unitary representation on L*(R4,pdp) by

(ﬁ(b7 CL)F)(p) = eibpaF(ap)v be Ry a,p e R‘F'

As U extends to an irreducible unitary representation U of PSLa(R) (cf. [ENO23, §5.4]), Corol-
lary [D.7 implies that U is irreducible over R. It follows in particular that the Fourier transform
C(R,R) — L*(R4,pdp) has dense range. We thus obtain a real linear isometric bijection
HY - 12 (R4, pdp). Bypassing the Fourier transform, we can also write the scalar product,
extended to complex-valued test functions, as

<f7g>1:/R F)aw) pdp = //f = i)io)dedy.

We consider the unitary representation U® of G on H™W, for which the Fourier transform is
an intertwining operator onto L* (R, pdp). Note that H® may also be considered as a Hilbert
subspace of §'(R) via the map ¢(g)(f) = (f, g)1 for f,g € S(R), i.e

_ ; __ (=D
The antilinear involution (jf)(z) := —f(—z) on C2°(R) induces a conjugation on H) that

extends U™ to an (anti-)unitary representation G, = R xR* = Aff(R) for the Euler element
h=(0,1) € g. On L*(R;,pdp), j corresponds to the conjugation defined by JF = —F. Here
(h,—1) € Ge(Aff(R)) and Wy = G.(h,—1) can be identified with the set of open real half-lines,
bounded from below.
Clearly,

HY(0) :=1(C=(O.R))
defines a net of real subspaces in H® that is isotone and G-covariant. Furthermore ([63) implies
that this net is local in the sense that disjoint open intervals map to symplectically orthogonal
real subspaces. It also satisfies the Reeh—Schlieder property and also the BW property in the
sense that

V="V(h,U) = H"(R})

(cf. [Lo08, INO@21]). Here the main point is to verify that the constant function 1, a distribution
vector for the representation on > (R4, pdp) satisfies the abstract KMS condition

Jl=—-1=AY21 for A =¥V (64)

(cf. [BN23]). As U(0,¢')1 = €', the relation (64) follows immediately. For k > 2, we also have
the following subnets, generated by the derivatives of test functions via

H®(0) = p(f&D): f € C=(O,R)} C HM(0).

These nets are also isotone and G-covariant. It is known from [Lo08, Prop. 4.2.3] and [GLW9S]
that, for every bounded interval I C R and k < £, the subspace H® (I) € H®(T) is proper
with

dim (H®(1)/HO(1)) = £ — k.
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On the other hand, when I = (a, o) is an unbounded interval, then H*) (I) = H®) (I for every
k € N. Furthermore, on intervals, H®) is a restriction of the BGL net associated to the unitary
positive energy representation U of PSLa(R) of lowest weight k ([Lo08, Thm. 3.6.7]).

Finally, we explain how to write these nets in the form HﬂEgk for suitable one-dimensional
subspaces Ex = Ray € H ™™ of distribution vectors of the representation (U(1)7H(1)). To this
end, we consider the Fourier transform L?(R,pdp) — O(C4), Fi(F)(z) = fR+ e** F(p) pdp,
which maps unitarily onto the reproducing kernel Hilbert space H1 C O(C4) with reproducing
kernel

Qz,w) = m for z,weCy=R+iRy

(INO®21]). Here J acts by (JF)(z) := —F(—2) and the affine group by
(Ui(b,a)F)(z) = a "F(a~ ' (z +b)).

The discussion in [FNO23, §5.4] shows that
i (z) = (z+1i0)"%, resp. ai(z) = —

is a distribution vector that is an eigenvector for the dilation group, satisfying U; *°(a)a1 = aaq
and Jai = —ay. For E; := Rai, the corresponding standard subspace H]§1 (O) is therefore
generated by the elements U; *(¢)ar = ¢ x a1, ¢ € CZ(O,R), so that we obtain for each
open subset O C R:
HE, (0) = HY (~0).
We also note that
0D ar = ¢ 0 s 0 = (<1)" xaf?,

so that we obtain
H®(~0) = Hg, (0) for Ep=Rak, aj:=al""".

An example on 1+1-dimensional Minkowski spacetime is described in Remark 8]

Localizability for reductive groups

In this section we assume that g is reductive and that G is a corresponding connected Lie group.
We choose an involution 6 on g in such a way that it fixes the center pointwise and restricts
to a Cartan involution on the semisimple Lie algebra [g,g]. Then the corresponding Cartan
decomposition g = ¢ @ p satisfies 3(g) C €. We write K := GY for the subgroup of #-fixed points
in G.

We write

=002 Pa,

Yer

where go = 3(g) is the center and each ideal g, is simple. Accordingly, we have

h=ho+ > hy,
¥
where h, € g, either vanishes or is an Euler element in g,. We assume that 6(h,) = —h, for
each v € I'. We decompose I as
'=ToUI'' with To:={yeTl:h,=0}, (65)
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so that h = ho + > h~. Then we obtain an involutive automorphism 7 on g by

velr
x for =z € go=3(g),
T(x)=<=z for ze€g,,ve€To,
0(x) for =z €gy,vET,
and we assume that 7 integrates to an involutive automorphism 7¢ of G. We write  := g~
and q := g~ " for the 7-eigenspaces in g. Then there exists in q a unique maximal pointed
generating e*!"-invariant cone C' containing h’ := >, er, by in its interior ([MNO23a]) We

choose an open #-invariant subgroup H C G satisfying Ad(H)C = C. By [MNO23al, Cor. 4.6],
this is equivalent to Hx = H N K fixing h. Here we use that H has a polar decomposition
H = Hy exp(hy), so that the above condition implies that Ad(H)h = ¢3¢ h. Then

M =G/H (66)

is called the corresponding non-compactly causal symmetric space. The normal subgroups
Go = Z(G). and Gj for hj = 0, are contained in H, hence act trivially on M. The homogeneous
space M carries a G-invariant causal structure, represented by a field (Cy,)me s of closed convex
cones Cy, C Tpp (M), which is uniquely determined by Ceyr = C C q = Tea(M).

The modular vector field

XM (m) = 4 exp(th).m (67)
dt lt=o0
on M determines a positivity region
Wi(h) :== {m e M: X" (m) € Cp,} (68)

and the connected component W := WA*{ (h)em of the base point eH € M is called the wedge
region in M.

Note that the following theorem does not require any assumption concerning the irreducibil-
ity of the representation. Although its proof draws heavily from [FN023], which deals with
irreducible representations, Proposition is a convenient tool to reduce to this situation.

Theorem 4.24. (Localization for real reductive groups) If the universal complezification
n: G — Gc of the connected reductive group G is injective and (U, H) is an (anti-)unitary
representation of G, , then the canonical net H™** on the non-compactly causal symmetric
space M = G/H associated to h as in (66) satisfies

(a) V=H™>*(W), i.e., Sw C Sy, and
(b) H™**(0O) is cyclic for every non-empty open subset O C M.

Proof. In view of Lemma[2I7]c), assertion (a) follows from (b). So it suffices to verify (b). By
Proposition we may further assume that (U, H) is irreducible. Replacing G by a suitable
covering group, we may assume that the universal complexification G¢ is simply connected,
and then
Gc =2 Goc X II Gyc

yer

leads to the product structure
G=Gox [] G

~er

Moreover,
9= a4, and C=> C, with C,=Cng,

YET RISINY

(cf. @3).
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We first consider irreducible representations of the factor groups G-, . If h, € g, is trivial
or central, then the standard subspace V is Gj-invariant, so that V = Vg, . For all other simple
factors (h., W, )-localizability in the family of all non-empty open subsets of the associated
non-compactly causal symmetric space follows from [FNC,)237 Thm. 4.10]. This implies the
assertion for all irreducible (anti-)unitary representations of the factor groups G-, and Go, -,

Let Up ® ®7€F U, be an irreducible unitary representation of G and extend it by some
conjugation of the form J = Jo ® ®W€F J, to an irreducible (anti-)unitary representation
(U, H) of G-, on a Hilbert space that is a subspace of the tensor product of the spaces

Hy=H, &,

By Remark [225] all irreducible (anti-)unitary representations of G, are subrepresentations
of tensor products of irreducible (anti-)unitary representations of the factor groups. We thus
obtain all irreducible (anti-)unitary representations of Gr,. Therefore the assertion follows
from the fact that (b) is inherited by subrepresentations, direct sums, and finite tensor products

(Lemma 2ZT7(d)). |

Corollary 4.25. (Regularity for linear reductive groups) Let G be a connected linear reductive
Lie group, i.e., its universal complexification is injective and G¢ is a complex reductive algebraic
group. Then there exists an e-neighborhood N C G such that for every separable (anti-)unitary
representation (U, H) of G+, , the real subspace

V(h,U)n = () Ulg)V(h,U)

geN
is cyclic. In particular, (U, H) is h-regular.

Proof. Let O C W C M = G/H be an open subset whose closure O is relatively compact. In
Theorem [£24] we have seen that H™**(0) is cyclic. Further

N:={g€G:gOCW}D{geG:gOCW}

is an e-neighborhood because © C W is compact. Theretofore the h-regularity of (U, H) follows
from Lemma (211 O

Localizability for the Poincaré group

The following result is well-known ([BGL02| Thm. 4.7]). Here we derive it naturally in the
context of our theory for general Lie groups. It connects regularity, resp., localizability with
the positive energy condition.

Theorem 4.26. (Localization for the Poincaré group) Let (U, H) be an (anti-)unitary repre-
sentation of the proper Poincaré group Py = RV x L (identified with Pr, ) and consider the
standard boost h and the corresponding Rindler wedge Wr C RY®. Then (U,H) is (h, Wr)-
localizable in the set of all spacelike open cones if and only if it is a positive energy representa-
tion, i.e., L
Cu DV :={(x0,x): 2o > 0,25 > x*}. (69)
These representations are regular.
Note that Ad(Pjr) acts transitively on the set £(p) of Euler elements, so that the choice of

a specific Euler element A is inessential.

Proof. First we show that the positive energy condition is necessary for localizability in space-
like cones. In fact, the localizability condition implies in particular that H(Wg) is cyclic, so
that Lemma [ZI7 implies Sw, C Sy. As a consequence, e; + ey € Cy, and thus V_+ C Cu by
Lorentz invariance of Cy. Therefore (U, H) is a positive energy representation.
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Now we assume that (U, #H) is a positive energy representation. For the standard boost
we have h € [ = s014(R), and the restriction (U|r,,H) is (h, W)-localizable in the family
of all non-empty open subsets of dS?, where W = Wx N dS? is the canonical wedge region

(Theorem [£.27)).
Next we recall from [NO17, Lemma 4.12] that

Swr =1{g9 € P}: gWr C Wr} = Wr x SO14(R)ly,.,
where
SO1,a(R)}y,, = S01,1(R)" x SO4_2(R)

is connected, hence coincides with L”. It follows that
Swi = Ge exp([0, 00) (eo + e1)) exp([0, 00) (—eo + e1)).

Let us assume that (U, H) is a positive energy representation, i.e., that Cy D Vi (cf. ([@).
Then L
C+ =[0,00)(e1 = e9) C Wgr, sothat Swy, C Sy

By Lemma 2T7|(c), the net H™** satisfies H™**(Wg) = V.
Now suppose that C C Wk is a spacelike cone, so that

C =R, (CNds%),

where C N dS? is an open subset of the wedge region W = Wx N dS? in de Sitter space. For
g =(v,0) € PL the condition C C g.Wr is equivalent to

g '.C=v+LCC Wk,
which in turn means that v € Wx and £.C C Wx. Then
UgV=U)"'Uw)"'VDUW) v
follows from Wgr C Sy, and therefore

H™ @)= () U@va () U@ W
CCg.Wgr cCl—1.Wpg
= N U(0)~'v = HpP (€ ndsh.
cNdsSdCe—1.(WgrNdSY)

We conclude that, on spacelike cones with vertex in 0, the net H™®* coincides with the net

;’}fo on de Sitter space. As the latter net has the Reeh—Schlieder property by Theorem [£24]
and all spacelike cones can be translated to one with vertex 0, localization in spacelike cones
follows.

Finally we show that (U, ?H) is regular. For v € Wgr and a pointed spacelike cone C' with
v+ C C W, there exists an e-neighborhood N C G with v+ C C g.W for all g € N. This
implies that H™**(v + C) C Vy, so that (U, H) is regular. a

Remark 4.27. Infinite helicity representations (U, H) of P+ in R>? are not localizable in
double cones (Definition B20). Let V = HECE (W) for W = (h, jx) be as in Example 271 In
[LMRI6, Thm. 6.1] it is proved that, if @ C R? is a double cone, then

H™™(0)= (] Ulg)v={0}. (70)

0Cg.Wg
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The argument to conclude (T0) can be sketched as follows. Infinite spin representations are
massless representations, i.e., the support of the spectral measure of the space-time translation
group is

OVy = {(z0,x) e R : 5 —x* = 0,20 > 0}.

Covariant nets of standard subspaces on double cones in massless representations are also
dilation covariant in the sense that the representation of P, extends to the Poincaré and dilation
group RY% x (RT x £), and that the net is also covariant under this larger group, cf. [LMRI6]
Prop. 5.4]. When d = 3, this follows from the fact that due to the Huygens Principle, one can
associate by additivity a standard subspace to the forward lightcone H(V}) = ZOCV+ H(O)
(sum over all double cones in V) and the modular group of H(V.) is geometrically implemented
by the dilation group. As massless infinite helicity representations are not dilation covariant,
it follows that they do not permit localization in double cones. Properties of the free wave
equation permit to extend this argument to any space dimension d > 2 including even space
dimensions, and the Huygens Principle fails ([LMRI16], Sect. 8.2]). However, in Theorem [£26]
we recover in our general setting the result contained in [BGL02l Thm. 4.7] that all positive
energy representations of Py are localizable in spacelike cones.

5 Moore’s Theorem and its consequences

In this section we continue the discussion of applications of our results to von Neumann algebras
M with cyclic separating vector €, started in Subsection[3.2] First we explain the consequences
of Moore’s Eigenvector Theorem B (cf. [Mo80, Thm. 1.1]). Here the main point is that the
properties (Mod) and (M) (from Subsection 32 imply that Q is fixed by the one-parameter
group U(exp(Rh)) and Moore’s Theorem allows us to find conditions for G under which this
always implies that €2 is fixed under GG. Note that, for semisimple Lie groups Moore’s Theorem
also follows from the Howe—More Theorem on the vanishing of matrix coefficients at infinity
for all unitary representations non containing non-zero fixed vectors (cf. [Zi84] Thm. 2.2.20]).

The first main result in this section are Theorem [E.I1] characterizing for (anti-)unitary
representation (U,H) of G-, the subspace Vo = [\, U(g)V as the set of fixed points of a
certain normal subgroup specified in Moore’s Theorem. The second one is Theorem that
combines Moore’s Theorem with Theorem [B.7] to obtain a criterion for M to be a factor of type
IIT;. The third one is Proposition which shows that all the structure we discuss survives
the central disintegration of M, provided M’ and M are conjugate under U(G).

5.1 Moore’s Theorem

Theorem 5.1. (Moore’s Eigenvector Theorem) Let G be a connected finite-dimensional Lie
group with Lie algebra g and h € g. Further, let ny, < g be the smallest ideal of g such that the
image of h in the quotient Lie algebra g/wy is elliptic.

Suppose that (U, H) is a continuous unitary representation of G and Q € H an eigenvector
for the one-parameter group U(expRh). Then

(a) Q is fized by the normal subgroup Np, := (expny) I G, and

(b) the restriction of i - OU(h) to the orthogonal complement of the space H™" of Ny-fized
vectors has absolutely continuous spectrum.

The ideal n;, < g has the property that the corresponding closed normal subgroup Np, < Ge
generated by exp(ny) fixes €2, hence acts trivially on the projective orbit G.[Q] C P(#H). Asadh
induces an elliptic element on g/ns, the group G/N}, has a basis of e-neighborhoods invariant
under exp(Rh).
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Corollary 5.2. Let G be a connected finite-dimensional Lie group. Suppose that (U, H) is
a unitary representation of G with discrete kernel and that h € g is such that QU(h) has a
G-cyclic eigenvector in H. Then ad(h) is elliptic.

Proof. 1t suffices to show that n, = {0}. As the subgroup N, < G is normal, the subspace
HNr of Nj,-fixed vectors is G-invariant: For £ € HV", g € G and n € Ny, we have

Un)U(g)¢ =U(g)U(g 'ng)é = U(g)&.

The G-cyclic eigenvector Q of OU(h) is contained in H™r by Moore’s Theorem, so that H =
HNr. Therefore nj, C ker(aU') = {0}. a

In many situations, Moore’s Theorem implies that eigenvectors of one-parameter subgroups
are actually fixed by G. These cases are easily detected with the following concept:

Definition 5.3. We call h € g anti-elliptic if np, + Rh = g.

Remark 5.4. In [Str08] a closely related property has been introduced for Lie algebra elements:
An element = € g for which ad z is diagonalizable is said to be essential if

g =Rz + [z, g] + span([z, g, [x, g]].

Asg=73,cp () and [z,9] = 37, 9a(z), this is equivalent to

go(z) =Rz + ) [ga(@), g-x(2)].

A£0

In this case the ideal n, contains all eigenspaces gx(z) for A # 0, hence also the brackets
lox(z),9-x(z)]. As
= ga(@) + > _[or(x),5-2(2)]
A#0 A#0
is an ideal of g for which the image of = in g/i is central, it follows that i = n,. Therefore an
ad-diagonalizable element is essential if and only if it is anti-elliptic. In this sense our concept
of intrepidity extends Strich’s concept of essentiality to general Lie algebra elements.

Remark 5.5. The assumption of h to be anti-elliptic holds if A is an Euler element in a simple
Lie algebra. But h = 1 diag(1, —1) is an Euler element in the reductive Lie algebra gl,(R) with
n, = sla(R) 5 h. So it is not anti-elliptic.

Moore’s Theorem immediately yields:

Corollary 5.6. If h € g is anti-elliptic and (U, H) is a unitary representation of a connected
Lie group G with Lie algebra g, then ker(dU (h)) = HE.

Proof. As ker(0U(h)) consists of eigenvectors for U(expRh), Moore’s Theorem implies that
they are fixed by U(Ny). Anti-ellipticity of h further implies that G = Nj, exp(Rh), so that
they are fixed by G. O

Examples 5.7. (a) If g is simple and h € g is not elliptic, then n, # {0} implies n, = g,
so that h is anti-elliptic. If, more generally, g is reductive such that g = Rh + [g,g] and no
restriction of ad h to a simple ideal of g is elliptic, then h is anti-elliptic.

(b) Consider a semidirect sum of Lie algebras g =t x [ and an element h € [ such that

Spec(ad hl¢) NiR =0 (71)

and h is anti-elliptic in [. Then h is anti-elliptic in g. In fact, our assumption implies that
v C ny, so that g/n, 2 [/(INngy) 2 [/, is linearly generated by the image of h. This implies
that g = np + RA.

45



(c¢) If g = Rz + Rh with [h,z] = Az and X\ # 0, then n, = Rz, so that h is anti-elliptic (cf.
[Stx0g]).

(d) Consider the boost generator h € so01,1(R) C p(2) = R"* x s01,1(R), the 2d-Poincaré-Lie
algebra. Then n;, = R and g = nj, + Rh, so that h is anti-elliptic.

(e) From (a) and (b) it follows immediately that, for d > 3, any boost generator h € s01 4—1(R) C
p(d) = RM*71 % 505 4—1(R) is anti-elliptic. Here we use that the representation of 501 4—1(R)
on RM¥~1 is irreducible.

(f) Suppose that g is reductive and h € g is an Euler element. Since every ideal of a reductive
Lie algebra possesses a complementary ideal (JHNI2| Def. 5.7.1]), we can write g = n, & b. We
write accordingly h = ho + h1 with ho € nj, and h; € b. If n, is not central, then hg is an Euler
element of ny. Further, h; is elliptic in b 2 g/nj,. From the direct sum decomposition we thus
infer that ho is an Euler element of g and that h; is elliptic.

Lemma 5.8. If h € g is an Euler element, then
nn = g1(h) + [g1(h), g-1(h)] + g-1(h).
In particular, h is anti-elliptic if and only if
go(h) € Rh + [g1(h), g-1(h)].
Proof. Clearly, g+1(h) C ny, implies that nj, contains the ideal

n:=g1(h) + [g1(h), g-1 ()] + g-1(h).
As the image of h in g/n is central, we have n, = n. Hence h is anti-elliptic if and only if
go(h) € Rh + [g1(h), g-1(h)]. O
Remark 5.9. If h is an Euler element, then Lemma [5.8] shows that
g =nn+ go(h),

so that the summation map is a surjective homomorphism ny x go(h) —» g. Hence g is a
quotient of n, % go(h), where h € go(h) is central.

Remark 5.10. If A is an Euler element, then
n, =+ Rh = g1(h) + (Rh+ [91.(h), -1 (W)]) + -1 (h)

is an ideal of g. It is the minimal ideal containing h, and therefore the corresponding integral
subgroup of G is generated by exp(Ad(G)h). Therefore h is anti-elliptic if and only if the
modular groups exp(Ad(g)Rh) generate G.

5.2 Non-degeneracy

Let (U,H) be an (anti-)unitary representation of G, , where h € g is an Euler element and
V =V(h,U) is the canonical standard subspace.
We consider the G-invariant closed real subspace

Ve = () Ulg)V.

geG
We call the couple (U, V) non-degenerate if Vg = {0}. We shall see in this context how this
property is related to the structure introduced in the previous section.

Theorem 5.11. Suppose that G is connected, h € g is an Euler element, (U,H) an
(anti- Junitary representation of Gr,, and V. = V(h,U) the corresponding standard subspace.
Then Vg =VN ”HN*", where Ny, is the normal subgroup from Moore’s Theorem [B.1].

46



Proof. Let Hi := HNr and Hy = ’Hf‘ As Nj 4 G is a normal subgroup of G-, , the decom-
position H = H1 @ Hz is U(G~, )-invariant, so that U = U @ Uz, accordingly. Since this group
contains Jy and the modular group, it follows that

V=Vi®V, with VvV, =VAH™ and Vo=vn(H"")*,

where V1 = V(h, Uy).

“D”: On Hi the group N, acts trivially, so that g = n, 4+ go(h) (Lemma [5.8]) implies that
Ui(G) = Ui ({exp go(h))) commutes with the modular group Ui (expRh) of V1. Further go(h) =
g™ shows that U;(G) also commutes with J; = Uy (7), and therefore V; is U; (G)-invariant.
This proves that Vi C Vg.

“C”: We consider the closed U(G)-invariant subspace Ho := Vg + Ve and note that Vg is a
standard subspace of Ho. As Vg is invariant under U(exp Rh) = A, the modular group of V,
it follows from [Lo08l, Cor. 2.1.8] that

Ay, = ™0™ for Us(g) := U(9)|r,-

The Uy (G)-invariance of the standard subspace Vg implies that Up(G) commutes with its
modular operator, hence with dUp(h), and thus OU([h,z]) = 0 for € g. This implies that
[h, g] C kerdUy, so that the ideal ker(dUp) < g contains g+1(h), hence also

= g1(h) + [g1(h), g-1(R)] + g-1(h)
(cf. Lemma[E.8). This is turn shows that Ho € H™*, hence Vg C VN H ~. |
Corollary 5.12. If G is connected and h € ny, then
Ve =vnV.

Proof. Theorem [5.11] shows that Vg C #"*, and since h € ny, by assumption, Vg is fixed by
its modular group, hence contained in Fix(Ay) NV =vNV'.

If, conversely, v € VNV, then v is fixed by U(expRh) = A% hence by definition of Ny, also
by Nu, so that v € VN HYr = Vg (Theorem B.IT]). O

With the standard subspace Vo C H™", the preceding corollary yields an orthogonal de-
composition
V=Vs ® Vsympy

where Vsymp C (H®,w) is a symplectic subspace for w = Im(-,-) and Veymp = V(h, Us) for the

(anti-)unitary representation U, of G, on (H"n)*.

Corollary 5.13. If G is connected and ny, = g, then the following are equivalent:
(a) Vg = {0}, i.e. (U,V) is non-degenerate.
(b) HY = {0}.
(c) VNV ={0}.
(d) The closed real subspace V generated by U(G)V coincides with H.
Proof. Theorem [B.I1] implies that Vg = VN HE, which is a standard subspace of the Gr\ -

invariant subspace 7. This implies the equivalence of (a) and (b). The equivalence of (a) and
(c) follows from Corollary To connect with (d), we note that

Je = () WUV = [ UF(9)Av= U@V = () UV = (U(G))V)

geEG geqG geG g€eG

shows that (d) is equivalent to (a). |
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Remark 5.14. (a) Let h € g be an Euler element, if  is symmetric then the condition h € ny
is satisfied. Indeed in this case there exists a subalgebra h C g such that h ~ sl>(R) and h is
an Euler element of h [MN21l Corollary 3.14]. Then h € [h1,H-1] C np.
(b) If h is not symmetric, then Corollary does not hold. Indeed let (H(O))o be the one-
particle net associated to the free field mass in dimension 141 with mass m > 0 and let U be the
mass m representation of the identity component 731 =RU % 51 of the Poincaré group. The
wedge subspaces V := H(Wg) and H(W1) are mutually orthogonal symplectic factor subspaces
satisfying

HWg) =H(W.) and H(Wgr)NH(WL) = {0}.
Here the wedge Wr is associated to an Euler couple (h,7,) (cf. Example 27), and since h is
neither symmetric in 731 nor in [,1 (note that so1,1(R) = R is abelian), there is no g such that
gWr = Wr. One can restrict the symmetry group to H := L. as well as the representation
Ulm, acting as automorphisms of H(Wg). We conclude that Vg = V # VNV = {0} since the
subspace V = H(Wg) is symplectic.
(c) The containment h € nj, does not imply that h is symmetric: For instance no Euler element
h € sl3(R) is symmetric, but A € g = ny, follows from the simplicity of sl3(R).

5.3 Consequences of Moore’s Theorem for operator algebras

For the discussion in this section, we recall the conditions (Uni), (M), (Fix), (Mod) and (Reg)
from Section

Theorem 5.15. Let G be a connected Lie group with Lie algebra g and h € g anti-elliptic. Let
(U,H) be a unitary representation of G with discrete kernel, N C M C B(H) an inclusion of
von Neumann algebras, and Q) € H a unit vector which is cyclic and separating for N and M.
Assume that

(Mod) €2™V(M) = A\ o, and

(Reg’) {g € G: Ad(U(g))N C M} is an e-neighborhood in G.
Then the following assertions hold:
(a) h is an Euler element.

(b) The congugation J := Ja,q satisfies
JU(expx)J = Ulexpmn(z)) for m =" zeqg. (72)

(c) HY = ker(dU(h)).

(d) The restriction of iOU(h) to the orthogonal complement of the subspace H™r of fived
vectors of the codimension-one normal subgroup Ny, has absolutely continuous spectrum.

If, in addition, HE = CQ # H, then M is factor of type II1;.

Proof. Our assumptions clearly imply (Uni), (M) and (Mod). Let N C G be the e-neighborhood
specified by (Reg’). Then My 2 N, so that (Reg) is also satisfied. As h is anti-elliptic and
Q € ker(0U(h)) by (Mod), Corollary implies that

Q e HY = ker(8U(h)),

which is (¢). Now Theorem [37]implies (a) and (b). Further, (d) follows from Moore’s Theorem.
If, in addition, HE = CQ # H, then

CQ = ker(AU (h)) = ker(Ap,0 — 1),
so that M is a factor of type III; by Proposition [AJle) because H = M implies M # C1
and CQ = ker(Anr,o — 1) implies A0 # 1. |
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In our context, Theorem 6.2 of [BB99] becomes the following corollary. We use the notation

from 271

Corollary 5.16. (Borchers—Buchholz Theorem) Let (U,H) be a unitary representation of
the Lorentz group G = SO1,4(R)" acting covariantly on an isotone net (A(O))pcqsa Of von
Newmann algebras on open non-empty subsets of de Sitter spacetime, i.e., O1 C Oz implies
A(O1) C A(O2) (isotony) and Ad(U(g))(A(O)) = A(gO) with g € G (G-covariance). Let
Q € H be a fized vector of U(G) that is cyclic and separating for any A(O). Assume that the
vacuum state w(-) = (Q,-Q) is a KMS state for A(Wr) with inverse temperature 5 > 0 with
respect to the one-parameter group (U(expth)):er, namely for every pair X,Y € A(WR), there
exists an analytic function Fxy on the strip {z € C:0 < Imz < 8} with continuous boundary
values satisfying

F(t) = w(X Ad(U(expth))(Y)), F(t+1i8) =w(Ad(U(expth))(Y)X), teR.

Then 8 =27

Proof. For O € Wg, there exists an open neighborhood of the identity N C SOLd(]R)T such
that O C gWgS for all g € N. Let M := A(W£S). By covariance, N := A(O) satisfies (Reg’)
in Theorem The KMS property implies that Ad(U(expth)) = Ad(A;&{ﬁ) (cf. |BIOGL
Thm.I11.4.7.2 ]) and, since the representation of A(W#°) on H is the GNS representation for

_it
w.r.t. w, we have that U (exp (2£h)) = A (2\;;/45) «» and Theorem applies. We conclude
a8,
that %h is an Euler element, but since h is also an Euler element in so; 4(R), it follows that

B = 2. O

Definition 5.17. We write A := ( U My)" C B(H) for the von Neumann algebra generated
geG
by all algebras My = U(g)MU(g)~". Let (M)g = Nyec Mg and note that

A= My =M. (73)

geG

We also write A for the von Neumann algebra generated by A and JAJ with J = Jr,e, ie,
by all algebras M, and (M), g € G. Then A’ C M N M’ = Z(M) and, more precisely,

A'=2ZM)e = () Z2M), (74)
geG
is the maximal G-invariant subalgebra of Z(M).

Lemma 5.18. Let a; := Ad(A™) € Aut(M) be the modular automorphisms of the von Neu-
mann algebra M corresponding to the cyclic separating vector Q. If (Uni), (M), (Fix), (Reg)
and (Mod) are satisfied and h is anti-elliptic, then

(a) A" C M’ is invariant under Ad(U(QG)).
(b) (M) = (M) = (A)°.
(c) Z(M) C M = M*.
Proof. (a) A" C M’ holds by definition, and A’ is U(G)-invariant.

(b) By (Mod), we have (M')¢ C (M’)®. To show the converse, suppose that A € M’ is fixed
by a. As h is anti-elliptic, AQ € H> = HE (Corollary [.6)), which implies that

U(g)AU(g) 'Q = U(g)AQ = AQ.

49



If g € N, with N as in (Reg), then M’ U Mj C M’y and  is separating for MYy, so that we
obtain

U(g)AU(g) ™" = A.

We conclude that A commutes with U(N), and since the connected group G is generated
by the identity neighborhood N, it follows that A commutes with U(G). This shows that
(M/)G — (M/)a‘

As A is G-invariant, so it holds A" C M’. Further,

(A S M) C Mg =A

by (@3). This implies that (A')¢ = (M")C.

(c) Using the relation M = JM'J and the fact that J normalizes U(G) (Theorem [37) and
commutes with U(expRh), the equality ME = M® follows from (b) by conjugating with J.
Further Z(M) C M* follows from the fact that modular automorphisms fix the center point-
wise (JBRO6, Prop. 5.3.28]). O

Proposition 5.19. Suppose that (Uni), (M), (Fix), (Mod) and (Reg) are satisfied, that h is
anti-elliptic, and that A # 1. For the assertions

(a) The net (Mgy)gea is irreducible, i.e., A= B(H).

(b) A = (M)g = ,eq M) = C1

(c) MG =Nyeq Mg =CL.

(d) H” =CQ.

e) M is a type IIL factor.

we have the implications:
(a) & (b) & (c) = (d) = (e).

Note that (d) is stronger than Z(M) = C1.
Proof. (a) < (b) follows from A" = _;(M,)" = (M')c.
(b) & (c): As JU(G)J = U(G) by Theorem B7land JMJ = M’', we have JMgJ = (M')g.

Therefore (b) and (c) are equivalent.
(¢) = (d): From Proposition [A]a) and Lemma [5I8(c), we know that

o [Ad

HE = MeQ = MGQ. (75)
Therefore M€ C Mg = C1 implies that HE = CQ.

(d) = (e): As h is anti-elliptic, we have H® = H* (Corollary [5.6)), so that Proposition [A1{e)
implies that M is a factor of type III;. |

Remark 5.20. If G = R acts as the modular group of (M, ), then A = M, A= (MUM')",
and A" = Z(M). So A" = C1 is equivalent to M being a factor, but, in general, this does not
imply that H® = H® = CQ because we may have M* # C1 (Cf Remark 5.2T(b)).

Remark 5.21. (a) The implication (e) = (c) holds if there exists a g € G such that M, =
U(g)MU(g)~" € M’. Then Mg C Z(M), and if M is a factor, it follows that Mg = C1, so
that (e) implies (c).

If the Euler element h is not symmetric, i.e., there exists no g € G such that Ad(g)h = —h,
then (e) does not always imply (a). For instance, let R""' D O — M(O) be the free field of mass
m > 0in 1 4+ 1 dimensions and let U be the mass m representation of the identity component
of the Poincaré group 731 =R" % [ZL The algebras M(Wgr) and M(W¢) corresponding to
the right and left wedges are invariant under the Lorentz action and of type III;. This follows
from uniqueness of the vacuum state and Proposition [.19 In particular, the “one wedge net”
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Wgr — M(Wg) together with the representation U| .+ satisfies (Uni), (M), (Fix), (Mod) and
+

(Reg) but the algebra generated by Ad(U(El))M(WR) = M(WRr) is properly contained in
B(H) (see also Example [3.8]).
(b) The implication “(e) = (d)” is related to the ergodicity of the state on he type III;-factor
M specified by Q: By (78), ergodicity of the state defined by Q is equivalent to HE = CQ.
This does in general not follow from (e) because non-ergodic states always exist for a type 1111~
factors (Remark [A.2]). Concretely, such states can be obtained as follows: Consider a type 1114
factor M C B(H) and the algebra M>(C) of complex 2 x 2-matrices. Then M=Me M, (©)
is a type III; factor ([Ta02, Thm. V.2.30]). For a faithful normal state w on M, we consider
the state on M specified by

(W& pn)(m@z) = w(@)rn.
This is a non-ergodic (non-faithful) state on the type III; factor M.
(c) Suppose that M = Mg, i.e., that M is normalized by U(G). Then G = G and Q € HE
imply G = Gv,,, so that h is central in g and therefore 7, = idg. The example described in
point (a) with G = L. is of this type.

5.4 The degenerate case

Proposition .19 describes the non-degenerate case, where H® = CQ. If H® is not one-
dimensional, we now obtain a direct integral decomposition, in accordance with the AQFT
literature, see [Lo08b), Cor. 6.2.10], [Ara76, Sect. 4.4], [BB99, Sect. 5].

The following proposition extends [5.19] to the case where the vacuum Q is not cyclic. We
will comment on conditions (a) and (b) in Remark [5:23] below.

Proposition 5.22. Suppose that H is separable. Let (ax)ter be the modular automorphisms
of M with respect to the cyclic separating vector Q and (U, H) a unitary representation of G,
such that:

(a) (Uni), (M), (Fix), (Reg) and (Mod) and h is anti-elliptic in g.
(b) M’ =My, for some go € G.

Then we have direct integral decompositions

M= /X® Mg dp(x), U= /):D Uz dp(z), and A= /):D B(Hz)dp(z).

We have a measurable decomposition X = XoUX1, where dimH, = 1 for x € Xo and the
representations (Uz)zex, are trivial. For x € X1, the algebras Mg are factors of type III, and
(M, Qe,U,) satisfies (Uni), (M), (Fix), (Reg) and (Mod), where U, is the representation of
G/ ker(Uz) induced by U,.

Proof. From M’ = M,, for some go € G, we derive that A’ C Z := M N M’. Using
Lemma [518(b),(c), we obtain

A= ()9 C2=29C (M) = (M) = ()° =, (76)

so that
Z9=z=M)"=A. (77)

By [BR87, Thm. 4.4.3], there exists a finite standard measure space (X, u), a unitary ®
such that

&)
@H:/ Hodp(x)
b
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and UZU™ acts on the direct integral as the algebra L°°(X,u) of diagonal operator. From
[BR87, Thm. 4.4.6(a)], passing to the commutant one can easily see that A= Z’ can be repre-
sented as the direct integral von Neumann algebra xof decomposable operators:

DAD™ = /X ? B(H.) du(z).

If C is a von Neumann subalgebra of A, then ®CP* C PAP* and there exists a measurable
family of von Neumann algebras X > =z — C, C B(H,) for almost every z € X [Ta02|
Thms. 8.21, 8.23] . In particular UCU* = fff Ce du(z). Since U does not depends on the
subalgebra hereafter in the proof we will work on the direct integral Hilbert space, i.e. we will
assume H = f;f Ho dp(z).

With this argument we can also assume that on the same standard finite measure space
(X, ) we have

®
(M, H) = /X (Ma, Ha) dp(z), (78)
for which Z = L*°(X, ) is the diagonal algebra and almost every M, is a factor [Ta02l, Cor.
8.20].
As Z commutes with U(G), we have

UG)Cz =A" = A (79)

Hence the separable C*-algebra C*(U(G)) is contained in Z’' = A, so that [BR8T, Cor. 4.4.8]
yields a direct integral decomposition of the unitary representation

(&)
(UH) = /X (U, Ha) dpu().

For x € X, the kernel ker U, may not be discrete, so that (Uni) holds for (U, H.) only as a
representation U of G/ ker(Us,).
Since U is a direct integral representation, we have

(&)
(Mg, H) = /i_((A4g>z,?fz>du<x>. (80)

By Proposition [AT(a), Q@ € #¢ C H2 is a cyclic separating vector for Z = (M’)*. Writing
Q = (Qz)zex, it follows that almost no Q, vanishes, and thus

52}
HE = / CQ, dp(x) = L* (X, p).
X

Replacing NV in (Reg) by the von Neumann algebra My = (1, .y Mgy, where N C G is
an e-neighborhood satisfying (Reg), we see that My C Z’ also decomposes according to the
direct integral. We also obtain

@
MN:/<mewm»

X

from Lemma [C4l Theorem now shows that QU (h) also decomposes in such a way that
ker(0Uy(h)) = CQy (81)

for almost every z € X.

Since 2 is cyclic and separating for M, the vectors 2, € H, must be cyclic separating
for the von Neumann algebras M, for almost every x € X (easy argument by contradiction,
we also refer to [Ta03, Thm. VIIL.4.8] for a more general case). We therefore obtain (Uni),
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(M), (Fix), (Mod) and (Reg) for the algebras M, C B(H.) and the representations U of
G/ ker(U;) on H,. Finally, since A’ is the diagonal algebra

Cl=(A:) = [ (Mi)g

geG

holds for almost every x € X (Lemma[C4land [BR87], Thm. 4.4.5]).

The condition A, # 1 is by (§I)) equivalent to dim H, > 1, and in this case Proposition [5.19]
applies to the configuration in the Hilbert space H, and shows that M, is a type III;-factor.
If dim H, = 1, then M, = C1 and 90U, (h) = 0 implies the triviality of the representation U,
because

HE = ker(AU (h)). = CQp = Mo
(Theorem [FT5)c)).

We now define X; := {z € X: dimH, > 1} and Xo := {& € X: dimH, = 1}. Then the
triples (Mg, He, Us) satisfy (M), (Fix), (Reg), (Mod), and (Uni) for the representation U, of
G/ ker(Us). |

Remark 5.23. (a) If h is not a symmetric Euler element, the condition M’ C M,, may not
hold (Remark 52T(a)).
(b) In Proposition it was crucial that M’ = M, for some go € G, in order to obtain
the disintegration. Furthermore, A’ = Z = Z% implies U(G) C A. In the general case it is
not clear when the group U(G) is contained in A. In [BB99, Prop. 4.1], this follows from the
KMS property of the wedge modular groups together with their geometric action, where it is
used that boosts generate the Lorentz group to see that U(G) C A” = A. In our argument
U(G) C A" = A does not need that G is generated by an orbit of Euler elements.
(¢) In the proof of Proposition [5:22] we disintegrated M = f;f Mg dp(z) and U = ffj Uz dp(x)
in order to apply Proposition [(.19] fiberwise and conclude that, for almost every = € X1, the
algebra M, is a type III; factor. We actually have deduced (M), (Fix), (Reg) , (Mod) for
almost every the triple (Mg, Uz, Q) and (Uni) for (M., U, Q). In particular we could apply
Proposition for almost every triple (Mg,U,,:), where all the properties (M), (Fix),
(Reg), (Mod) and (Uni) hold. Actually, it is not needed to assume (Uni) on U, to conclude the
type 1111 property of M. Along this paper, (Uni) is necessary to ensure that dU is injective
and in particular that dU(h) determines h uniquely. In the proof of Proposition we only
need that

(Z)e =Mz =C- 14, (82)
to apply Proposition [Ae). We can conclude (82) as follows: let go € G, such that M’ =
Mgy, € A, then we have M, = (Myg,)z, hence Z(M,) = Z(M), = Z, for ae. x € X.
Furthermore, M® = fff(/\/i“)x du(x), and since Z = M® = C-1, then (2), = (M%), = C-1,
for almost every z € X.
(d) Condition (b) in Proposition implies that M’ C A. If M’ ¢ A then Proposition
does not hold in the present form. One may to consider the larger von Neumann algebra A
generated by the G-transforms of M and M’. Lemma [5I8|(c) then implies that G acts trivially
on Z(M), so that (74) entails A’ = Z(M). Then A contains U(G), and one can repeat large
portions of the proof of Proposition to disintegrate the triple (M, U, .Z) However, in this
situation the conclusion one can draw from Z(M,) = C1, i.e., if M, is a factor, are weaker. In
particular, MJ can be larger than C1, so that M, need not be of type III; (cf. Remark [5.20]).

6 Outlook

This paper develops a language concerning properties of nets of standard subspaces that pro-
vides descriptions on several levels of abstraction. It also incorporates a series of recent results
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from a new point of view. [BB99| [BEMO98] aim to deduce properties of QFT on de Sitter/anti-
de Sitter spacetime from the thermal property of the vacuum state for a geodesic observer. In
[BS04], the authors deduce AQFT properties from the assumption on the state on the quasi-
local algebra to be passive for a uniformly accelerated observer in n-dimensional anti-de Sitter
spacetime for n > 2. [Str08] aims to unify the previous approaches by considering passive
states for an observer traveling along worldlines in order to prove the thermal property of the
vacuum and the Reeh-Schlieder property. His purpose was also to look for an abstract setting
that, at the end, was lacking concrete examples. Our context may provide the proper setting
in which such questions can be investigated and where one has a large zoo of diverse examples.

If one starts with a standard subspace V and a unitary representation (U,H) of G, then
there are many ways to formulate conditions on a net of standard subspaces containing V that
ensure the Bisognano—Wichmann property, or at least modular covariance, in the sense that
the modular groups associated to wedge regions act geometrically; see [Mol8] [MN21]. Results
in these directions have recently been established in [MN22|, and our Euler Element Theorem
(Theorem [3.T]) can also be considered as a tool to verify the Bisognano-Wichmann property.
However, a satisfying answer to the long-standing questions related to modular covariance for
nets of standard subspaces and the Bisognano-Wichmann property in free and interacting nets
of von Neumann algebras requires further research. For a recent approach to the situation for
Minkowski spacetime through scattering theory, we refer to [DM20] and references therein.

In this paper, we do not analyze locality properties. Indeed, in our AQFT context it may
happen that, on the same symmetric space M, there are no causally complementary wedge
regions. This happens if the Euler element corresponding to the wedge W is not symmetric, so
that there exists no g € G with gW = W' (cf. [MNO23b]). If  is a symmetric Euler element
and the center of G is non-trivial, many complementary wedges appear. This has been studied
in [MN21] at the abstract level, but an analysis on symmetric spaces is still missing. Once a
one-particle net is established one would aim to make a second quantization procedure which
should take care of a one-particle Spin-Statistics Theorem anticipated in [MN21]. Interesting
new possibilities for twisted second quantization procedures may be derived from the recent
paper [CSL23|.

Wedges on causal homogeneous space have been described in [NC/)237 MNO23al  MNO23b].
Then the construction of covariant local nets of standard subspaces on open regions have been
described in [FNO23, NO23]. Having now understood that Euler elements are the natural
generators of the geometric flows of modular Hamiltonians (see Theorem [3] and Theorem
[BI5) on a causal homogeneous space, one is interested in a general geometric description of
entropy and energy inequalities on symmetric spaces and their relation with the representation
theory of Lie groups ([MTW22| [CF20 [CLRR22)).

A Factor types and modular groups

We assume that 2 € H is a cyclic and separating unit vector for the von Neumann algebra
M C B(H). We consider the automorphism group (ai):er of M defined by the modular group
via

ar(M)=A"MA™" teR,Me M.

We write M® for the subalgebra of a-fixed elements and H*® := ker(A — 1) for the subspace
of fixed vectors of the modular group.

Proposition A.1. The following assertions hold:
(a) M*Q C H™ is a dense subspace.
(b) HA = CQ if and only if M* = C1, i.c., that (M,R,a) is ergodic.
(¢) M* 2D Z(M)=MnM". In particular, M is a factor if (M,R,a) is ergodic.
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(d) The von Neumann algebra M is semi-finite if and only if the modular automorphisms
(at)ter are inner, i.e., can be implemented by a unitary one-parameter group of M. If A
is non-trivial and inner, then M* # C1.

(e) If HA = CQ and A # 1, then M is a factor of type II1;.

Proof. (a) The inclusion M®Q C H* is clear. That M*Q is dense in H* follows from [Lo08b)}
Prop. 6.6.4], applied with G = R and U; = A™.

(b) This follows from (a) and the fact that € is a separating vector.

(c) Here we use that modular groups fix the center pointwise; see [BRI6l Prop. 5.3.28].

(d) The first assertion follows from [Su87, Thm. 3.1.6]. If (au)ier is inner and non-trivial,
then the spectral projections of the corresponding infinitesimal generator are contained in M,
showing that M # C1.

(e) From (b) we infer that M* = C1, so that (c) implies that M is a factor. By (d) it is of
type III because A is non-trivial (here we use M # C1), but cannot be inner by ergodicity.
We have to exclude the types I11p and 111, for A € (0,1). By [Ta03] Prop. XI1.3.15], if M is of
type IIlo, then the center of M® is non-atomic. As this is not the case for M* = C, this case
is excluded.

Let (M) C RY = R denote the Connes spectrum of a on M, which by [Su87, Prop. 3.3.3]
coincides with the spectrum of o on M. Now [Su87], Prop. 3.4.7] asserts that, if M and M*®
are factors, then

(M) =SM)NRE =RENo(AL)
for any faithful separating normal state w. If M is of type IIIy, then (M) = X% (cf. [Su87,
Def. 3.3.10]), so that the modular group « is periodic. By [Ta03| Exer. XIL.2], this implies
that M* is a factor of type Ili, contradicting M* = C1. So type III, is also ruled out.
Alternatively, one can use [Co73l Lemma 4.2.3], asserting that, if M is a factor and 1 is
isolated in o(A,,), then M contains a maximal abelian subalgebra of M. In our context this
contradicts M® = C1. O

Remark A.2. We have seen above that M is a type III;-factor if (M, R, ) is ergodic. Ac-
cording to [MV23], the converse also holds in the sense that, if M is a type III;-factor, then
the set of ergodic states is a dense G5 in the set of all faithful normal states. That there are
also faithful normal states that are not ergodic follows from [CST8, Cor. 8|, that asserts for
each hyperfinite factor R the existence of faithful normal states of M with M® D R.

Remark A.3. From Proposition [AJla) it follows that the J-fixed vector Q is cyclic and
separating in H2 for the subalgebra M®. Hence JMJ = M’ implies that the same holds of
(M")® because JH® = H2. We therefore have a standard form representation of M® on H=.
Note that the standard subspace V = Vs o satisfies

VAHE =v2 =vnV =vnH’

and contains the standard subspace M. of HA. This implies that the corresponding modular
operator is trivial, so that wq(A4) := (Q, AQ) is a trace on M (|[BR9I6| Prop. 5.3.3]).

Remark A.4. Suppose that M = R(V) is a second quantization algebra. Then R(VNV') =
R(V) N R(V) by the Duality Theorem, so that R(V) is a factor if and only if V is symplectic,
which is equivalent to
ker(Ay — 1) = {0}.

We also have A = I'(Ay) for the corresponding standard subspace V. Therefore F(H)2 = CQ
implies that H2Y = {0}, which is equivalent to R(V) being a factor, but we have seen in
Proposition [A)(a) that F(H)*® = CQ even implies that M is a factor of type IIT;.

If R(V) is a factor of type I, then the modular group is inner and, if V # {0}, it follows that
R(V)® # C1. In view of Proposition [A1)a), this implies that F(H)> # CQ.

4 At this point [Lo0O8b, Prop. 6.6.5] implies that M is of type III;, but as Longo’s argument is very condensed, we
provide some more details.
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B Smooth and analytic vectors

For a unitary representation (U, H) of a Lie group G, we write H* C H for the subspace of
smooth vectors, i.e., elements £ € H whose orbit map

Us:G—H,g— Ulg)t

is smooth. For x € g, we write OU(z) for the infinitesimal generator of the one-parameter
group U(exptz), so that U(exptz) = €Y@ On this dense subspace we have the derived
representation

dU: gc — End(H™), dU(z +iy)€ :=0U(x)€é +i0U(y)¢ for xm,y€ g, € H™

for the derived representation of gc on this dense subspace. We also write H* C H™ for the
subspace of analytic vectors which is dense in H ([Nel59, Thm. 4], [Ga60]). As H*> is dense
and U(G)-invariant, OU (z) is the closure of dU(z) (JRS75, Thm. VIIL.10]).

For an analytic vector £ € H“, we then have

oo

U (expa) = Ulexp)é = 3 - (aU(@))"¢

n=0

for every x in a sufficiently small 0-neighborhood Ug C g. Analytic continuation implies that,
after possibly shrinking Ug7 the power series on the right converges on the 0-neighborhood

US. := UE +iU§ C gc and defines a holomorphic function
o~ n
netUS, = M, me(z) = > 1 (aU(2)" (83)
n=0

If ker(U) is discrete, then dU is injective on g. But for z € gc the adjoint dU(z) on dU(z)
on the pre-Hilbert space H> satisfies

AU (z +iy)" = —aU(z) +idU(y) = dU(—z +iy) for z,y€g.

This implies that AU : gc — End(H*°) is also injective because 0 = dU (z+iy) = dU(x)+idU (y)
implies that the hermitian and the skew-hermitian part of this operator on H°° vanish, and
thus dU(z) = dU(y) = 0.

Lemma B.1. For z € gc, let dU%(z) denote the restriction of dU(z) to H*. Then
dU(z) C aU¥(-z)" (84)

In particular, the representation AU of gc is injective if ker(U) is discrete. If this is the case,
then dU* (2) is skew-symmetric if and only if z € g.

Proof. We have
(§,dU%(2)n) = (dU(=2)&,m) forall &€ H™ neH”,
which is ([B4)). In particular, we see that dU*(z) = 0 implies dU(z) = 0, so that ker(dU) =

ker(dU®). Suppose that ker(U) is discrete, so that dU and dU® are injective. Then AU (z) i
skew-symmetric if and only if z — Z € ker(dU®) = {0}, which is equivalent to z € g. |
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C Some facts on direct integrals

Let H = f}? Hum dp(m) be a direct integral of Hilbert spaces on a standard measure space
(X, 1). We call a closed real subspace H C H decomposable if it is of the form

@
H:/ H. du(m),
X

where (H,n,)mex is a measurable field of closed real subspaces. Now let (H*)xex be an at most
countable family of decomposable real subspaces. Then we have ([MT19, Lemma B.3]):

(DI1) H = [ H, du(m).
(DI12) ﬂkeK H* = f)? ﬂkEK an du(m,).

(DI3) 32, HE = [T 37, HE, du(m).
Lemma C.1. The subspace H is cyclic/separating/standard if and only if p-almost all Hp,
have this property.

Proof. (a) First we deal with the separating property. By (DI2) we have

®
HNiH = / (Hm NiHy) du(m),
X

and this space is trivial if and only if g-almost all spaces H,, NiH,, are trivial, which means
that H,, is separating.

(b) The subspace H is cyclic if and only if H' is separating. By (DI1) and (a) this means that
u-almost all H),, are separating, i.e., that H,, is cyclic.

(c) By (a) and (b) H is standard if and only if y-almost all H,, are cyclic and separating, i.e.,
standard. O

Lemma C.2. For a countable family (H*)rex of decomposable cyclic closed real subspaces,
the intersection V := ﬂkeK H* is eyclic if and only if, for p-almost every m € X, the subspace

Vin i= pex HE, is cyclic.
Proof. By (DI2), we have V= [ )62 V., dis(m), so that the assertion follows from LemmalCIl O

For a direct integral

[$3]
UH) = [ W Ho) dilm)

x
of (anti-)unitary representations of G-, , the canonical standard subspace V= V(h,U) C H from
(7)) is specified by the decomposable operator JAY? = U(Th)eT”aU(h)7 hence decomposable:

V= /):D Vi dp(m). (85)

Lemma C.3. Assume that G has at most countably many components. For any subset A C G
and a real subspace H C H, we put

Ha:= () U(g)H. (86)
ac€A

Then the following assertions hold:
(a) If H is decomposable, then Ha = f;f Hoim,a di(m).
(b) Ha is cyclic if and only if p-almost all Hpm 4 are cyclic.
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Proof. (a) As G has at most countably many components, it carries a separable metric. Hence
there exists a countable subset B C A which is dense in A. For £ € H, we have

€€Hy ifandonlyif U(A) "¢ CH.

Now the closedness of H and the density of B in A show that this is equivalent to U(B)™'¢ C H,
i.e., to & € Hp. This shows that H4 = Hg. We likewise obtain H,, 4 = Hy,, B for every m € X.

Hence the assertion follows by applying (DI2) to Heg = Ha.
(b) follows from (a) and Lemma [C1] O

We refer to [BR8T7]| for basic definition on direct integral objects.

Lemma C.4. Let H = f;f Hodp(z), a direct integral von Neumann algebra A = f}e; Azdp(x)
and a strongly continuous, unitary, direct integral representation of a connected Lie group G,
(UH) = ff(Ume)du(:c). Let N C G a subset, then

where Ay = U(g).AU(g)".

Proof. As G has at most countably many components, it carries a separable metric. Hence
there exists a countable subset No C N which is dense in N. For A € B(H), the map

F:G— B(H), F(g)=U(9)AU(g)",

is weak operator continuous, so that the set of all g € G with F(g) € (,cy, Ay is a closed
subset, hence contains N. We conclude that

() A=) A
geNo geEN
We likewise obtain for every x € X the relation
() Acg= () Avg  for Auy=Us(9)AUs(9)"
g€No geEN
From [BR8&T, Prop. 4.4.6(b)] we thus obtain
G G
ﬂ Ay = ﬂ Ag :/ ﬂ Az g dp() :/ ﬂ Az,g dp(z).
geN gE€No X geNg X gen

Finally, we observe that, for every g € G

® ®
A= [ (A)edute) = [ Avyduta)
b's b's
follows by the uniqueness of the direct integral decomposition. O

D Some facts on (anti-)unitary representations

D.1 Standard subspaces in tensor products

Lemma D.1. Suppose that (U,H) = ®j—1(U;,H;) is a tensor product of (anti-)unitary rep-
resentations of Gr, . Then the standard subspace V.=V(h,U) is a tensor product

V=V ® - QVp,

and for every non-empty subset A C G the subset Va := ) U(g)V satisfies

geA
VADV3,Aa® - ®Vpa. (87)
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Proof. We have ¢ € V4 if and only if U(A)™'¢ C V. This shows that any £ = £; ® - -- ® &, with
&j € Vj,a is contained in V4, which is (§7). |

D.2 Existence of standard subspaces for unitary representations

The following theorem characterizes those Euler elements which, in every unitary representa-
tion, generate a modular group of some standard subspace.

Theorem D.2. (Euler elements generating modular groups) Let G be a connected Lie group
and h € g an Euler element. We consider the following assertions:

(a) h€lg(h),g-1(h)].
(b) For all quotients q = g/n, n < g, in which the image of h is central, we have h € n, so
that its image in q vanishes.

(¢) For all unitary representation (U,H) of G, the selfadjoint operator iU (h) is unitarily
equivalent to —idU (h).

(d) For all unitary representation (U, H) of G, there exists a standard subspace V such that
AV — eZTriaU(h)'

Then we have the implications
(a) = (b) = (c) & (d),

and if G is simply connected, then all assertions are equivalent.

Proof. (a) < (b): The +1-eigenspaces for the image of h in q are the spaces q+1 = g+1(h)/n+1(h).
That the image of h is central in q means that both these spaces are trivial, i.e., that g+1(h) C n.
As n is a subalgebra, this means that

i:=g1(h) +g-1(h) + [g1(h),g-1(R)] C n.

As iis an ideal of g, condition (b) means that h € i, but as h € go(h), this is equivalent to (a).
(b) = (c): We argue by induction on dim G. Passing to the quotient group G/ ker(U), we may
w.l.o.g. assume that U has discrete kernel. If h is central, then h = 0, so that (c) holds trivially
because £i0U(h) = 0.

So we may assume that h is not central. Hence there exists a non-zero x € g41(h). We
consider the 2-dimensional subalgebra b := Rh + Rz 2 aff(R) and the corresponding integral
subgroup B := exp(Rz) exp(Rh), which is isomorphic to Aff(R)e..

We may w.l.o.g. assume that H% = {0} because (c) obviously holds for trivial representa-
tions. Then Moore’s Theorem [5.1] implies that

ker(9U (z)) C H", (88)

where N, < G is a normal integral subgroup whose Lie algebra n, is the smallest ideal of g such
that the image T of = in the quotient Lie algebra g/n, is elliptic. As = +£[h, z] is ad-nilpotent
(the h-eigenspace decomposition implies that (ad x)* = 0), its image T in g/n, must be central.
SoZ = :I:[E7 T|] = 0 implies z € n,. Using that N, is a normal subgroup, we see that HNe is
G-invariant, and the representation of G on this space factors through a representation of the
quotient group G /N, of strictly smaller dimension. By the induction hypothesis, our assertion
holds for this representation.
We may therefore consider the representation of G on the orthogonal complement (HN=)L.
In view of (B8), we may assume that ker(9U(z)) = {0}. Then the restriction of U to the 2-
dimensional subgroup B is a direct sum or irreducible representations of B in which x acts non-
trivially, and every such representation is equivalent to one of the representations (Ux, L (R)),
where
(Us (exp(sa) exp(th) )(p) = e f(p+1) for stpeR (89)
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(cf. [NO17, Prop. 2.38]). For both these representations, the operator idU+ (h) is equivalent to
the selfadjoint operator i% on L?(R,dp). This implies that 40U (h) is unitarily equivalent to
—i0U (h).

(c) & (d): The existence of a standard subspace V with Ay = e is equivalent to the
existence of a conjugation J commuting with dU(h). In view of [NO15, Prop. 3.1], this is
equivalent to the existence of a unitary operator S with Si0U(h)S~' = —idU(h). Therefore
(c) and (d) are equivalent.

(c) = (b): We assume that G is simply connected. If (b) is not satisfied, then there exists a
quotient q = g/n in which the image h of h is central but non-zero. Hence the corresponding
quotient group @ := G/N (as G is simply connected, N is closed and @ exists [HN12]) has a
non-trivial irreducible unitary representation (U, H) with OU(h) # 0. The irreducibility of U
implies that OU(h) = iA1 for some A € R*. Then —idU(h) = A1 is not unitarily equivalent
to —A1 = i0U(h). Composing U with the quotient map G — @, we see that (c) cannot be
satisfied. This shows that (¢) implies (b). |

27idU (h)

Corollary D.3. If g is semisimple and h € g is an Euler element, then there exists for every
unitary representation (U, H) of G a standard subspace V with Ay = e2mioU ()

Proof. As all quotients of the semisimple Lie algebra g are semisimple, hence have trivial center,
condition (b) in Theorem [D.2]is satisfied. |

Example D.4. (An example where (c) = (b) fails) We consider the group G := T? x SL» (R).
Then Z := Z(SL2(R)) & Z, and there exists a homomorphism v: Z — T? with dense range

”‘/E, e”ﬁ) generates a dense subgroup of T2. Now

D :={(v(z),2): z € Z}

is a discrete central subgroup in Gi1, so that G := G1/D is a connected reductive Lie group
with Lie algebra g = R? @ slo(R). Its commutator group (G,G) is the integral subgroup
corresponding to sl2(R). As it contains a dense subgroup of the torus T2, it is dense in G.

Let h = h.+hs € g be an Euler element with h. # 0 and hs # 0. Then g+1(h) = g+1(hs) C
sl (R) shows that (b) fails. We now verify (c), so that (c) does not imply (b) for all connected
Lie groups.

Pick a non-zero z € g with [h,2] = x. As in the proof of “(b) = (c)” above, we see
that € ng, so that sla(R) = [g,9] C n,. Hence (G,G) C N,, and the density of (G,G)
implies N, = G. We conclude that, for every unitary representation (U, H) of G, we have
ker(0U (z)) = HY. Clearly, (c) holds for the trivial representation of G on H®, and by the
argument under “(b) = (c)” it also holds for the representation on ker(dU (z))*. Therefore (c)
holds for G.

Remark D.5. (a) If G is a connected Lie group with Lie algebra g, then its simply connected
covering qg: G—disa simply connected Lie group with Lie algebra g. All unitary representa-
tions of G yield by composition with g unitary representations of G, but not all representations
of G are obtained this way. If (c) holds for G, it may still fail for G (Example [D.4]).
(b) For a semidirect product g = t x s with t solvable and s semisimple, where h is an
Euler element contained in s, the equivalence of (a) and (b) in Theorem implies that
h € [s1(h),s5-1(h)] C [g1(h),g—1(h)], so that Theorem [D.2] applies to any simply connected Lie
group G with Lie algebra g.

This argument applies in particular to the Poincaré Lie algebra g = R** x 501 4(R) and the
Euler element h € so01,4(R) generating a boost.

because the element (e
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D.3 A criterion for real irreducibility

The following lemma is needed in the discussion of Example [£.23] below.

Proposition D.6. Any irreducible unitary representation (U, H) of G for which Cy # —Cu
is also irreducible as a real representation.

Proof. Let (U®,H®) be the underlying real representation. Then its complexification is of
the form UE = U & U, as complex representations, where Cyg = —Cy. As Cy # —Cl, the
representations U and U are not equivalent. Therefore the commutant of Ug‘ is isomorphic
to C?, and this implies that the commutant of U*(G) in B(H®) cannot be larger than C1.
Hence it contains no non-trivial projections, and thus (U R HR) is irreducible. |

Corollary D.7. For any irreducible unitary positive energy representation (U, H) of SL» (R),
and any Euler element h € sl3(R), the restriction to the subgroup P = exp(Rh)exp(g1(h)) is
irreducible as a real orthogonal representation.

Proof. We know that, in all cases, the representation Up := U|p of P = Aff(R)e = R x Ry is
equivalent to the representation on L2 (R4, C), given by

(Up(b,a)f)(p) = /%™ f(ap).

Hence (Up, H) is the unique irreducible positive energy representation of P. Now the assertion
follows from Proposition [D.6l O
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