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Abstract. As earlier conjectured by several authors and much later established by Soler, from
the lattice-theory point of view Quantum Mechanics may be formulated in real, complex or
quaternionic Hilbert spaces only. On the other hand no quantum systems seem to exist that
are naturally described in a real or quaternionic Hilbert space. In a previous paper we proved
that if a quantum system is elementary from the viewpoint of its symmetry group, the group
being Poincaré one and the system is initially described in a real Hilbert space, it can also be
described within the standard complex-Hilbert space framework. This complex description is
unique and more precise than the real one as for instance, in the complex description, all self-
adjoint operators represent observables defined by the symmetry group. The complex picture
fulfils the thesis of Solér theorem and permits the standard formulation of quantum Noether’s
theorem. The present work is devoted to investigate the remaining case, namely the possibility
of a description of a relativistic elementary quantum system in a quaternionic Hilbert space.
Everything is done exploiting recent results of quaternionic spectral theory independently devel-
oped. In the initial part of this work, we extend some results of group representation theory and
von Neumann algebra theory from the real and complex case to the quaternionic Hilbert space
case. We prove the double commutant theorem also for quaternionic von Neumann algebras
(whose proof requires a different procedure with respect to the real and complex cases) and
we extend to the quaternionic case a result established in the previous paper concerning the
classification of irreducible von Neumann algebras into three categories. In the second part of
the paper, we consider an elementary relativistic system within Wigner’s approach defined as a
locally-faithful irreducible strongly-continuous unitary representation of the Poincaré group in
a quaternionic Hilbert space. We prove that, if the squared-mass operator is non-negative, the
system admits a natural, Poincaré invariant and unique up to sign, complex structure which
commutes with the whole algebra of observables generated by the representation itself. This
complex structure leads to a physically equivalent reformulation of the theory in a complex
Hilbert space. Within this complex formulation, differently from what happens in the quater-
nionic one, all selfadjoint operators represent observables in agreement with Soler’s thesis, the
standard quantum version of Noether theorem may be formulated and the notion of composite
system may be given in terms of tensor product of elementary systems. In the third part of the
paper, we focus on the physical hypotheses adopted to define a quantum elementary relativistic
system relaxing them on the one hand, and making our model physically more general on the



other hand. We use a physically more accurate notion of irreducibility regarding the algebra of
observables only, we describe the symmetries in terms of automorphisms of the restricted lattice
of elementary propositions of the quantum system and we adopt a notion of continuity referred
to the states viewed as probability measures on the elementary propositions. Also in this case,
the final result proves that there exist a unique (up to sign) Poincaré invariant complex structure
making the theory complex and completely fitting into Soler’s picture. The overall conclusion
is that relativistic elementary systems are naturally and better described in complex Hilbert
spaces even if starting from a real or quaternionic Hilbert space formulation and this complex
description is uniquely fixed by physics.
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1 Introduction

It is known that quantum theories can be formulated in real, complex and quanternionic
Hilbert spaces as we summarize below. A brief account of basic real Hilbert space spectral
theory appears in [MoOp17] and a summary on basic results on quaternionic Hilbert space
theory is included in the next section, whereas for the general spectral theory of unbounded
normal operators we address to [GMP13, GMP16].

1.1 Quaternionic Hilbert spaces

H := {al+bi+cj+dk|a,b,c,d € R} henceforth denotes the real unital associative algebra
of quaternions. i, j, k are the standard imaginary units satisfying i = j? = k? = —1
and 17 = —jt = k, jk = —kj = i, ki = —ik = j which give rise to the notion of
associative, distributive and non-commutative product in H with 1 as neutral element.
H is a division algebra, i.e., every non zero element admits a multiplicative inverse. The
centre of H is R. H is assumed to be equipped with the quaternionic conjugation
al +bi +cj+dk = al — bi — cj — dk. Notice that the conjugation satisfies q¢/ = ¢'g
and g = ¢ for all ¢,¢' € H. If ¢ € H, its real part is defined as Re ¢ :== 1(¢+q) € R.
The quaternionic conjugation together with the Euclidean norm |q| := 1/qq for ¢ € H,
makes H a real unital C*-algebra which also satisfies the composition algebra property
lqd'| = lal |¢'].

Definition 1.1 A quaternionic vector space is an additive Abelian group (H,+)
denoting the sum operation, equipped with a right-multiplication HxH > (z, ¢q) +— xzq € H
such that (a) the right-multiplication is distributive with respect to +, (b) the sum of
quaternions is distributive with respect to the right-multiplication, (c¢) (zq)¢ = x(qq)
and (d) 1 =z for all x € H and ¢, ¢’ € H.

Definition 1.2 A quaternionic Hilbert space is a quaternionic vector space H
equipped with a Hermitian quaternionic scalar product, i.e., amap HxH > (z,y) —
(x|y) € H such that (a) (z|lyq + z) = (z|y)q + (x|z) for every z,y,z € H and ¢ € H, (b)
(z]y) = (y|z) for every x,y € H and (c) (z|z) € [0,+00) where (d) (z|z) = 0 implies
x =0, and H is complete with respect to the norm ||z|| = /(z|z).

The standard Cauchy-Schwartz inequality holds, |(z|y)| < ||z||||y|| for every z,y € H for
the above defined quaternionic Hermitian scalar product [GMP13]. The notion of Hilbert
basis is the same as for real and complex Hilbert spaces and properties are the same with
obvious changes. A quaternionic Hilbert space turns out to be separable as a metrical
space if and only if it admits a finite or countable Hilbert basis. The notion of orthogonal
subspace St of a set S C H is defined with respect to (-|-) and enjoys the same standard
properties as for the analogue in real and complex Hilbert spaces. The notion of operator
norm and bounded operator are the same as for real and complex Hilbert spaces. Since
the Riesz lemma [GMP13] holds true also for quaternionic Hilbert spaces, the adjoint
operator A* : H — H of a bounded quaternionic linear operator A : H — H can be



defined as the unique quaternionic linear operator such that (A*y|z) = (y|Az) for every
pair z,y € H. Notice that if A : H — H is quaternionic linear and r € R, we can define
the quaternionic linear operator rA : H — H such that rAz := (Ax)r for all z € H.
Replacing r for ¢ € H produces a non-linear map in view of non-commutativity of H.
Therefore only real linear combinations of quaternionic linear operators are well defined.
B(H) denotes the real unital C*-algebra of bounded operators over H. The notion of
orthogonal projector P : H — H is defined exactly as in the real or complex Hilbert
space case, P is bounded, PP = P and P* = P. Orthogonal projectors P are one-to-
one with the class of closed subspaces P(H) of H. £(H) denotes the orthocomplemented
complete lattice (see below) of orthogonal projectors of H. Another important notion is
that of square root of positive bounded operators. As for the real and complex case, also
for quaternionic Hilbert spaces, if A is bounded and positive, then there exists a unique
bounded positive operator v/A such that v AvA = A [GMP13, GMP16]. In particular,
if A:H — His a bounded quaternionic-linear operator |A| := v/ A*A is well defined
positive and self-adjoint. For the proofs of the afore-mentioned properties and for more

advanced issues, especially concerning spectral theory, we address the reader to [GMP13]
and [GMP16].

Remark 1.3 In [Va07] and [Em63] the Quaternionic Hilbert space is defined assuming a
left-multiplication H X H 5 (¢, u) — qu € H and a Hermitian quaternionic scalar product
HxH > (u,v) — (ulv) € H whose only difference resides in point (a): {gz|y) = ¢(x|y) for
all z,y € H and ¢ € H. To define a left-multiplication on a space with right-multiplication
it suffices to define qu := ug for all ¢ € H and u € H, while the scalar product does not
need to be changed. A map A : H — H is linear, bounded, self-adjoint, idempotent and
unitary with respect to the right-multiplication if and only if it has the same properties
with respect to the left-multiplication. This permits us to exploit indifferently the results
in [GMP13, GMP16] and [Va07],[Em63].

1.2 The lattice of elementary propositions of a quantum system

Quantum theory can basically be formulated as a non-Boolean probability theory over
the partially ordered set of elementary propositions £ about the given physical quan-
tum system [BeCa81, Va07, Re98]. Let us review some elementary ideas on this subject
restating the discussion already present in the introduction of [MoOpl7]. Elementary
propositions, also called elementary observables, are the experimentally testable
propositions with possible outcomes 0 and 1. The partial order relation < in £ cor-
responds to the logical implication (see [Ma63, BeCa81, Va07, EGL09] for the various
interpretations). It is generally supposed that the partially ordered set L is a lattice
(with some noticeable exception as [Ma63]): A pair of elements a,b € £ always admits
inf{a,b} € £ =: a A b called meet, and sup{a,b} € = : a V b called join. It is easy to
prove that a < b if and only if a = a A b and that vV and A are separately symmetric and
associative in every lattice. The L is also requested to be bounded: A minimal element
0, the always false proposition, and a mazimal element 1, the always true proposition,



exist in £. L is also assumed to be (0-)complete, i.e., sup A and inf A exist for every
(countable) set A C L. L is finally demanded to be orthocomplemented: If a € L,
an orthogonal complement a* € £ exists interpreted as the logical negation of a. By
definition the orthocomplement satisfy a Vat =1, a Aat = 0, (at)* = a, and a < b
implies b+ < at for any a,b € L. Now a,b € L are orthogonal, written a L b, if a < b+
(equivalently b < a').

Pairs of mutually compatible elementary propositions on a quantum system (those which
are simultaneously testable by means of experiment) are described by pairs of commut-
ing elements p, ¢ € L in the sense of abstract orthocomplemented lattices [BeCa81]: the
sublattice generated by {p, ¢}, namely the intersection of all orthocomplemented sub-
lattices of £ which include {p, ¢} is Boolean, i.e., V and A are mutually distributive. A
maximal set of pairwise compatible propositions is a complete Boolean sublattice and an
interpretation in terms of classical logic is appropriate. Compatibility is not transitive
and so the structure of maximal Boolean sublattices of L is very complicated. The whole
lattice L of elementary propositions of a quantum system is however non-Boolean because
A and V are not mutually distributive. Physically speaking this is due to the existence
of incompatible elementary propositions (e.g., see [BeCa81, Mo13]). The quantum lattice
L enjoys a set of peculiar properties that can be phenomenologically motivated (e.g., see
[BeCa81]) even if some non-trivial interpretative problems remain [EGL09]: (i) ortho-
modularity, (ii) o-completeness, (iii) atomicity, (iii)’ atomisticity, (iv) covering
property, (v) separability, (vi) irreducibility (see the appendix of [MoOpl7] for a
brief illustration of these definitions).

1.8 The coordinatisation problem

As it will be useful below and in the rest of the paper, we remind the reader that If £,
Lo are orthocomplemented lattices, a map h : £L; — L5 is a lattice homomorphism if
h(aV1b) = h(a) Vo h(b), h(a Ay b) = h(a) Ay h(b), h(a)*? = h(a™) if a,b € Ly, h(0;) = 0o,
h(1;) = 15. When the lattices are complete, resp. o-complete, the first pair of conditions
are made stronger to h(sup,c4 @) = sup,eq h(a) and h(inf,cq a) = inf,eq h(a) for every
infinite, resp. countably infinite, subset A C L£;. A straightforward calculation shows
that @ <; b implies h(a) <5 h(b). A bijective lattice homomorphism is a lattice iso-
morphism. The inverse map of a lattice isomorphism is a lattice isomorphism as well.
Lattice automorphisms are isomorphisms with £; = Ls; they form a group, denoted
by Aut(Ly).

The long standing coordinatisation problem [BeCa81] consisted of proving (or disproving)
that an abstract bounded orthocomplemented lattice £ satisfying (i)-(vi) and possibly
some added technical requirements, is necessarily isomorphic to the lattice £(H) of the
orthogonal projectors/closed subspaces of a complex Hilbert space H. Here the partial or-
der relation is the inclusion of the projection closed subaspace of the considered orthogonal
projectors. This should provide a justification of the standard Hilbert-space formulation
of Quantum Theory. Some intermediate and fundamental results by Piron [Pi64] and



Maeda-Maeda [MaMa70] established that such L, if contains four orthogonal atoms at
least, is necessarily isomorphic to the lattice of the orthoclosed subspaces (K = K1) of
a structure generalizing a vector space over a division ring D equipped with a suitable
involution operation, and admitting a generalized non-singular D-valued Hermitian scalar
product (giving rise to the above mentioned notion of orthogonal +). The order relation
of this concrete lattice is the standard inclusion of orthoclosed subspaces. In 1995 Soler
[S095] achieved the perhaps conclusive result (for alternative equivalent statements see

[Ho95] and [AeSt00]).

[Solér’s Theorem]. Consider an orthocomplemented lattice L satisfying (i)-(vi), such
that (vii) it contains at least four orthogonal atoms and (viii) L includes an infinite or-
thogonal sets of atoms with unit (generalized) norm. Then L is isomorphic to the lattice
L(H) of (topologically) closed subspaces of a separable Hilbert space H with set of scalars
given by either the fields R, C or the real division algebra of quaternions H.

In all three cases, the partial order relation of the lattice is again the standard inclusion
of closed subspaces and M V N corresponds to the closed span of the union of the closed
subspaces M and N, whereas MAN := MNN. The minimal element is the trivial subspace
{0} and the maximal element is H itself. Finally, the orthocomplement of M € L(H) is
described by the standard orthogonal M+ in H. All the structure can equivalently be
rephrased in terms of orthogonal projectors P in H, since they are one-to-one associated
with the closed subspaces of H identified with their images P(H). In particular P < @
corresponds to P(H) C Q(H) for P,Q € L(H).

Dropping irreducibility requirement of £ in Soleér’s theorem, physically corresponding to
absence of superselection rules, an orthogonal direct sum of many such Hilbert spaces
(even over different set of scalars) replaces the single Hilbert space H.

Soler’s theorem assumes a list of rigid requirements on the structure of £ and the thesis
represents an equally rigid picture. An evident physical lack in the hypotheses of the
theorem is the absence of any fundamental physical symmetry requirement, according to
Galileo or Poincaré groups. In complex Hilbert spaces, only type-I factors are permit-
ted by the thesis of Soler’s theorem to represent the algebra of observables R and no
gauge group may enter the game therefore excluding systems of quarks where internal
symmetries (colour SU(3)) play a crucial role. Soler’s picture is evidently not appro-
priate also to describe non-elementary quantum systems like pure phases of extended
quantum thermodynamic systems. There the algebra of observables is still a factor, but
the type-I is not admitted in general due to the presence of a non-trivial commutant $R’.
Also localized algebras of observables in QFT are not encompassed by Soler’s framework.
However, elementary relativistic systems like elementary particles in Wigner’s view are
in agreement with Soler’s picture in complex Hilbert spaces. Indeed, these systems are
described as irreducible unitary representations of Poincaré group and, supposing that
the von Neumann algebra of observables is that generated by the representation, Schur’s
lemma demonstrates that the algebra of observables is the entire ®B(H). Therefore the



lattice of elementary propositions is the entire £(H) in agreement with the thesis of Solér’s
theorem. What happens when changing the set of scalars of the Hilbert space, passing
from C to R or H is not obvious.

1.4 Theoretical notions in common with the three types of Hilbert spaces formulations

The following theoretical notions used to axiomatise quantum theories are defined in
a separable Hilbert space H, with scalar product (-|-), over R, C or H respectively and
referring to the o-complete orthocomplemented lattice £(H) of orthogonal projectors in H.
However these notions are defined also replacing £(H) for a smaller lattice £1(H) C £(H),
provided it is still orthocomplemented and o-complete (and therefore also orthomodular
and separable). For future convenience, we shall list these notions below in this generalized
case. This list is more or less identical to that appearing in the introduction of [MoOp17].

(1) Elementary observables are represented by the orthogonal projectors in £y (H ).
Two such projectors are said to be compatible if they commute as operators. Indeed the
abstract commutativity notion of elementary observables turns out to be equivalent to
the standard commutativity of associated orthogonal projectors [BeCa81, Mo13, Mol17].

(2) Observables are the Projector-Valued Measures (PVMs) over the real Borel sets
(see [MoOpl7] for the real and complex case and [GMP16] for the quaternionic case),
taking values in £(H)

B(R)> E — PW(E) € £L1(H).

Equivalently, [Va07] an observable is a selfadjoint operator A : D(A) — H with D(A) C H
a dense subspace such that the associated projector-valued measure is made by elements
of £1(H). The link with the previous notion is the statement of the spectral theorem for
selfadjoint operators A = fa( ) APA()) ([MoOpl7] for the real and complex case, for
the quaternionic case see [GMP16]).
Obviously the meaning of each elementary proposition P (E) is the outcome of the mea-
surement of A belongs to the real Borel set E.
Evidently, £1(H) = L(H) if and only if every selfadjoint operator in H represents an ob-
servable. A selfadjoint operator, in particular an observables, A is said to be compatible
with another selfadjoint operator, in particular an observables, B when the respective
PVMs are made of pairwise commuting projectors.

(3) Quantum states are defined as o-additive probability measures over £;(H),
that is maps p : £1(H) — [0, 1] such that u(I) =1 and

il <S-Zpk> = ZM(Pk) if {Pk}keN C Ll(H) with P,P, =0 for h # ]{Z,
k k

s- >, denoting the series in the strong operator topology. p(P) has the meaning of the
probability that the outcome of P is 1 if the proposition is tested when the state is pu.
If £,(H) = L(H) for H separable with +o0o > dim(H) # 2 (always assumed henceforth),



these measures are in one-to-one correspondence with all of the selfadjoint positive, unit-
trace, trace class operators 7, : H — H according to

u(P) = tr(T,P) VP e L(H).

This correspondence exists for the three cases as demonstrated by the celebrated Glea-
son’s theorem valid for R and C [G157], and finally extended by Varadarajan to the H
case [Va07|. The result holds true (but the correspondence ceases to be one-to-one) for
separable complex Hilbert spaces when £1(H) C £(H) and £;(H) is the projector lattice of
a von Neumann algebra whose canonical decomposition into definite-type von Neumann
algebras does not contain type-I, algebras [Dv93].

(4) Pure states are extremal elements of the convex body of the afore-mentioned
probability measures. If £,(H) = £(H) pure states are one-to-one with unit vectors of H
up to (generalized) phases 7, i.e., numbers of R, C, H respectively, with || = 1. In this
case, the notion of probability transition |(1/|¢)|?> of a pair of pure states defined by
unit vectors 1, ¢ can be introduced. |(¢|¢)[* = py(P,) is the probability that Py is true
when the state is i, where Py = (¢]-)¢ and py, := (¢] - ).

(5) Liiders-von Neumann’s post measurement axiom can be formulated in the
standard way in the three cases: If the outcome of the ideal measurement of P € L1(H)
in the state p 1s 1, the post measurement state s

N MP-P)
#el) =)

If £,(H) = L(H), we may define states in terms of trace class operators and, with obvious
1

notation, Tp = WPTP. In terms of probability measures over £(H), this is equivalent
to say that the post measurement measure pp, when the state before the measurement
of P is u, is the unique probability-measure over £(H) satisfying the natural requirement
of conditional probability up(Q) = %, for every Q € L(H) with Q < P.

(6) Symmetries are naturally defined as automorphisms h : L1(H) — L1(H) of the

lattice of elementary propositions. A subclass of symmetries hy are those induced by
unitary (or also anti unitary in the complex case) operators U € 9B(H) by means of
hy(P) := UPU™! for every P € L;(H). Alternatively, another definition of symme-
try is as automorphism of the Jordan algebra of observables constructed out of L£i(H).
If £;(H) = L(H), following Wigner, symmetries can be defined as bijective probability-
transition preserving transformations of pure states to pure states.
With the maximality hypothesis on the lattice, the three notions of symmetry coincide.
In this case, all symmetries turn out to be described by unitary (or anti unitary in the
complex case) operators, up to constant phases of R, C, H, respectively due to well known
theorems by Kadison, Wigner and Varadarajan [Si76, Va07].

(7) Continuous symmetries are one-parameter groups of lattice automorphisms
R > s — hg, such that R 5 s +— u(hs(P)) is continuous for every P € £,(H) and every

quantum state g (R may be replaced for a topological group but we stick here to the

9



simplest case). The time evolution of the system R 3 s +— 7, is a preferred continuous
symmetry parametrized over R.

(8) A dynamical symmetry is a continuous symmetry h which commutes with the

time evolution, hy, o 77 = 73 0 h, for s,t € R.
If £;(H) = L(H), every continuous symmetry R > s + hy is represented by a strongly
continuous one-parameter group of unitary operators R > s +— U, such that hy(P) =
U,PU;! for all P € L(H) [Va07]. Versions of Stone theorem hold in the three considered
cases R, C and H (the validity in the quaternionic case easily arises form the theory
developed in [GMP16] and we will present a proof in Sect. 2.3), proving that U, = e*4
for some anti-selfadjoint operator A, uniquely determined by U. In the complex case,
if R 3 s — e*! is also a dynamical symmetry, the selfadjoint operator —iA, which is
an observable the lattice being maximal, is invariant under the natural adjoint action of
time evolution 7 unitarily represented by R > ¢ — V;, and thus —iA it is a constant of
motion, V; '(—iA)V; = —iA for every t € R. This is the celebrated quantum version
of Noether theorem. In the real Hilbert space case, no such simple result exists, since we
have no general way to construct a selfadjoint operator out of an anti selfadjoint operator
A in absence of . There is no unitary operator J corresponding to the imaginary unit
1I which commutes with the anti selfadjoint generator A of every possible continuous
symmetry (the time evolution in particular), thus producing an associated observable JA
which is a constant of motion. Such an operator however may exist for one or groups of
observables. In the quaternionic case, contrarily, there are many, pairwise non-commuting,
imaginary unities as recently established [GMP16]. An interesting physical discussion on
these partially open issues for the quaternionic formulation appears in [Ad95].

(9) [Real an complex formulations only] Composite systems in real and complex
Hilbert space formulations are simply described by taking the (Hilbert) tensor product
of the Hilbert spaces of subsystems and constructing the corresponding tensor product
structures (e.g., see [Mo13, Mo17]). Yet a fundamental obstruction arises with the quater-
nionic formulation, where a standard notion of tensor product is forbidden due to non-
commutativity of quaternions. As a matter of fact, basic properties of the notion of
the tensor product lead to the indentities ((ug) ® (vp)) = (u ® (vp))g = (v ® v)pg and
((uq) ® (vp)) = ((ug) ® v)p = (u ® v)gp producing the contradiction pg = pg. This is a
long standing problem with some inconclusive attempt of solutions.

1.5 Main results of this work

As soon as one assumes the apparently quite natural hypotheses on the structure of the
lattice of elementary propositions of a quantum system as stated in Solér’s theorem, the
above three Hilbert-space formulations are the only possibilities. Actually, as already
remarked, Solér hypotheses appear to be quite rigid since they force the theory to be
formulated in terms of type-I factors when looking at the von Neumann algebra of ob-
servables in the complex case. Though it is the standard picture in quantum mechanics (in
a single superselection sector), it rules out quantum field theory and statistical mechanics

10



of extend systems. In [MoOpl7] we focused on a real-Hilbert space formulation without
assuming all Solér hypotheses but supposing some restrictions concerning symmetries. As
a matter of fact, we considered a weaker and more general notion of Wigner elementary
relativistic systems and we proved that a natural relativistic-invariant complex structure
with a very precise physical meaning exists in the real Hilbert space formulation, making
complex the theory. This complex formulation also removes some redundancies present
in the real formulation. In particular all complex-linear self-adjoint operators are observ-
ables, whereas many real-linear self-adjoint operators cannot be interpreted as observables
in the real formulation and the correspondence between pure-states and rays is one-to-
one in the complex formulation but not in the real one. The passage from the real to
the complex theory also permits one to recover the standard relation between continuous
symmetries and conserved observables along the evolution of the system. Here we focus
on elementary relativistic systems initially described in quaternionic Hilbert spaces.

The main goal and result of this work is the proof that, also in the case of a quater-
nionic formulation with Poincaré symmetry, the theory can be re-formulated into a stan-
dard complex Hilbert space picture, where all self-adjoint operators represent observables,
the standard version of Noether relation between continuous symmetries and conserved
observables is restored and the notion of composite system can be implemented by the
standard tensor product. The complex structure is, as in [MoOp17], uniquely imposed by
Poicaré symmetry and is Poincaré invariant.

We shall establish this result into a pair of distinct theorems. In Theorem 7.9 we prove the
thesis referring to a notion of relativistic elementary system very close to Wigner’s one:
an irreducible strongly continuous representation of Poincaré group with non negative
squared mass, whose observables are determined by the representation itself. A second
version of the result is proved in Theorem 8.9. Here a much more sophisticated notion
of relativistic elementary system is adopted defined in terms of an irreducible von Neu-
mann algebra of observables whose lattice of orthogonal projector admits a continuous
(with respect to a physically meaningful topology) irreducible representation of Poincaré
group and such that the algebra itself is determined by the representation in view of a
generalised version of Wigner’s theorem.

Differently from the real Hilbert space case, here we need an intermediate non-obvious
technical result concerning the notion of von Neumann algebra in quanternionic Hilbert
space. Indeed, in section 2.1, relying upon the spectral theory developed in [GMP13] and
[GMP16], we state and prove the quaternionic version of the celebrated double commutant
theorem. A new proof is necessary because the standard argument (e.g., see [KaRi97])
does not work due the non-commutativity of the algebra of quaternions. With the help of
the von Neumann algebra machinery and extending some well-known results of the theory
or representations of Lie groups we will achieve our final result after having introduced a
(weaker) extension of Wigner’s notion of elementary relativistic system!.

!The idea of the proof that is very similar to that exploited in the real Hilbert space case [MoOp17]
appears in  www.mi.infn.it/~vacchini/talks_bell17/Oppio.pdf after a talk of one of the authors given
at the University of Milan (Department of Physics) on June 16th 2016.
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2 Quaternionic operators and their natural structures

2.1 won Neumann algebras in quaternionic Hilbert spaces

This section is devoted to extending the notion of von Neumann algebra to quaternionic
Hilbert spaces. The overall idea is to extend classical von Neumann’s result known as
double commutant theorem to algebras of quaternionic right-linear operators and to define
the notion of von Neuamann algebra exploiting that result. The way to do it essentially
is a reduction procedure from the quaternionic to the real and complex cases where the
theory of von Neumann algebras is well established. This goal needs a few preliminary
elementary results and constructions we shall employ also in other parts of this work.

As a first step we associate a quaternionic Hilbert space H with a corresponding real
Hilbert space Hg and a corresponding complex Hilbert space He; and we study the inter-
play of these structures and of the corresponding operator algebras. We remind the reader
that, as previously stressed, only real linear combinations of quaternionic-linear operators
can be performed so that for instance B(H) is a real algebra and not a quaternionic one.

Proposition 2.1 Let (H, (:|-)) be a quaternionic Hilbert space and consider the associ-
ated real vector space on the set of vectors Hg := H, whose real linear combinations are the
quaternionic ones with real coefficients, and define the real scalar product (-|-) := Re(:|-)
on Hg. The following facts are true.

(a) The norms of H and Hg coincide and (Hg, (+|*)) is a real Hilbert space.
(b) Referring to the R-linear operators J,K € B(Hgr) defined by

Ju:=uj, Ku:=uk YuéeHg
satisfying JJ = KKK = =1 and JK = —K.J, we have

(zly) = (zly) — (@|Ty)j — (2|Ky)k — (x|TKy)jk  Vr,y € H (1)

(c) Every quaternionic-linear operator is real-linear and in particular B(H) C B(Hg),
where B(H) is the unital real *-algebra of bounded operators on H and the inclusion
of algebras preserves the norms of the operators.

(d) A € B(Hg) belongs to B(H) if and only if it commutes with both J and K.

(e) Let A: D(A) — H be a quaternionic-linear operator with D(A) C H a (quaternionic)
subspace and consider A as a real-linear operator on Hg with domain D(A) viewed
as real subspace of Hg. Then

(i) TAC AT and KA C AKX,
(ii) D(A) is a dense real-linear subspace of Hg if it is dense in H,

(iii) the adjoint of A with respect to H and with respect to Hg coincide,

12



(iv) A is symmetric, antisymmetric, essentially selfadjoint, essentially antiselfad-
jont, selfadjoint, antiselfadjoint, isometric, unitary, idempotent in Hg if it is respec-
tively such in H.

(v) A is closable in Hg if it is such in H. In this case the closures defined in H and
Hg, respectively coincide,

(vi) A is positive on Hyg if it is such on H.

(f) Let A : D(A) — Hg be a R-linear operator with D(A) C Hr a (real) subspace and
suppose that JA C AT and KA C AK. Then

(i) D(A) is a quaternionic-linear subspace of H which is dense if it is dense in Hg and
A is a quaternionic linear operator.

(ii) the adjoint of A with respect to Hg and with respect to H coincide,

(iii) A is symmetric, antisymmetric, essentially selfadjoint, essentially antiselfadjont,
selfadjoint, antiselfadjoint, isometric, unitary, idempotent in H if it is respecively such in
Hr,

(iv) A is closable in H if it is such in Hg. In this case the closure defined on H and
Hgr, respectively coincide,

(v) A is positive in H if it is positive and symmetric in Hg.

Proof. All statements immediately follows from the corresponding definitions. O

We are now in a position to focus on the properties of the commutant of sets of quater-
nionic linear operators in *B(H), viewed as a unital real C*-algebra, with the final aim to
prove the quaternionic version of the double commutant theorem.

As in the real and complex Hilbert space cases, if & C B(H) with H a quaternionic Hilbert
space, that the commutant &' of & is

& = {AeB(H)|AS=SA VS e&}.

If & C T CB(H), it is easy to see that T C & and & C &”. This immediately leads to
&"” = &'. Moreover, if & is closed under the *-operation, then its commutant &’ turns
out to be a unital *-subalgebra of the (real) unital C*-algebra B(H). All that is identical
to the known results in real and complex Hilbert spaces. In view of the definition of Hg,
however, & C *B(H) can also be interpreted as a subset of *B(Hg) and thus a corresponding
notion of commutant & C B(Hg),

&' ;= {A € B(Hg) | AS = SA VS € &}

can be defined. Notice that J,/KC, 7K € &' whatever & C B(H) we choose, it being made
of quaternionic-linear operators due to (e) in Prop.2.1. An elementary result relating the
two notions of commutant is the following lemma.

Lemma 2.2  For every S C *B(H), it holds
& ce*ce +J6"+K6+IJKE (CB(Hr)).
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Proof. The first inclusion is trivial since all H-linear operators commuting with the el-
ements of & are R-linear. Let us pass to the second inclusion. For A € & define
the operator B := A — JAJ — KAK — JKAJK. This clearly belongs to &'®. By
direct inspection one immediately sees that B also commutes with both J and K and
thus it is quaternionic linear ((f) Prop.2.1) and belongs to &'. Similarly, if defining
By = A—-JAJ + KAK + JKAJK, then JBs turns out to belong to &'. We can
repeat a similar argument twice eventually establishing that

B =A-JAJ - KAK - JKAJK €&
By =A-JAJ +KAK +JKAJK € J&
Bx =A-KAK+JATJ +IKAJK €K&

Bye =A—JKATK + JAT + KAK € JK&'

This concludes the proof because 4A = B+ B 7+ Bx+Bsx € 6'+J6'+K&'+TJK&. O

We can now state and prove the quaternionic version of the double commutant the-
orem. The proof of this key tool is different to the known one of real and complex
*-algebras [KaRi97] in view of the non-commutativity of quaternions. (A crucial inter-
mediate result in the proof of Theorem 5.31 [KaRi97] to get " C R uses the fact that
Hy == {Ay | A € R} for ¢ € H is a closed complex subspace of H. If H is quaternionic the
corresponding property is false since Hy, is only a real subspace instead of quaternionic in
view of non-commutativity of quaternions. This is the reason why we followed an alter-
native and a bit elaborate route.

To do it, observe that a unital sub *-algebra S8 C B(H) is also a unital sub *-algebra
R C B(Hg).

Theorem 2.3 (Double commutant theorem) Let H be a quaternionic Hilbert space and
R C B(H) a unital sub *-algebra, then

R =R =R" =Rw=,
where the strong and weak closure above can indifferently be taken in B(H) or B(Hg).

Proof. The idea of the proof is to reduce to the analogous result for algebras of operators
in real Hilbert spaces (e.g., Thm 2.26 in [MoOp17]). As a first step, we prove that the weak
and strong closures of a set & C B(H) C B(Hg) do not depend on the choice of either the
real or the quaternionic Hilbert space structure. Let us prove it for the strong closures
first. If an operator A € B(Hg) is a strong-limit of elements of & then it commutes
with 7, K because every element of the sequence does and so it belongs also to B(H).
To conclude, since the norms of H and Hg coincide, we easily see that A is also a strong
limit of elements of & within B(H). The opposite inclusion is similar, just remember that
B(H) C B(Hgr). Let us pass to the weak closures. Take {4, },en € & and first suppose
that it weakly converges to some A € B(H). This means that (x|A4,y) — (x|Ay) for
every z,y € H and thus (z|A,y) = Re((z|Any)) — Re({z|Ay)) = (z|Ay). R-linearity of
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A finally implies that A, weakly converges to A € B(Hg), too. Suppose conversely that
A,, weakly converges to A € B(Hg), that is (z|A,y) — (x|Ay) for every z,y € Hg. A is
quaternionic-linear as every A, is. Indeed,

(2T Ay) = (T"z[Ay) = lim (T 2[Any) = lim (2]T Any) =
= lim (2|4, Ty) = (2|ATy)

Arbitrainess of z,y yields JA = AJ. The same arguments works for K and thus A is
H-linear in view of (f) Prop.2.1. Finally A,, converges weakly to A also on H because (1)
gives

(2| Any) = (2] Any) — (2| T Any)j — (2|KApy)k — (2| TKAwy)jk =
= (z|Any) — (2[AnT )] — (@|AnKy)k — (2[AnT Ky)jk
= (z|Ay) — (2[ATy)j — (z[AKy)k — (z|ATKy)jk = (x| Ay)

We have in particular established that the weak and strong closures of a a unital *-algebra
R C B(H) C B(Hg) do not depend on the real on quaternionic Hilbert space structure.
The double commutant theorem for real unital *-algebras guarantees that

(=) =R =0R" (2)

where now the closures can indifferently be intepreted in B(H) or in B(Hg).

To conclude the proof, take a H-linear operator A € (JR'). A is also R-linear and thus
A e (R)® (where R’ is first defined within B(H) and next is viewed as a subset of
B(Hg)). So A is a R-linear operator which commutes with 7, K and the elements of R’
The second inclusion in the statement of Lemma 2.2, implies that A also commutes with
the elements of 9%, Summing up, A € (93*)’®. This proves that (')’ C (/)" = R’, the
identity arising from (2). Since R C (9R')’, we also have that % C (/') C (A=) = R’
Taking the strong closure of every space and noticing that &" and &'® are always strongly
closed, we have R° C (') C ()" = R’ so that ;R = (W)’ = (9*)"* and (2) concludes
the proof of R =R =R = We'z, m

Corollary 2.4 Let H be a quaternionic Hilbert space and R C B(H) a unital sub *-
algebra. The following statements are equivalent:

(a) R =R,
(b) R is weakly closed,
(c) R is strongly closed.

Proof. (a) implies (b) from Thm.2.3, (b) implies (c) trivially. If (c) holds true then
R =R =R from Thm.2.3 again. O
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This result suggests to extend the usual definition of von Neumann algebra to the quater-
nionic case.

Definition 2.5 IfH is a quaternionic Hilbert space, a von Neumann algebra in B(H)
is a unital *-subalgebra of B(H) satisfying the three equivalent statements of Corollary 2.4.

Remark 2.6

(a) In view of Thm.2.3, if H is a quaternionic Hilbert space and 8 C B(H) a unital
*-algebra, then R is a von Neumann algebra on H if and only if is a von Neumann algebra
on HR.

(b) Exactly as in the real Hilbert space case, in quaternionic Hilbert spaces, a von Neu-
mann algebra is a unital sub C*-algebra of 28(H) (and B(Hg)) since strong closure implies
uniform closure and [|[A*A|| = ||A[]? for A € B(H) is valid also in quaternionic Hilbert

spaces [GMP13].

If & C B(H) is *-closed, &' is a unital *-algebra which is von Neumann because &' = (&")",
in particular, &” = (&) is also a von Neumann algebra. If € D & is another von
Neumann algebra, we have ¥ C & and so " O &”. Therefore &” is the smallest von
Neumann algebra including &.

Definition 2.7 Let & C B(H) be closed under the *-operation, then von Neumann
algebra &" is called the von Neumann generated by &.

2.2 The lattice of orthogonal projectors of quaternionic von Neumann algebras

An important structure associated with a von Neumann algebra R, in a quaternionic
Hilbert space H in particular, is the lattice of orthogonal projectors in (R, denoted by
Lyx(H) (where £L(H) := Lym)(H)). As in the real case [MoOpl7] and differently from
the complex case it does not contain all the information about the algebra fR. Indeed
differently from the case of a complex Hilbert space, it may hold Lx(H)” C R, as the
following elementary example shows.

Example 2.8 Let H be any quaternionic Hilbert space and J € B(H) such that J* = —J
and JJ = —I. Consider the unital sub *-algebra R := {al +bJ | a,b € R} C B(H). If
we manage to prove that QR is weakly closed, Corollary 2.4 guarantees that it is a von
Neumann algebra. So, suppose there exists some A € B(H) such that a,I + b,J — A
weakly. It is clear that a,l —b,J = (a,I + b,J)* weakly converges to A*. So that a,, — a
and b, — b € R for some a,b € R. This gives A = al + bJ so that R is weakly closed
and therefore is a von Neumann algebra. On the other hand, Lx(H) = {0, ['}, since every
self-adjoint element of R is necessarily of the form al for some a € R. The smallest
algebra containing it is obviously Lx(H)” = {al | a € R} C R.

To investigate the elementary properties of Lx(H) we need some further preliminary
technical results. Similarly to Prop.2.1, given a quaternionic Hilbert space H, and using
the real Hilbert space Hg, we can define an associated complex Hilbert space Hc depending
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on the choice of a preferred imaginary unit. As usual C; = {a + jb|a,b € R} is a
quaternionic realization of the field of complex numbers relying on the choice of the
imaginary unit j € H.

Proposition 2.9 Let (H,(:|-)) be a quaternionic Hilbert space, fix the imaginary unit
j € H and the corresponding R-linear operator J in Hg as in (b) of Prop.2.1 and consider
the associated complex vector space on the set of vectors He; := H, whose complex linear
combinations are the quaternionic ones with coefficients in C;, and define the Hermitian
scalar product

(zly); = (zly) — (z|Ty)j Va,y €H,

where x,y are viewed as elements of Hg and the corresponding real scalar product takes
place in the right-hand side. The following facts are true.

(a) (z|y) = Re(z|y); for every x,y € H viewed as elements of Hg.
(b) (zly) = (z|y); — k(x| Ky), for every x,y € H

(¢) The norms of H, Hg and Hc, coincide and (Hc,, (-|-);) is a complex Hilbert space.
(Hc, = (Hr)s where the right-hand side is the internal complexification of Hg re-
ferred to the complex structure J as in Sect.2.5 in [MoOp17]).

(d) Every quaternionic-linear operator is complea-linear and in particular B(H) C B(Hc,)
and the inclusion of algebras preserves the norms of the operators.

(e) A€ B(Hc,) belongs to B(H) if and only if it commutes with K.

(f) Let A: D(A) — H be a quaternionic-linear operator with D(A) C H a (quaternionic)
subspace and consider A as a complex-linear operator on Hc, with domain D(A)
viewed as complex subspace of He,. Then

(i) KA C AKX,
(ii) D(A) is a dense real-linear subspace of He, if it is dense in H,
(iii) the adjoint of A with respect to H and with respect to He, coincide,

(iv) A is symmetric, antisymmetric, essentially selfadjoint, essentially antiselfad-
Jont, selfadjoint, antiselfadjoint, isometric, unitary, idempotent in He, if it is re-
spectively such in H,

(v) A is closable in He, if it is such in H. In this case the closures defined in H and
Hc;, respectively coincide

(vi) A is positive in He, if it is such in H

(9) Let A: D(A) — Hc, be a C-linear operator with D(A) C He; a (complex) subspace
and suppose that KA C AK. Then

(i) D(A) is a quaternionic-linear subspace of H which is dense if it is dense in Hc,
and A is a quaternionic linear operator.
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(ii) the adjoint of A with respect to He, and with respect to H coincide,

(iii) A is symmetric, antisymmetric, essentially selfadjoint, essentially antiselfad-
jont, selfadjoint, antiselfadjoint, isometric, unitary, idempotent in H if it is re-
specively such in He;,

(iv) A is closable on H if it is such in Hc;. In this case the closures defined in H
and Hc;, respectively coincide

(v) A is positive in H if it is positive and symmetric on Hc,
Proof. All statements immediately follows from the corresponding definitions. O]

Let (K, (]-)) be a real, complex or quaternionic Hilbert space. Consider a, generally
unbounded, selfadjoint operator A. Thanks to the Spectral Theorem (see, e.g., [MoOp17]
for the real case and [GMP16] for the quaternionic case?) it can be spectrally decomposed
as

A:/R)\dP, D(A):{er‘ /R|/\|2d,uf<oo} (3)

where P : B(R) — L£(H) is the projection-valued measure (PVM) uniquely associated to
A and pf(E) = (z|Pgr) is the positive valued finite measure associated with P. The
spectral theorem for self-adjoint operators can be restated as follows.

Lemma 2.10 Let (K, (-|-)) be a real, complex or quaternionic Hilbert space and consider
a, generally unbounded, selfadjoint operator A : D(A) — K with D(A) dense in K. There
exists a unique PVM P on R such that, if uf(E) := (x| Pgx), then id € L*(R,ul) and
(z]Az) = [ Adul for all x € D(A)

Proof. The PVM P associated to A by the spectral theorem satisfies the thesis. Suppose
@ is another PVM satisfying the above requirements and take x € D(A). In particular
this means that € D (A’) where A’ is the selfadjoint operator [, AdQ and (z|Az) =
(x|A'z), i.e. (z|(A— A")z) =0. Since A — A’ is symmetric on the dense domain D(A),
a straightforward calculation shows that A — A" = 0 on D(A), i.e. A C A’. Since A is
selfadjoint it does not admit proper selfadjoint extensions (see [GMP13, GMP16] for the
quaternionic case and [MoOpl7] for the real case), that is A = A’. Finally, the spectral
Theorem guarantees that ) = P. O]

Once the PVM associated with A is available, if f : R — R is Borel measurable, the
following operator can be defined

- [sovar. iy = {een| [pead <o )

In particular it satisfies (z|f(A)x) = [ f(A) dul for all z € D(f(A)).

Another technical lemma is in order.

2Concerning self-adjoint operators, we use the notation dP instead of dP preferred in [GMP16] in the
integral spectral formula.
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Lemma 2.11 Let A be a, generally unbounded, self-adjoint operator on a quaternionic
Hilbert space H with PV M PYW and U € B(H). The following facts hold:

(a) PX equals the PVMs associated with A on Hg and He, via spectral theorem.
(b) UA C AU if and only if UP](EA) = PéA)U for every E € B(R).
(c) If f : R — R is Borel measurable, then the definitions of f(A) referred to H,Hg or

He, coincide.

Proof. Consider the unique real PVM (@) associated with A on the real Hilbert space
(Hg, (+]-)), while P denotes the quaternionic analogue on H. Take u € D(A). Since A
selfadjoint, it holds (u|Au) € R, hence

[ 2 = ) = e = [ N

It is easy to see that P is still a PVM if understood on Hg. Moreover pf (E) = (u| Ppu) =
(u|Pgu), again from selfadjointness of Pgp. Lemma 2.10 for the real Hilbert space case
proves that P = (). We have established (a) for Hg. Next (b) follows immediately, since
the statement is a well-known property in real Hilbert spaces [MoOpl17]. Analogously,
property (c) for Hg follows easily from (a) using the fact that the integral operator in (3)
can be computed as a strong limit (even uniform if A is bounded) of bounded operators
of the form > |, ¢, P(F}) where ¢; € R and F; € B(R) depend only on the chosen function
J and not on the scalar field of the Hilbert space. Finally, the proofs for the case of Hc;,
is immediate by noticing that Hc, = (Hr)s and using the theory of [MoOp17]. O

We are eventually in a position to prove an elementary though relevant proposition con-
cerning the interplay of R and L (H). This result extends Thm 2.29 we established in
[MoOp17] to quaternionic Hilbert spaces.

Proposition 2.12 Let R a von Neumann algebra, define the set
TIn ={JER|J =—J, —J? € Lx(H)}.

The following facts are valid.

(a) A* = A € R iff the orthogonal projectors of its PVM belong to Lx(H).
(b) Lx(H) is a complete orthomodular bounded sublattice of L(H).

(c) Lx(H)" contains all the selfadjoint operators of R.

(d) Lx(H)" + InLan(H)" =R,

(e) Lx(H)" € R iff there exists J € T \ Lx(H).

Proof. (a) and (c). Suppose A* = A € R and B € R'. In particular B commutes with A
and Lemma 2.11 guarantees that B commutes with the PVM P of A. Arbitrariness of B
omplies Pg‘) € R” = R for every Borel set E. Suppose conversely that A* = A € B(H)

is such that Pgl) € Lx(H) for every Borel set E, we hant to prove that A € R. If
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B € Lx(H), in particular B commutes with the PVM of A and so, thanks again to
Lemma 2.11, it commutes also with A and A € Lx(H)” C PR. This concludes the proof of
(a). The used argument proves also (c). Indeed, if A* = A € R, then, thanks to the first
implication of (a) its PVM belongs to Lx(H) and so the argument above applies.

(b) The properties of Lg(H) listed in (b) are inherited from the same properties of L(H).
The proof can be obtained by mimicking the one developed in [Re98] for real and complex
von Neumann algebras.

(d). First suppose A € R is anti selfadjoint. The polar decomposition theorem for
bounded operators in quaternionic Hilbert spaces (see [GMP13]) guarantees that A =
W|A| where W is an antiselfadjoint partial isometry and |A| := vV A*A. Moreover W
and |A| commute with each other and with every operator commuting with A. This
guarantees that W, |A| € R” = R. As |A] is self-adjoint, |A| € Lx(H)" for (¢). Since W
is a partial isometry, W? is an orthogonal projector which clearly belongs to R, hence
W € Jx. To conclude the proof of (d), observe that a generic operator A € R can always
be decomposed as §(A+A*)+1Wy|A—A*| where (W, |A— A*]) is the polar decomposition
of A — A*. (c) and the previous discussion prove that A + A* |A — A*| € Lx(H)"” and
Wy € Jxn concluding the proof of (d).

(e). If there exits J € Jn \ Lx(H)” then Lx(H)” C R evidently. So, suppose A €
R\ Lx(H)”, then A— A* € R\ Lx(H)", otherwise A € Ly(H)” since A+ A* is self-adjoint
and thus belongs to L,(H)” thanks to (c). Referring to the polar decomposition A — A* =
Wyl A — A*|, the above discussion guarantees that Wy € Jx. Since A — A* & Lx(H)” and
|A — A*| € Lx(H)"”, Wy cannot belong to Lx(H)". O

2.8 Stone theorem

We need to extend to quaternionic Hilbert spaces the crucial technical result known
as Stone Theorem. Consider an antiselfadjoint operator A on H. As A is closed and
normal [GMP16], thanks to the spectral theorem for closed normal (generally unbounded)
operators in quanternionic Hilbert spaces Theorem 6.6 in [GMP16], fixed an imaginary
unit 4, there exists a unique PVM P on Cj and a (non-unique) left-multiplication £
commuting with P, encapsulated in P := (P, L), such that

A= /@ iddP(z), D(A):= {a: eH /C 122 dplY < oo} . (5)

Notice that suppP C iRT U {0} since A = —A* (from (b) Thm 4.1 in [GMP16] and (c)
Thm 4.8 in [GMP13]). If f : C; — C; is Borel measurable we can define the operator

f) = [ fE ). D) = {x eH| [P < oo} (0
In particular, consider the operator

tA . etz 2) .
oA /C aP() (1)
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The map R 3 t — e is a one-parameter group of unitary operators as straightforward
consequence of Thm 3.13 in [GMP16]. Following essentially the same proof as in the
complex Hilbert space case, one easily establishes that that map is strongly continuous
and

d
Ux € H} , Ax = 7
Exactly as in the complex and real cases, these one-parameter groups are the only
strongly-continuous one-parameter unitary groups on H. It is the content of the well-

known Stone’s theorem now extended to the quaternionic Hilbert space case.

Uy . (8)

t=0

D(A):{er‘

d
3 %lo

Theorem 2.13 (Stone’s Theorem) Let H be a quaternionic Hilbert space and R > t —
Uy € B(H) be a strongly-continuous one-parameter unitary group, then there ezists a
unique anti-selfadjoint operator A called the (anti-selfadjoint) generator of U such
that

U, = et for allt € R.

A turns out to be defined as in (8) where D(A) is dense and invariant under the action
of U.

Finally A coincides with the unique anti-selfadjoint operator in Hr (Hc;) that generates
U when understood as strongly-continuous unitary group of operators in Hg (resp. Hc,).

Proof. See Appendix A. n

2.4 Polar decomposition of unbounded operators in quaternionic Hilbert spaces

Another technical tool is the so-called polar decomposition of closed generally unbounded
operators. We state the version in quanternionic Hilbert spaces together with some direct
application.

Theorem 2.14 (Polar decomposition theorem) Let H be a quaternionic Hilbert space
and A : D(A) — H a H-linear closed operator with D(A) dense H. The following facts
hold.

(a) A*A is densely defined, positive and selfadjoint.

(b) There exists a unique pair of operators U, P in H such that,
(i) A = UP where in particular D(P) = D(A)
(ii) P is selfadjoint and P >0
(i1i) U € B(H) is isometric on Ran(P) (and thus on Ran(P) by continuity),
(iv) Ker(U) D Ker(P).

The right-hand side of (i) is called the polar decomposition of A. It turns out that,
i particular,
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(1) P =|A| :=VA*A (defined by means of (4) with \/z :==0 if z € [0, +00).)
(2) Ker(U) = Ker(A) = Ker(P),

(3) Ran(U) = Ran(U)

(¢) The polar decompositions of A carried out on H,Hg,Hc, are made of the same pair
of operators U, P arising in (i)(a) above.

Proof. See Appendix A. n

A pair of related results, in part involving one-parameter groups of unitaries, are stated
below.

Proposition 2.15 Let H be quaternionic Hilbert space. Consider an, either selfadjoint
or anti selfadjoint, operator A : D(A) — H with polar decomposition A = UP. The
following facts hold.

(a) If A* = —A, then B € B(H) satisfies Be = "B if and only if BA C AB
(b) If B € B(H) satisfies BA C AB, then BU =UB and BP C UP.

(¢) The commutation relations are true
UACAU and U"AC AU".
Moreover, for every measurable function f : [0, +00) — R:

UF(P)C f(P)U and U*f(P)C f(P)U*.

(d) U is respectively selfadjoint or anti selfadjoint.

(e) If A is injective (equivalently if either P or U is injective), then U and U* are unitary.
In this case all the inclusions in (c¢) are identities.

Proof. The thesis easily follows by working in Hg and exploiting the analogous result for
real Hilbert spaces, Thm 2.19 in [MoOp17]. Just notice that the definitions of €4 on H
and Hg coincide thanks to Theorem 2.13. ]

Proposition 2.16 Let H be a quaternionic Hilbert space and A and B anti-selfadjoint
operators in H with polar decompositions A = U|A| and B = V|B|. If the strongly-
continuous one-parameter groups generated by A and B commute, i.e.,

ehesB = Bt for every s,t € R

then the following facts hold

(a) UB C BU and U*B C BU*;
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(b) Uf(|B|) C f(|B))U and U*f(|B]) C f(|B|)U* for f:[0,400) = R every measur-
able function

(c) (iii) UV = VU and UV = VU*.

If any of A, |A|, U is injective, then the inclusions in (i) and (ii) can be replaced by
identities.

Proof. Again the thesis easily arises by working in Hg and using the analogous result for
real Hilbert spaces, Thm 2.20 in [MoOp17]. Again notice that the definitions of ' on H
and Hp coincide thanks to Theorem 2.13. O

3 Restriction to subspaces induced by complex structures

To go on, we need to introduce some fundamental technical tools of quaternionic Hilbert
spaces theory established in [GMP13]. A preliminary definition is necessary.

Definition 3.1 If H is a quaternionic Hilbert space, an operator S € B(H) such that
S? = —J and S* = —S is called complex structure on H.

Remark 3.2 Notice that the previously introduced operators J and K are not complex
structures because they are only R-linear while complex structures S are required to be
H-linear.

3.1 Restriction to a complex Hilbert subspace induced by a complex structure

If H is a quaternionic Hilbert space with scalar product (-|-), j, k any couple of anticom-
muting imaginary units and J € B(H) a complex structure, define the subsets (which
should be indicated by H}? and H”/ according to notation of [GMP13])

Hy=f{ueH|Ju=uj}, H ={ueH|Ju=—uj} ©)

H; and H(J_) are evidently closed by (right) scalar multiplication with quaternions a+bj €
C; and thus are complex vector spaces. It is easily proved that the restriction of (-|-) to
H;, resp., HS_) is a Hermitian complex scalar product. Since these sets are evidently

closed because J is unitary, H; and H(J_) equipped with the relevant restrictions of (-|-)
are complex Hilbert spaces. Since jk = —kj the following identity holds

H) = Hyk:={vkeH|veH,}. (10)

Due to (10), we will refer to H; only in the rest of this paper.

Notice that the elements of H; can be interpreted as complex vectors of H, as they commute
with every element of C;.

The following proposition collects some results that can be found in Prop.3.8, Lemmata
3.9-3.10 and the proof of (a) Prop. 3.11 of [GMP13]. In particular
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Proposition 3.3 Let H be a quaternionic Hilbert space and J € B(H) a complex struc-
ture. The complex vector space Hy in Def.(9) equipped with the complez-linear structure
C; and the restriction (-|-); of the scalar product of H to H; satisfies the following prop-
erties.

(a) Hy is a C;-complex Hilbert space, non-trivial unless H = {0}.

(b) The direct (generally not orthogonal) decomposition is valid H = H; & H k such that

lz||? = ||lzo]|® + ||2z2]|* if H D 2 = 21 + 29k with x1, 25 € Hy.

(c) The map Hy > u — uk € H;k is C;-antilinear, isometric and bijective.
(d) If N C Hy is a Hilbert basis of Hy, then N s also a Hilbert basis of the whole H.

The complex space H; has an important interplay with operators as established in Prop.3.11
in [GMP13] we summarize below into a form adapted to our work. The statements (c)-

(iii), (c¢)-(ix) and (d) do not appear in [GMP13], however their proofs are trivial. In

particular the proof of (c)-(iii) is analogous to the one of (c)-(iv).

Proposition 3.4 With the same hypotheses as for Prop.3.3 the following facts hold.

(a) If A: D(A) — H, with D(A) C H, is H-linear and JA C AJ, then A; := Aln,np(a)

is a well-defined C;-linear operator on H;.

(b) If X : D(X) — HJ, with D(X) C Hy, is C;-linear, there exists a unique H-
linear operator X : D(X) — H such that JX C XJ and X; = X where in particular
D(X) = D(X)NH,.

(c) If X is asin (b) and S : D(S) — H;, with D(S) C Hy, is another C;-linear operator,
the following facts are true on the relevant natural domains.

(i) XJ=JX.

(1) aX = aX for every a € R.

(iii) S+T S+T= S+T,

(iv) ST = ST.

(w)ScTiff ScT.

(vi) X € B(H,) if and only if X € B(H). In this case | X| =|| X||.

(vii) D(X) is dense in H if and only if D(X) is dense in H.

(viii) (X)* = X+ if X is densely defined.
As a consequence X is symmetric, essentially selfadjoint, selfadjoint, antiselfadjoint, iso-
metric, unitary, idempotent if and only zf)N( 18, respectively, symmetric, essentially self-
adjoint, selfadjoint, antiselfadjoint, isometric, unitary, idempotent on H.

(iz) X is closable if and only zfX is closable. In this case X = X.

(d) If B(H) > A, — A € B(H) weakly, resp., strongly for n — +o0o and JA, = A,J,
then JA = AJ and B(H,) 3 (A,); = Ay € B(H,) weakly, resp., strongly for n — +oc.
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The stated results extends into the following result which consider constructions related
to spectral measures.

Proposition 3.5 Let H be a quaternionic Hilbert space, J € B(H) a complex structure
and A : D(A) — H, where D(A) C H, a selfadjoint H-linear operator such that JA C AJ.
Then the following facts hold referring to the notation in (b) Prop.3.4.

(a) If P is the PVM of the spectral decomposition of A, the operators (PJEJA))J with
E C R Borel set, form the PVM P9 of Ay in H;. Furthermore the map

PW 5 Py (P, e pA)
s an isomorphism of o-complete Boolean lattices.
(b) If f : R — R is Borel measurable, then f(A)J = Jf(A) and f(A); = f(A)).
(c) A>0if and only if Ay > 0.

(d) 0s(A) = a(Ay), ops(A) = 0,(Ay), 0es(A) = 0.(As), where og denotes the spherical
spectrum of the quaternionic linear operator A [GMP1,GMP2].

Proof. See Appendix A. m

To conclude, let us examine the interplay of the von Neumann algebra structure in H and
that in H;.

Proposition 3.6 Let R be a von Neumann algebra over the quaternionic Hilbert space
H and J € R NR be a complex structure. Then Ry = {A; | A € R} is a von Neumann
algebra over the C;-complex Hilbert space H.

Proof. SR is a unital *-subalgebra of B(H;), indeed I € R, and if A;, B; € Ry, then
A;+ By = (A+ B),; belongs to R;. If furthermore a + jb € C;, since J € R, we have
J; € Ryand (a+75b)A; == aA;+bJ;A; = (aA+bJA), is a well defined C;-linear operator
in R;. Finally, if A; € R, then (A;)* = (A%),; € R,. These properties ensures that R is
a unital *-subalgebra of B(H;) as said above. To conclude it is enough establishing that
R, is strongly closed. Let (C,)nen C Ry which strongly converges to some C' € B(H;),
we want to prove that C' € ;. By definition, C,, = (K,,), for K, € R, C = K for some
K € B(H), and | K,u—Ku| — 0 for every u € H;. So, take x € H, we know from Prop.3.3
that z = 1 + xok for unique x, 25 € Hy. Hence, again for Prop.3.3, | K,z — Kz||* =
H(Knxl — K.Tl) + (KnLL’Q - KIL’Q)]{IH2 = ||(Knl’1 - KSL’1>H2 + HKnxQ - KI2||2 — 0. All that
proves that R 3 K,, — K strongly and thus K € R because it is a von Neumann algebra.
Summing up, Ry 3 C,, — C = K; € R, s that R is strongly closed and therefore is a
von Neumann algebra. O
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3.2 Restriction to a real Hilbert subspace induced by two anticommuting complex struc-
tures

If H is a quaternionic Hilbert space, suppose we have a pair J, K of anticommuting
(JK = —KJ) complex structures. We want to prove that the set

Hixk . ={u e H|Ju=uj, Ku=uk} (11)

is a real Hilbert space. H;x is evidently a real subspace of H which also satisfies JKu = w:
if u € Hyjg from ¢ = jk. However it is not obvious that the scalar product of H makes
H;x a real Hilbert space. To prove it, we introduce an important technical tool given by
the map

L:H>q— L;:=al +bJK +cJ+dK € B(H) where ¢ =a+ib+jc+kd. (12)

L is a left multiplication ([GMP13, GMP16]) on H — an injective unital real *-algebra
homomorphism — associated to J and K. Notice that, exploiting definitions (11) and
(12), it holds

Lyju=uqg VgeH (13)

In this sense the elements of H;x can be interpreted as real vectors of H, as they commute
with every element of H.

Proposition 3.7 Referring to (11) and (12), there exists a Hilbert basis N of H such
that N C H;x and

Ly=Y 2qz|-), VqeH,

zeN

so that Lyz = zq for every z € N in particular.
Proof. The proof immediately arises from Thm 4.3 in [GMP2]. O

We are in a position to state and prove the result afore mentioned. Notice that, with
obvious notation, the sets H; ki, Hyx 7, and Hjik are real subspaces of H.

Proposition 3.8 Let H be a quaternionic Hilbert space and J, K € $B(H) two anticom-
muting complex structures. The real vector subspace H g defined in(11) equipped with the
restriction (-|-) jx of the scalar product of H to Hx satisfies the following properties.

(a) Hyxk is a real Hilbert space, non-trivial unless H = {0}.

(b) The direct (generally not orthogonal) decomposition is valid

H=H;x ®Hsxi ®Hyrj © Hyxk

such that

4
l=]* = Z lzill* if H3 2 = 2y 4 290 4 23] + 2ok with 21,29, 23,24 € Hye  (14)
i=1
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(c) The maps
Hixk D ur— w € Hygt,
Hix 2 ur—uj € Hykj,
Hyx 2 ur— uk € Hyk
are R-linear, isometric and bijective.
(d) If N C Hyk is a Hilbert basis of Hyx, then N is also a Hilbert basis of H.

Proof. (a) Let us prove that (-|-) takes values in R if restricted to H k. Let u,v € Hyx
and g € H, exploiting (13) we get

(ulv)g = (ulvg) = (u|Lgv) = (Lgulv) = (Lgu|v) = (uglv) = ¢(ulv)

Since ¢ is generic, (u|v) must be real. (-|-) restricted to H i is therefore a real scalar
product denoted by (-|) sk, because the remaining properties immediately arises from
those valid in H. As aconsequence, the norm induced by (-|-) x is equal to the norm of
H restricted to H; k. As H;k is closed because J and K are continuous, it is complete as
a normed space, since H is, and thus it is a real Hilbert space. It is also obvious that N
of Prop. 3.7 is a Hilbert basis for H;x because it is an orthonormal subset of H;x whose
orthogonal is {0}. Since N is non empty if H is non-trivial, H;x # {0}.

(b) The last statement in (b) arises immediately bearing in mind that when computing
|z]|? = (z]z) exploiting the decomposition x = x; + xai + 135 + x4k it holds (x,|x,) =
(xp|za) € R, because ., x, € Hyg, and this impleis that the mixed terms in the expansion
of the scalar product (z|x) cancel pairwise. Now, let us prove the first part. Let u € H,
then a direct inspection shows that u; := u—JKui—Juj—Kuk € Hyk, uj, == u—JKui+
Juj+Kuk € (Hyg)i, uj = u+JKui—Juj+ Kuk € (Hyk)j, and ug := v+ JKui+ Juj—
Kuk € (Hyk)k. Summing together the four identities we obtain 4u = uy + u; + u; + uy.
The found decomposition is unique, and thus the decomposition of H is direct. Indeed
suppose that x1 +z9i + 235 + 245k and 2| +z5i + 247 + 2 jk are two decompositions of the
same vector x € H, then (xy — 2) + (29 — 24)i + (x5 — %) j + (v4 — 2)) jk = 0. Exploiting
(14) we immediately get ||z, — 2. || = 0, hence x, = 2/, for all & = 1,2, 3,4 concluding
the proof.

(c) The proof is elementary using (b) and the basic properties of J and K. The proof of
(d) easily arises from the first part of (b) and the fact that (z|y) e Rif z,y € Hjx. O

We can now pass to deal with operators and their restrictions to H .

Proposition 3.9  With the same hypotheses as in Proposition 3.8 and with L as in (12),
the following facts hold.

(a) Consider a H-linear operator X : D(X) — H where D(X) C H, such that JX C XJ
and KX C XK. Then X i := X|p(x)nH,x 15 a well defined R-linear operator in Hx.

(b) Consider an R-linear operator A : D(A) — Hyx, where D(A) C Hyk. Then there
exists a unique H-linear operator A : D(A) — H, with D(A) C H, such that JA C AJ,
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KA C AK, and A = Ay, in particular D(A) = D(A) N Hyk.

(c) The following facts hold if A is as in (b) and B : D(B) — Hyk is another R-linear
operator where D(B) C Hyk.

(i) ng = zz{Lq for all ¢ € H.

(i1) aA = aA for every a € R.

(iii) A+ B= A+ B.

(iv) AB = AB.

(v ACBiffACB. -

(vi) A € B(Hyx) iff A€ B(H) and ||A] = ||A].

(vii) D(A) is dense if and only if D(A) is dense

(viii) A = (A)* if A is densely defined
As a consequence, A is symmetric, antisymmetric, (essentially) selfadjoint, antiselfad-
joint, unitary, tdempotent iff A s symmetric, antisymmetric, (essentially) selfadjoint,
antiselfadjoint, unitary, idempotent

(iz) A is closable iff A is closable. In this case A=4.

(d) IfB(H) > X,, = X € B(H) weakly, resp., strongly forn — +oo and JX,, = X,,J, and
KX, = X,K, then JX = XJ, KX = XK and B(H;k) 3 (A,)sx = Asx € B(H,k)
weakly, resp., strongly for n — +o00.

Proof. See Appendix A m

Proposition 3.10 Let H be a quaternionic Hilbert space and J, K € B(H) two anticom-
muting complez structures. If A: D(A) — H, where D(A) C H, is selfadjoint and satisfy
JA C AJ and KA C AK, then the following facts hold true.

(a) If P s the PVM of the spectral decomposition of A, the operators (P,(EA))JK with
E C R Borel set, form the PVM PAx) of Ak in Hyx. Furthermore the map

PA 35 P]E;A) s (PéA))JK c pAsx)

is an isomorphism of o-complete Boolean lattices.

(b) if f : R — R is Borel measurable function, then f(A)J = Jf(A) and f(A)K = K f(A)
CI,TLd f(A)JK = f(AJK)

(c) A is positive if and only if Ak is positive.
(d) 05(A) = 0(Ask), 0ps(A) = 0p(Ask), 0es(A) = 0c(Asx).
Proof. The proof is analogous to the one carried out for Proposition 3.5. O]

As we did for the complex case, we can now prove the following result.
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Proposition 3.11 Let ‘R a von Neumann algebra over a quaternionic Hilbert space H
and J, K € R’ be complex structures such that JK = —KJ. Then Ryi = {A;x | A € R}
15 a von Neumann algebra over H .

Proof. Rk is clearly a unital sub *-algebra of B(H;x) thanks to Prop. 3.9 and the fact
that only real combinations are to be taken into account in the algebra B(H, k) as well
as in the algebra B(H). The algebra Rk turns out to be closed in the strong topology
on H;k, the proof being identical to the one carried out in Prop. 3.6. O

4 Lie-Group representations in quaternionic Hilbert spaces

This section is devoted to generalize to the quaternionic Hilbert space case some well-
known results of representation theory especially of Lie groups in terms of unitary oper-
ators.

4.1 Garding domain and Lie algebra representation

As usual, C§°(G) denotes the vector space of real-valued infinitely differentiable compactly
supported functions on a given (real finite-dimensional) Lie group G' and we consider a

strongly-continuous unitary representation U of G on a quaternionic Hilbert space H. If
x € Hand f € C3°(G) we define

- / F(9)Uy dg (15)
G

where dg is the left invariant Haar measure on G, as the unique vector in H such that
(ylz[f]) = [, f(9)(y|Uyz) dg for all y € H - the existence and uniqueness of such a vector
is the content of the Riesz representation theorem which holds true also on quaternionic
Hilbert space, as described in [GMP13].

Next we may extend to the quaternionic Hilbert space case a well-known definition of the

real and complex cases (see, e.g., [MoOpl7] for the real case).

Definition 4.1 Given a Lie group GG and a strongly-continuous unitary representation
U of G on a quaternionic Hilbert space H, The H-linear subspace of H generated by all
the vectors x[f] (15) is called the Garding Domain associated with U and denoted by

DY)

Remark 4.2 Actually DY coincides with the real span of vectors z[f]. Indeed,
(wlalfla) = (yllfl)a = ( | 106iv) dg) 0= [ $@)olUadg =
- [ rowlwaads = [ 16lValads = il

Since this holds for any y € H we have that z[f]q = (zq)[f].
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)

We can immediately prove the following result. Due to (d) below, the elements of DE;U
are also called the smooth vectors of U.

Proposition 4.3 Referring to Def.4.1, the following facts hold true.

(a) Denoting by Ur and Uc; the map U respectively viewed as strongly-continuous unitary

U,
representations on Hg and Hc;, it holds D(GU) = D(GUR) = Dé 2

(b) D(GU) is dense in H.
(C)U( )CD(U forall g € G.

(d) x € D zf and only if the map G > g — Ugx is smooth at every point g € G with
respect to the smooth atlas of G.

Proof. We prove (a) and (d). Items (b) and (c) immediately follow from (a) and the
Garding theory on real Hilbert spaces (e.g., see [MoOpl7] Thm 3.6). Let z € Hg = H
and f € C§°(Q), x(f) is the vector (15) but defined with respect to the real Hilbert space
structure of Hg while we keep the notation z[f] for the quaternionic case. We intend to
prove that z(f) = z[f]. x(f) is the only vector such that (y|z(f)) = [, f(9)(y|Usz) dg
for all y € Hg, where (|-) = Re(-|-). z[f], instead, is the only Vector such that (ylz[f]) =

Jo f(9)(y|Uyz) dg for all y € H. Taking the real part of both sides we get Re(y|z[f]) =
Ja f( Re (y|Ugx) dg for all y € H = Hg. By definition of x(f) it follows z[f] = x(f). This

clearly proves that D(UR) C D(U) The converse inclusion holds because (z[f])q = (zq)[f]

for every q G H and thus z[f]j, z[f]k, z[f]jk belongs to DéUR). We have established that

DY = DY) Since He, = (Hz), (b) Thm 3.5 in [MoOp17] proves DY®) = D 7.

(d) The notion of differentiability only uses the norm and R-linearity of H, hence G 3 g —
U,z is smooth with respect to H if and only if is smooth with respect to the underlying
real structure Hg. Since the thesis holds for real Hilbert spaces, point (a) concludes the
proof. O]

Let us pass to the representation theory of the the Lie algebra g associated to a Lie
group GG. Take A € g and consider the one-parameter subgroup R > ¢ — exp(tA) € G.
Thanks to Theorem 2.13 there exists a unique antiselfadjoint operator A on H such that
Uexp(ta) = et and A equals the antiselfadjoint generators of t — Uexp(ta) When interpreted
as acting on Hg or He,. Thanks to Prop.4.3 (a) and the properties of Garding domain in
real Hilbert spaces, we easily get the following result.

Proposition 4.4 Consider a Lie group G with Lie algebra g, and a strongly-continuous
unitary representation U of G on a quaternionic Hilbert space H. The following facts are
valid.

(a) If A € g and Uepia) = et then A (D(GU)) C D ) and D is a core for A, i.e.,
A|,D(GU) = A.
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(b) The map g > A — u(A) := Al u) € E(D(GU)) is a Lie algebra homomorphism.
G

(c) If ur and uc; denotes the Lie algebra homomorphism associated with U as above
in Hg and Hc, respectively, it holds u(A) = ur(A) = uc,(A). In particular the
antiselfadjoint generators related to A defined on H,Hg,Hc; are equal.

Proof. The antiselfadjoint generators related to A defined on H, Hg, Hc are equal due to
Thm?2.13. Since also D(GU) is independent from the Hilbert space (Prop.4.3), exploiting

Th 3.6 (¢) in [MoOpl7] we get A(D(GU)) C D(GU) and thus u is independent as well. We
have proved (c). Now, let ER(Dg])) be the Lie algebra of real-linear operators defined on
Dg]), of course E(D(GU)) C CR(DE;U)). The map g 5 A = u(A) :== Al o) € ER(D(GU)) is
a Lie algebra homomorphism thanks to Thm 3.6 (d) in [MoOp17] appﬁed to Hg. Since
actually A]Dg]) € E(Dg])), (b) is true. Finally, exploiting Thm (f) 3.6 in [MoOp17] and
(e)-(v) Prop. 2.1 we conclude the proof of (a). O

As we did in the real theory we can consider the real associative unital universal en-
veloping algebra Ej of the Lie algebra g (e.g., see [Va84] and the quick account in
Appendix E of [MoOpl7]). By construction g C Ey as Lie subalgebra and, if o denotes
the product of the algebra whch extends that of g, a generic element of F; takes the form

N N

MZCol—l-ZZCjkAle-.-OAjk (16)

k=1 j=1

for some N, N, € N, ¢y, cjr, € R and Aj,, € g. We also assume to endow F; with the
standard real involution * completely defined by requiring

N N + N N
<601+ZZCjkAj1 O---oAjk) = 001+chjk<_1)kAjko---oAjl . (17)

k=1 j=1 k=1 j=1

An element M € g is said to be symmetric if M™ = M, so that g is made of antisym-
metric elements. An important technical role is played by the Nelson elements of £
which are those of the form

N::iXioXi, (18)

=1

where {X;,...X,} is any basis of g. Notice that they are symmetric by construction.
Exactly as above we can now take advantage of the real theory and state the following
theorem which has the same proof as the corresponding items of Thm 3.6 and Prop.3.8
in [MoOp17].

Theorem 4.5 Referring to Proposition 4.4 the following facts hold
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1. The map u uniquely extends to a real unital associative algebra representation of the
universal enveloping algebra Iy defined on Dg]). If M is taken as in (16), then

N N

u(M) = col| o) + ) > cipu(Ag) - u(Agy) (19)

k=1 j=1
It holds w(M™) C u(M)*, in particular (M) is symmetric if Mt = M.

2. Suppose that M € E; satisfies both M = M™ and [M,N]; = 0 for some Nel-
son element N, then u(M) is essentially self-adjoint. In particular u(N) is always
essentially self-adjoint.

3. if B € B(H) the following facts are equivalent

(i) Bu(A) C u(A)B for every A € g

(11) Bu(A) C u(A)B for every A € g
(111) BU, = U,B for every g € G

If one of these conditions is satisfies, then B(D(GU)) C Dg])

4.2 Analytic vectors of unitary representations in quaternionic Hilbert spaces

There is another important subspace of H made of “good vectors” for a strongly-continuous
unitary representation U of a Lie group G, even better than ng). To introduce this space
we need a definition. A function f : R® D U — H is called real analytic at 2y € U
if there exists a neighbourhood V' C U of zy, where the function f can be expanded in

power series
(e e}

fl@)= > (z-0)a, z€V (20)
|ae|=n,n=0

for suitable v, € H for every multi-index o € N™.
Definition 4.6 Let H be a quaternionic Hilbert space and G > g — U, a unitary
strongly-continuous representation on H of the Lie group G. A vector x € H is said to be
analytic for U if the function g — Uyx is real analytic at every point g € G, referring
to the analytic atlas of G. The linear subspace of H made of these vectors is called the
Nelson space of the representation and denoted by D%]).

Remark 4.7 Adopting notations as in Prop.4.3, it is evident from the definition that
D(U) _ fD(UR) _ D(U)
N —FN T PN

There exists another related definition of analyticity for vectors. Let A : D(A) — H
an operator in a quaternionic Hilbert space H, we say that a vector = € ﬂ;’i% D(A™) is
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analytic for A, if there exists t, > 0 such that

+oo ,p

tl’ n
> SllAme]] < +oo (21)

n=0

From the elementary theory of series of powers, we know that ¢ above can be replaced for
every z € C with |z| < t, obtaining an absolutely convergent series.

Remark 4.8 It should be evident that the analytic vectors for A form a subspace of
D(A). Moreover a vector z is analytic for A on H if and only if it is analytic for A on Hg
if and only if it is analytic for A on Hg,

One of remarkable Nelson’s results states that

Proposition 4.9 Consider an operator A : D(A) — H on a quaternionic Hilbert space
H.

(a) If A is anti selfadjoint and x € D(A) is analytic with t, > 0 as in (21), then

+oo
tn
er = Z — A"z if t € R satisfies |t| < t,.
—~ n!

(b) If A is (anti) symmetric and D(A) includes a set of analytic vectors whose finite span
is dense in H, then A is (anti) selfadjoint and D(A).

Proof. Point (a). Since the thesis holds for real Hilbert spaces (Thm 3.13 in [MoOpl7])
and the construction of e*4 with respect to the Hilbert structures of H and Hg are equal
to each other we immediately get the thesis. Point (b). Again, the thesis hold for real
Hilbert spaces and an operator over H is (anti) symmetric or (anti) self-adjoint over H if
and only if it is so over Hg. The thesis follows immediately. O]

Theorem 4.10 The Nelson subspace Dg\l,]) satisfies the following properties.
(a) D'V c DY
(b) Ug(D](\[,J)) C Dgg) forany g € G
(c) Dg\(,]) is dense in H
(d) D](VU) consists of analytic vectors for every operator u(A) with A € g
(e) u(A)(DE\[,J)) C D](\(,J) for any A € g.
(f) Let p: R — R be a real polynomial such that either
p(—x) = p(x) for every x € R or p(—z) = —p(x) for every x € R.

If A € g then u(p(A)) is, respectively, selfadjoint or anti selfadjoint.
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Proof. The thesis holds for real Hilbert spaces (Thm 3.14 in [MoOp17]). So, taking into

account the equalities D(GU) = D(GUR) and D](g) = D](\([]R) and Remark 4.8 we immediately
get the result. O

4.8 Group representations restricted to a complex Hilbert subspace induced by a complex
structure

To conclude this section we study the case of a group representation U in a quaternionic
Hilbert space equipped with a complex structure commuting with U. We start with the
most elmentary situation.

Lemma 4.11 Let J be a complex structure in the quaternionic Hilbert space H and
and U : R 3>t — U, € B(H) an strongly-continuous one-parameter group of unitary oper-
ators such that JU, = UJ for everyt € R. If A is the anti-selfadjoint generator of U, then

(a) AJ = JA,

(b) Ay is the anti-selfadjoint generator of Uy : R >t +— (Uy)s € B(Hy).

Proof. We know from Stone Theorem that U; = e** for some anti-selfadjoint operator
A : D(A) — H. Suppose that U,J = JU; for every t € R, then Lemma 2.15 yields
JA C AJ. Since J is unitary and antiselfadjoint this immediately leads to JA = AJ.
Ay is anti-selfadjoint and defined on D(A;) = D(A) N H; by Prop.3.4 and z € D(A;) if
and only if z € H; and there exists lim;_,q U"ﬁ_m = limy_,g (Uﬂ# = Az due to Stone

theorem. This is exactly the definition of the generator of U; proving the thesis. O]

We pass to the main result.

Proposition 4.12 Let U : G 3 g — U, € B(H) a strongly-continuous unitary rep-
resentation over the quaternionic Hilbert space H and J a complex structure such that

JU, = U,J for every g € G. Then the following facts hold
(a) J(DG") = D",

(b) Uy : G > g (Uy); € B(Hy) is a strongly-continuous unitary representation over
HJ7

(¢) DY =D nHy,
(d) JuM) =u(M)J for all M € E,;. Moreover u;(M) = u(M),.
Proof. See Appendix A n
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4.4 Group representations restricted to a real Hilbert subspace induced by two anti com-
muting complex structures

Lemma 4.13 Let J, K be anticommuting complex structures in the quaternionic Hilbert
space H and and U : R 5 t — U, € B(H) a strongly-continuous one-parameter group of
unitary operators such that JU; = Uy J and KUy = UK for every t € R. If A is the
antiselfadjoint generator of U, then

(a) AJ =JA and AK = KA,

(b) A,k is the anti-selfadjoint generator of Ujx : R 3>t — (U) sk € B(Hk).
Proof. Analogous to the proof of Lemma 4.11 m

Proposition 4.14 Let U : G 3 g — U, € B(H) a strongly-continuous unitary repre-
sentation over the quaternionic Hilbert space H and Let J, K be anticommuting complex
structures such that JU, = UyJ and KU, = U,K for every g € G. Then the following
facts hold

(a) J(D¥) c DY) and k(DY) c DY)

(b) Usk : G 2 g — (Uy)sx € B(Hik) is a strongly-continuous unitary representation
over Hyg

(C) D(GUJK) = D(GU) N HJK

(d) uM)J = Ju(M) and uM)K = Ku(M) for all M € E;. Moreover u;x(M) =

Proof. The proof is analogous to Proposition 4.12’s one. O

5 Irreducibility and Schur’s Lemma on Quaternionic Hilbert spaces

The notion of irreducibility will play crucial role in our work.

Definition 5.1 Let H be a real, complex or quaternionic Hilbert space. A family of
operators & C B(H) is said to be irreducible if U(K) C K for all U € R and a closed
subspace K C H implies K = {0} or K = H. & is said to be reducible if it is not
irreducible.

Since the definition refers to closed subspaces, our notion of irreducibility is sometimes
called topological irreducibility.

Remark 5.2

(a) If & is irreducible, then &' N L(H) = {0, /}. (This is because if an orthogonal projec-
tor P commutes with all elements of &, then the closed subspace K := P(H) is invariant
under G).
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(b) & NL(H) = {0, 1} is equivalent to irreducibility of & when & is closed under Hermi-
tian conjugation. (This is because U(K) C K implies PUP = UP if P is the orthogonal
projector onto K. If this holds for every U € R which is closed under Hermitian conjuga-
tion, PU*P = U*P holds as well. Taking the Hermitian conjugate, PUP = PU, so that
UP = PU.)

5.1 Schur’s lemma in quaternionic Hilbert spaces

Let us pass to formulate the quaternionic version of Schur’s Lemma which, as in the real
Hilbert space case, has a formulation more complicated than in the standard complex
Hilbert space case.

Proposition 5.3 (Schur’s lemma for essentially selfadjoint operators) Let H be a quater-
nionic Hilbert space and let S C B(H) be irreducible.
If the operator A : D(A) — H, with D(A) C H dense, is essentially selfadjoint and

UAC AU forall Ue& (22)

then A € B(H) (the bar denoting the closure of A) and

A=al, for somea€R.

If A satisfying (22) is selfadjoint, then A € B(H) with A = al for some a € R.

Proof. The proof, based on the spectral theorem, is essentially identical to that of Prop.
2.13 in [MoOp17] which is valid for real and complex Hilbert spaces. ]

A different and more precise result can be obtained when the class R consists of a *-closed
subset of B(H). In this case the statement is different from the one valid in complex
Hilbert spaces but the same statement holds in real Hibert spaces.

Proposition 5.4 Let H be a quaternionic Hilbert space, & C B(H) a *-closed subset
and consider a densely-defined closed operator in H A : D(A) — H such that

UA=AU, UA"=AU, YUEG. (23)

If & is irreducible then A = al + bJ for some a,b € R and J a complex structure. In
particular D(A) = H and A € B(H) in both cases.

Proof. AU = UA and A*U = UA* imply A*AU = A*UA = UA*A on natural domain.
Since A is closed, the operator A*A is densely defined and selfadjoint (Thm 2.14). Propo-
sition 5.3 for the selfadjoint operator A* A implies A* A = al for some real a. In particular
D(A*A) = D(al) = H so that D(A) = H and thus, since A is closed, the closed graph
theorem ([GMP1] Prop.2.11) gives A € B(H). To go on, decompose A = 4E4~ 4 A=A
where the two addends denoted by Ag and A, are, respectively, selfadjoint and anti self-
adjoint belong to B(H) and commute with the elements of &. In particular, UAg = AU
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for any U € & gives Ag = al for some a € R, thanks to Prop.5.3. Similarly, A% € B(H)
is selfadjoint and commutes with the operators in &, hence A% = cI for some ¢ € R,
thanks again to Proposition 5.3. It must be ¢ < 0 because, if v € H has unit norm,
c = (v|ew) = (V|AgAav) = —(Aav|Asv) = —||A4v]|? < 0. In particular, ¢ = 0 if and only
it Ay =0, that is if A is selfadjoint and in this case the proof ends. In the case ¢ # 0,
define J := W With this definition we find J € B(H), J* = —J and J*J = —I so that
J is a complex structure and A = al + bJ for a,b € R ending the proof again. O

Remark 5.5
(a) If & :={U, | g € G} for a unitary group representation G 3 g — U, € B(H), the
hypothesis (23) of Proposition 5.4 can be weakened to

U,AC AU,, VgeG.

Indeed, multiplying both side by U,-1 on the left and by U, on the right, we get AU, C U, A
so that UyA = AU,. Taking the adjoint of this identity we also have U;jA* C A*Uj,
because Uy is bounded. Since U, = Uy-1 and g varies on the whole set G we have found
U,A* C A*U, and thus U,A* = A*U, with the same reasoning as above, recovering (23).
(b) If A is bounded, the hypothesis (23) of Proposition 5.4 can be weakened to UA = AU
for every U € &. Indeed the second identity in (23) immediately follows from UA = AU
and *-closure of G.

(c) In general, irreducibility of a unitary representation of a group on H is lost when
moving from the quaternionic Hilbert space structure to the underlying real Hilbert space
one Hg. Indeed consider the following example. Let H = H and G = SO(3) and define
the representation G 3 R — Ug defined by Ug(a,b) := (a, Rb) for all (a,b) € H. This is
clearly unitary and irreducible (we are working on a one-dimensional Hilbert space). Of
course Hg = R* and Ug(a,0) = (a,0) for all a € R, hence the one-dimensional subspace

{(a,0)]a € R} is invariant under the action of U. This make the representation reducible
on R*.

To conclude this general part let us consider the case of *-closed subset of B(H) equipped
with one or two complex structures.

Proposition 5.6 Let & a *-closed subset of B(H) for a quaternionic Hilbert space H.
The following facts hold.

(a) If there is a complex structure J € &', then the set of complex-linear operators
Sy :={A;| A€ &} CB(H,) is irreducible if S is.

(b) If there is a pair of complex structures J, K € & with JK = —KJ, then the set of
real-linear operators Sy = {Ajx | A € &} CB(Hyk) is irreducible if S is.

Proof. Dealing with *-closed sets, irreducibility is equivalent to the non-existence of non-
trivial projectors commuting with the algebra for (b) Remark 5.2.
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(a) Suppose that & is irreducible and let P € L(H,) N (S;). We have P = P|y, for
some P € B(H), which is clearly an orthogonal projector on H for Prop.3.4 because P is.
That proposition also implies that P commutes with every element of & if and only if P
commutes with every element of &. Since & is irreducible we have the thesis. The proof
of (b) is essentially identical. O

5.2 Application to Lie-group representations

A remarkable consequence of the properties of Nelson’s technology and our version of
Schur’s lemma for Lie group representations is the following proposition.

Proposition 5.7 Let g — U, be an irreducible strongly-continuous unitary representa-
tion over a quaternionic Hilbert space H and M € Ey such that

(a) u(M) is essentially self-adjoint,
(b) M, Al, =0 VA € g

then it holds u(M) = cl| @) for some c € R.
G
In particular the thesis holds if M = M* and (b) is valid.

Proof. Let x € D](\[,J) and A € g. Thanks to Theorem 4.10 it holds x € Dg]) and x is
analytic for u(A), in particular it is analytic for u(A). Exploiting Prop.4.9, we have that
there exists ta , > 0 such that

o0

UEXP(tA)J" - etU(A)x - z :—'U(A)nq}7 |t| < tA,ac .
n:
n=0

Moreover D](\[,J) is invariant under the action of u, hence u(M)z € Dg\[,]). Then there exits

tAu(m)z > 0 such that
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Since u(M) is closable, it follows directly from the equations above and the invariance of
Dg]) under the action of U that



for every |t| < t,. Actually this equality holds for every ¢t € R. Indeed define Z := {z >
0lu(M)Uexpta)r = Uexppayu(M)z, [t| < 2} and let ¢y := sup Z. Suppose that ¢, < oo,
then it is easy to see that the fact that u(M) is closable ensures that u(IM)Uexpt,a)® =
Uexp(tonyu(M)z, hence to € Z. We know that y := Uepoa)® € DE\?), we can therefore
repeat the above reasoning finding a real ¢, > 0 such that «w(M)Usxpa)y = Uexprayu(M)y
for every |t| < t,. Noticing that exp((t + t9)A) = exp(tA)exp(tpA), it straightforwardly
follows that w(M)Uep(t+t0)aAT = Uexp(e+to)au(M)x for |t| < t,, hence ty +t, € Z, which
is in contradiction with the definition of #y. This proves that tg = co. As is well known
from the elementary theory of Lie-group theory, since the G is connected, every element
is the product of a finite number of elements belonging to one parameter subgroups
generated by g, so that we have actually demonstrated that u(M)U, = U,u(M) on D%])
for every g € G. This identity implies Uju(M) |D§\£J) = u(M) |D%]) U, on the natural domains
thanks to the invariance of the Nelson space under the action of the group representation.

In our hypotheses, u(M)|,w) is the restriction of a closable operators and thus it is
N

closable as well and so Uyu(M)|,w) = u(M)| @)U, for every g. Using Proposition 5.4
N N
and Remark 5.5 (a) we find D(u(M)|, @) = H and u(M)|, @) € B(H), more precisely
N N
uM)|per =
u(M)] 50 g
is selfadjoint, it follows that b = 0 and u(M) = al with a € R ending the proof of the
first statement. If M = MT™ then w(M) is symmetric for Thm 4.5 and, for the same

theorem, it is also essentially self-adjoint because (b) implies that M commutes with a
Nelson element. O

al + bJ for some a,b € R, where J is some complex structure. Since

@) C u(M), the maximality of the domain gives u(M)| ) = u(M). As the latter

6 Irreducible quaternionic von Neumann algebras

This section is devoted to focus on the basic properties of irreducible quaternionic von
Neumann algebras.

6.1 The commutant of an irreducible quaternionic von Neumann algebra

An irreducible *-closed subset & C B(H) in a complex Hilbert space is trivial in view
of the complex version of Schur lemma. For real and quaternionic Hilbert spaces the
picture is more complicated. In principle, the commutant of a generic *-closed irreducible
subset & C B(H) may contain infinitely different complex structures as suggested by
Proposition 5.4. We now examine the quaternionic Hilbert space case when & is a von
Neumann algebra, finding a result similar Thm 5.3 established in [MoOp17] dealing with
von Neumann algebras in real Hilbert spaces.

Theorem 6.1 Let R be a von Neumann algebra on the quaternionic Hilbert space H. If
R is irreducible, then R’ is of three possible mutually exclusive types:
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e R = {al | a € R} (quaternionic-real type).

o R ={al +bJ|a,be R} where J is a complex structure determined up to its sign.
Furthermore J € R (quaternionic-complex type).

e R ={al +bJK+cJ+dK |a,b,c,d € R} where J, K and JK = —KJ are complex
structures. Furthermore J, K, JK ¢ R (quaternionic-quaternionic type)

In both the quaternionic-real and quaternionic-quaternionic cases the centre 3, of R is
3m = {al | a € R}, while in the quaternionic-complex case 3z = {al +bJ | a,b € R}

Proof. If A € R, Prop. 5.4 implies A = al + bL for some a,b € R and some complex
structure L. As a consequence, R’ is a real associative unital normed algebra with the
further property that ||[AB|| = ||A||||B]|. (Indeed, by direct computation ||(al+bL)z||* =
(a® +b?)||z||? so that ||al + bL||* = a® + b*. Furthermore, iterating the procedure, where
L' is another complex structure, ||(al + bL)(a'l + V' L)z||*> = (a® + b*)(a? + V?)||z|)* =
llal+0L||?||a’T+V L'||?||z||? and thus ||(al +bL)(a'I+V'L)|| = ||al+bL||||a’T+V L'||.) Due
to [AlgebreNormate] there exists a real associative unital normed algebra isomorphism h
from R’ to R, C or H. In the first case, R = h~Y(R) = {al |a € R}. In the second
case, R = h"}(C) = {al +bJ | a,b € R} where J := h™'(i). Furthermore, as h™! is
an isomorphism, JJ = h7!(jj) = h™'(=1) = —I. In the third case, R’ = h~(H) =
{al +bJK +cJ +dK |a,b,c,d € R} with J := h7'(j), K := h™'(k), JK := h™'(i) where
i,7,k € H (with i« = jk = —kj) are the three imaginary units. Again, as in the real-
complex case, we get JJ = h™1(jj) = h'(=1) = =T and KK = h™}(kk) = h™}(-1) =
—1I. Let us prove that J in the quaternionic-complex case and J, K in the quaternionic-
quaternionic one are antiselfadjoint concluding that they are complex structures. The
proof being the same in both cases, we deal with J only. Since fR’ is a *-algebra, it holds
J* € R, in particular J*J € R which is clearly self-adjoint and positive. Since PR is
irreducible, Proposition 5.3 guarantees that J*J = al for some a > 0. Multiplying both
sides by —J on the right, using JJ = —1I, we get J* = —a.J. Taking the adjoint on both

sides yields J = —aJ* which, in particular, assures that a # 0, J being bijective since
JJ=—I. So, J* = —%J. Summing up, 0 = J* — J* = (a— %) J. As JJ = —1I, it must
be a —% =0, hence a = 1 and J* = —aJ = —J as wanted. J is a complex structure. JK

turns out to be a complex structure as well, since J and K are complex structures and
JK =—-KJ.

To conclude, let us establish the form of the centers 3x. The real case is obvious. In
the complex case, J commutes with {al + bJ | a,b € R} = PR, so it belongs to R" = R
and thus 3% = {al + bJ | a,b € R}. This result also implies that, in the complex case,
J is unique up to its sign. Indeed, let J' be another complex structure in PR’, then it
commutes with J (as it belongs to R). Therefore JJ' € PR’ is self adjoint and thus
JJ' = al, namely J'" = —a.J, because fR is irreducible. Since JJ = J'J' = —1 we must
have a = +1. 3 for the quaternionic case is easy. Suppose that U = a + bJ + cK +
dJK € fR for some a,b,c,d € R, then, since R = R” it must be UJ = JU, that is
aJ+bJ?+cKJ+dJKJ = aJ+bJ?*+cJK+dJ?K. A straightforward calculcation shows
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that 2cJ — 2d = 0 which, taking the Hermitean conjugate, is equivalent to 2d + 2¢J = 0.
Combining the two equations we get d = ¢ = 0. Finally, since it must also be UK = KU
we get aK +bJK = aK + bKJ which simplifies as bJK = bK.J. Since J, K anticommute
with each other it must be b = 0. This concludes the proof. O

6.2 The structure of irreducible von Neumann algebras in quaternionc Hilbert spaces.

We are in a position to prove that the structure of irreducible von Neumann algebras
and associated lattice of orthogonal projectors is isomorphic the one of B(H’) where H’ is
suitable. This result will play a central and crucial role in the rest of this work.

Theorem 6.2 Let R be an irreducible von Neumann algebra in the quaternionic Hilbert
space H. Referring to the three cases listed in Theorem 6.1, the following facts hold.
(a) If R ={al | a € R}, then

(1) R =B(H),

(i) Lx(H) = L(H).
(b) If R ={al +bJ | a,b € R}, then

(i) Ry =*B(H,) and the map R > A Ay € B(H,) is a norm-preserving
weakly-continuous (thus strongly-continuous) *-isomorphism of real unital *-algebras
which, in particular, maps J to jI.

(i) the map Lx(H) > P +— P; € L(H;) is an isomorphism of complete
orthocomplemented lattices.
(c) f R ={al +bJK +cJ +dK |a,b,c,d € R}, then

(i) Ry = B(Hyk) and the map R > A— Ay € B(Hyk) is a norm-preserving
weakly-continuous (thus strongly-continuous) *-isomorphism of real unital *-algebras,

(i) the map Lx(H) > P — Pk € L(Hyx) is an isomorphism of complete
orthocomplemented lattices.

Proof. (a) From R’ = {al | a € R} it immediately follows R = R” = B(H) and thus
Lx(H) = L(H).

(b) (i) We know from Prop.3.6 that R gives rise to a complex von Neumann algebra
Ry, the latter von Neumann algebra being irreducible due to Prop. 5.6 since the former
is irreducible. The complex version of Schur’s lemma implies that R, = B(H;). The
map R 3 A — A; € R, is a norm-preserving weakly-continuous, strongly-continuous
*-isomorphism of real unital *-algebras in view of Prop. 3.4. Let us pass to (ii). Prop. 3.4
easly implies that Lx(H) 2 P +— P; € L(H;) is an isomorphism of orthocomplemented
lattices. The only pair of properties to be proved concerns completeness of the involved
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lattices of orthogonal projectors and are the following ones. (1) Given a family {P,},ca C
Ly (H) such that M, := P,(H), defining P = inf,c 4 P, — in other words P is the orthogonal
projector onto M := NyeaM, — it turns out that P; = inf,c4(P,);. Regarding the fact
that P; is well defined, observe that P € Lx(H) because Lx(H) is complete and thus
P commutes with J since Lx(H) C R. Similarly, (2) Given a family {P,}.,ca C Ln(H)
such that M, := P,(H) defining @ = sup,c4 P, — in other words @) € R is the orthogonal
projector onto N := < UgeaM, > — it turns out that Q; = sup,c4(F.)s. Regarding
the fact that @, is well defined, observe that ) € Lx(H) because Lx(H) is complete
and thus () commutes with J since Lz(H) C 8. To prove (1), observe that P; is the
orthogonal projector onto M N H; because x = P;x if and only if both = € H; (because
Py is a projector in B(H;)) and © = Pz which means © € M. We conclude that P;
is the orthogonal projector onto M N H; = (NeeaMy) N Hy = Naea (Mg N Hy). The
orthogonal projector onto the last space is inf,c4(P,); by definition. We have obtained
P; = inf,c4(P,);. Property (2) is an immediate consequence of (1) and De Morgan’s
rule, valid for any family orthogonal projectors {Qp}rep C B(K) with K real, complex or
quaternionic, supycp Qp = (infbeB le)L, where Q+ := I — @ is the orthogonal projector
onto Q(K)=*.

(c) (i) Making use of Prop.3.9 and Propositions 3.11, 5.6 we have that R > A +— A i €
Rk is a norm-preserving weakly-continuous, strongly-continuous *-isomorphism of real
unital *-algebras where R ;) is an irreducible von Neumann algebra. Let us prove that
Ry = B(Hyk). Let A € B(H,k), then Prop.3.9 assures that there exists a unique
A € B(H) such that A = A;x. Moreover A commutes with J and K. Since R’ =
{al + bJ + cK + dJK}, it immediately follows that A € R’ = R, ie, A € Ryx.
This means R x O B(Hyx) and thus Ry = B(H,;x) because the converse inclusion is
obvious. The proof of (ii) is essentially identical to the corresponding for (b), just noticing
that now we have to handle two (anticommuting) complex structures J and K. [

7 Quaternionic Wigner relativistic elementary systems (WRES)

Within this section, as already done in [MoOpl7], we introduce a first notion of elemen-
tary system with respect to the relativistic symmetry adopting the famous framework
introduced by Wigner. A relativistic elementary system in Wigner’s view is a quantum
system completely determined from its symmetry properties where the symmetry group
is Poincaré one. So it is determined by a faithful (with the caveat discussed below) con-
tinuous unitary representation of that group and that representation also fixes the class
of observables of the system which coincide with the selfadjoint elements of the von Neu-
mann algebra generated by the representation itself. Elementariness of the said system is
translated into the irreduciblility demand of the representation. Later we will come back
on these requirements improving this model as already done in [MoOp17].
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7.1  Faithfulness issues

Actually by Poincaré group we will indicates here the real simply-connected Lie group
obtained as the semi-direct product SL(2,C) x R* with respect to the abelian normal
subgroup R*.

Definition 7.1 P, called Poincaré group in this paper, is the semi-direct product
SL(2,C) x R* of the groups SL(2,C) and R*, with group product defined as

(A1) - (A, ) = (AA  t + A(A))  for A, A" € SL(2,C) and t,t' € R,
where A : SL(2,C) — SO(1,3) is the standard covering homomorphism.

‘P is more properly known as the universal covering of the proper orthochronous Poincaré
group as understood in relativity. P actually enters all known physical constructions and
every representation of the proper orthochronous Poincaré group is also a representation
of P. For this reason, we require a weaker local-faithfulness assumption for every group
representation of P we henceforth consider, i.e., the representation is only supposed to be
injective in a neighbourhood of the neutral element of the group, because only in a neigh-
bourhood of the identity of the group elements SL(2,C) and the proper orthochronous
Lorentz groups SO(1, 3)f are identical.
To corroborate our assumption, we remark that the complex strongly-continuous unitary
irreducible representations of SL(2,C) x R* with physical meaning are all locally faithful:
(1) for positive squared mass with semi-integer spin they are faithful, (2) for positive
squared mass with integer spin they are faithful up to the sign of the SL(2,C) element,
and (3) they are faithful up to the sign of the SL(2,C) element for zero squared mass
with non-trivial momentum representation.
From a general point of view, local faithfulness of a continuous representation P > g — U,
is equivalent to the physically more natural requirement that

the representation of the subgroup R* of spacetime translations is non-trivial.
More precisely, the following general result holds whose proof stays in Appendix B.

Proposition 7.2 Let f: SL(2,C) x R* — G be a continuous group homomorphism to
the topological Hausdorff group G. The following two facts are equivalent.

(a) f is injective in a neighborhood of the unit element of SL(2,C) x R*.

(b) The associated group homomorphism from the subgroup R* C SL(2,C) x R* to G

R* > ¢t f((I,1))

is not trivial.
If (a) and (b) are true, then either f is injective or its kernel is {(+1,0)}.

Due to Proposition 7.2, when G is the group of unitary operators in the (real, complex or
quaternionic) Hilbert space H equipped with the (Hausdorff) strong operator topology, a
unitary strongly-continuous representation P > g — U, € G is locally faithful if and only
if the associated representation of the group of spacetime translations is non-trivial. If U
is not faithfull the failure of injectivity is due to the sign of the elements in SL(2,C) only.
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7.2 Wigner’s approach extend to the quaternionic case

Definition 7.3 A real, complex, quaternionic Wigner elementary relativistic sys-
tem (WRES) is a unitary strongly continuous representation of the proper orthochronous
Poincaré group P,

U:P>3g~— U, €B(H)

over the, respectively, real, complex, or quaternionic separable Hilbert space H, and the
representation is locally faithful (i.e., injective in a neighborhood of the unit element) and
wrreducible.

If Ry is the von Neumann algebra generated by U, the observables of the WRES are
the selfadjoint operators A affiliated to Py, i.e., their PVMs belong to Ly, (H).

Ly, (H) itself is the set of elementary (YES-NO) observables of the WRES.

Remark 7.4 Every essentially self-adjoint operator of the form u(M) for some M € E,

defines an observable u(M) of the WRES. Indeed, every u(M) satisfies Bu(M) C w(M)B
and thus Bu(M) C u(M)B for every B € {U,},cp = Ry as the reader can easily prove

from Theorem 4.5, so that the PVM of the selfadjoint operator u(M) commutes with B
due to Lemma 2.11 and therefore it belongs to SR}, = Ry as required for observables. We
will generalize this example in Corollary 7.10.

As established in the previous section for the quaternionic case and in [MO1] for the
real and complex case, the representation U gives rise to a representation on its Garding
domain of the corresponding Lie algebra g

u:g>Ar—u(A).

Let us fix a Minkowskian reference frame in Minkowski spacetime. Referring to that
reference frame, for i = 1,2,3, k; € g denote the three generators of the boost one-
parameter subgroups along the three spatial axes, 1; € g are the three generators of the
spatial rotations one-parameter subgroups about the three axes. Finally, for p =0,1,2,3
let p, € g be the four generators of the spacetime displacements one-parameter subgroups
along the four Minkowskian axes. Next define the associated anti-selfadjoint generators

K; = u(k;), L; :=u(ly), }~70 = u(po), P:=u(p;) 1=1,2,3. (24)

All of these operators leave fixed the Garding domain Dg]) which is a common core for

all them. If we change the initially fixed reference frame by means of a transformation
p € P, we obtain another set of generators related to the previous ones by the natural
relations

K!=UKU;", L} =U,LU,", P,=U,RU,", P=U,RU" i=1,23. (25

The said generators are mot observables, since they are not selfadjoint and there is no
trivial way to associate them with selfadjoint operators as instead it happens within the
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complex Hilbert space formulation where one has a standard imaginary unit at disposal. In
turn, this problem makes it difficult to state a quantum version of Noether correspondence
between generators of continuous symmetries and dynamically conserved quantities. For
the moment we simply ignore these open issues.

Consider the element e := —pg + Z?:l pi € Iy and define the Mass operator as the

symmetric operator
3
M2 = ufe) = (—1302 iy ﬁ)
i=1

By direct inspection one sees that e is symmetrice and commutes with all generators and
thus, for Proposition 5.7, M? is essentially selfadjoint — thus represents an observable
of the WRES in view of Remark 7.4 — and has a trivial form c¢I for some constant
¢ € R. Moreover it holds U,M3U, " = M for every p € P and, in this sense, M
is Poincaré invariant. Indeed, exploiting the definition of Poincaré group and Stone
Theorem, it is easy to see that UgIS#Ug_1|D<GU) =32, AZ]B,,|D(GU) where A is the Lorentz

(26)

U
p¥)

matrix corresponding to the element g € P and this immediately yields the claim.

The real and complex cases were treated in [MoOpl7], we now focus attention on the
remaining quaternionic case taking advantage of the results already achieved in [MoOp17].
A first technical result is the following one.

Proposition 7.5 LetU : P 3 g— U, € B(H) be a WRES over the quaternionic Hilbert

space H. If ﬁo = J0|ﬁ0| is the polar decomposition of the time displacement generator and
ME >0, then Jy is a complex structure in H with Jy € Ry N Ry

Proof. We need some preliminary results stated into some lemmata.

Lemma 7.6 With the hypotheses of Proposition 7.5, U defines reducible (strongly-
continuous locally-faithful) unitary representations both over the real Hilbert space Hg
and the complex Hilbert space He, as defined in Prop.2.1 and Prop.2.9 respectively.

Proof. Suppose U : P 3 g — U, defines a WRES on a quaternionic Hilbert space H.
It is clear that U is a strongly-continuous locally-faithful unitary representation over Hg
and Hc; as defined in Prop.2.1 and Prop.2.9 respectively and defines two corresponding
representations called Ur and Uc,. Let us prove that the representations Uc, on Hc,

Uc,
cannot be irreducible. First, remember that Dg]) = D(GUR) = Dé ) (Prop. 4.3) and the
anti-selfadjoint generators of the one-parameter subgroups of spacetime displacements
defined with respect to H or Hg or Hc,; are equal to each other (Prop. 4.4). Hence,
M} = MgR = M[%Cj and, it being symmetric, Mg is positive on H if and only if it is
positive on Hg and, in turn, it happens if and only if it is positive on Hc,. Thanks to

Theorem 2.14, the polar decompositions Jo|ﬁo| of ﬁo defined with respect to the three
considered spaces are identical. If the representation Uc, were irreducible, due to (g) in
Theorem 4.3 in [MoOpl17], we would have Jy = £7, J being the imaginary unit of He,.
This is impossible, since Jy is quaternionic linear and so it commutes with K if understood
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as a real operator on Hg, while we know that JK = —KJ. This also implies that Ug
is reducible: If it were not the case, then Uc, would be irreducible since He, = (Hr)s
where the right-hand side is the internal complexification of Hr referred to the complex
structure J as in Sect.2.5 in [MoOp17].

O

Lemma 7.7  With the hypotheses of Proposition 7.5, there exists a projector P € L(Hc,)
such that the orthogonal decomposition

He, = Hp ® Hp.

holds and the followig facts are valid.
(1) J(Hp) =Hp and J(Hpr) = Hpr while K(Hp) = Hpr and K(Hp) = Hp,

(i) £ : (u,v) = (—=A7', Au) for every u € Hp and v € Hp. where the map
A :=Kl|u, : Hp = Hp1 is R-real isometric and surjective with inverse A~! = —Klu,.

(iii) Each complex subspace Hp and Hpi is separately invariant under the action of
U and the maps P > g — Ulup, P 2 g — Ulu, are strongly-continuous irreducible
locally-faithful unitary complex representations such that

AUylip = Uglu, A YgeP. (27)

Proof. Since Ug, is reducible as established in Lemma 7.6, there must exist an orthogonal
projector P € B(Hc,)\ {0, I} such that PU, = U, P for every g € P. Interpreting P as an
R-linear operator in B(Hg), define the self-adjoint operator Pc := P — KPK € B(Hg), it
is easy to prove that this operator commutes with both 7 and IC, i.e., it is H-linear, and
so P € B(H). Furthermore PcU, = U, Pk for all g € P, because U, is quaternionic linear
and therefore commutes with J and K and also PU, = U,P by hypothesis. Since U is
irreducible and P is selfadjoint, Proposition 5.3 implies P = al for some a € R, which,
multiplying by I on the left, can be restated as XP + PK = aK, or CP = —PK + ak.
Since PP = P this can be rewritten as KP = —PKP + aKP. Taking the adjoint on
both the sides of this identity produces —PK = PKP — aPK. Both identities together
yield [, P| = a[K, P]. The case a # 1 is not permitted because it implies [P, K] = 0,
which, together with [P, J] = 0 (P is complex linear by hypothesis), ensures that P is
actually quaternionic linear. Since U is irreducible on H, we would get P = 0, I, which
was excluded a priori. It remains the case a = 1, that is P — KPK = I. Since P # 0,1
is an orthogonal projector on Hc;, Hc, can be decomposed into an orthogonal direct
sum He, = Hp © Hp., where Pt := I — P and both complex subspaces are nontrivial.
Evidently J(Hp) = Hp and J(Hp.) = Hp. because each space are complex subspaces
of He, and J is the complex structure used to construct Hc; out of H. Let us study the
interplay of K and that decomposition proving (i) and (ii). Multiplying P — KPK = I
by K on the left, we have P = (I — P)K, while a multiplication on the right yields
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PK = K(I — P). Notice that K(Hp) = KP(Hc,) = P*K(Hc,) = P*(Hc,) = Hp: and,
similarly, K(Hp.) = KP+(Hc,) = PK(Hc,) = P(Hg,) = Hp. Hence, also exploiting
the facts that I is isometric and that K(—K) = I, the map A : Hp — Hp: defined
as A := K|u, is a well defined bijective R-linear isometry with inverse given by the
isometry A~" = —K|n,, . The action of K can be written K(u,v) = (=A~"v, Au) for
every u € Hp and v € Hp:. referring to the direct decomposition He, = Hp @& Hp.
Indeed, if © € Hg,, then Kz = K(Pxz + Ptz) = KPx + KPta = A(Pz) — A~ (P*a),
where A(Px) € Hp. and —A~1(Ptz) € Hp. Let us pass to establish (iii). Notice that
U,P = PU, ensures that U,(Hp) C Hp and U,(Hp.) C Hp.. Moreover the restrictions of
U, to both the factors are clearly bijective isometries on the respective domains, thanks
to the facts that g is arbitrary, every U, is isometric and U,-1U, = I, so we can refine
the inclusions above and write Uy(Hp) = Hp and U,(Hpr) = Hpr. Notice that, since
Uy = Uy(Px + P*a) = Uy(Pz) + Uy(P*z), the action of U on Hg, = Hp ® Hpr can
be written Uy(u,v) = (Uyu,Uyv) for every u € Hp and v € Hpr. We end up with
two representations g +— Uy|y, and g — U9|Hp | which are clearly unitary and strongly-
continuous on the respective complex Hilbert spaces. Finally we want to prove (27). Let
(u,v) € Hc,, using the above identities we have

ICUg(uv U) = ’C<U9|HPU7 UQ‘HPLU) = (_AilUg‘HpJ_vv AUQ’HPU>
UK (u,v) = Uy (=A™ v, Au) = (=Uy|n, A o, Ug\HPLAu)

Since KU, = U,K and (u,v) is arbitrary, we get the thesis.

To conclude the proof of (iii), we intend to prove that P 3 g +— Uyln, and P > g —
U9|Hp . are irreducible representations on the respective complex Hilbert spaces which
also are locally faithful. We will establish the first result for Hp only, the other case
being analogous. Suppose that g — Uy|n, is not irreducible, i.e., there exists a projector
0 < Q < P with @ # 0, P such that QU,|n, = U,|n,Q for every g € P. Since we are
thinking of () as a projector defined on the whole Hc,, the found identity can be rephrased
as QU, = U,Q. Indeed, on Hp that identity reduces to QU|n, = Uyln,Q, while both sides
of QU, = U,Q vanish on Hp.. So we can repeat the analysis carried out so far using
in place of P and finding H = Hy ® Hgy with K(Hg) = Hg.. However, this result implies
Hor = K(Hg) € K(Hp) = Hpr which can be restated as Q+ < P+, ie., P < @Q, which
was excluded a priori. We conclude that g — U|u, (and also g — Uylu,, ) is irreducible.
To conclude, we want eventually to demonstrate that the complex strongly-continuous
irreducible representations of unitary operators P 3 ¢g + Uyln, and P 2 g — Ug\HP N
are also locally faithful because P > g — U, is. Let W, C P be a neighbourhood of the
identity of P where P > g — U, is faithful and suppose, for example, that Uy|n, = Up|n,
for some g, h € W,. Exploiting (27), we get Uyl , = AUglu, A™" = AUp|np, A = Unln,,,
and so, with obious notation, U, = Ugy|y, @ Ug’HPL = Uplu, @ Uh’HPJ_ = U),. Since U
is faithful on W, we have that g = h, proving the local faithfulness of the restricted
representations. ]

A subsequent lemma is in order.
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Lemma 7.8 Assume the hypotheses of Proposition 7.5 and refer to the orthogonal de-
composition H=Hp@®Hp. and two strongly-continuous irreducible locally-faithful unitary
complex representations P > g = Ulu,, P > g = Ulu,, as in (iii) of Lemma 7.7. The
following facts hold.

(iv) The partial isometry Jo of the polar decomposition Py = Jo|Py| of the (H-linear)
anti-selfadjoint generator Py in H of time-displacements subgroup satisfies

JOZJP@JPJ_ (28>

where Jp and Jpi are the analogous operators for the pair of complex representations
Pog— Ug‘Hp and P > g — U9|HPL'

(v) Jo is a complex structure in the quaternionic Hilbert space H commuting with the
whole representation U and thus Jy € Ry, in particular.

Proof. We simultaneously prove (iv) and (v). First of all we study the complex represen-
tations P> ¢g+— Ulpy,, P2g—U |H | focussing on their anti-selfadjoint generators and

their mass operators M,% and M? . Let P the antiselfadjoint generator of ¢ — Ueypip,)
defined on H. As we know from the version of Stone theorem presented in Theorem 2.13,
this is in particular a well-defined linear operator over Hg and Hc, and it coincides with the
corresponding generators of ¢ +— Uexp(tp,) When reading the representation on Hg and Hc,,

respectively. Due to Stone theorem, x € D(f’u) if and only if there exists —} € tPug. As

et (u,v) = (6“5 i, etfn v) in view of the orthogonal decomposition into complex subspaces
H = Hc, = Hp ® Hp1, we conclude for z = (u,v) that

Eli‘oetﬁ”u €Hp
d - dt
3%|Oetp“x € H if and only if and
d -
Ela‘oetpﬂv S HPL .

As an immediate consequence, P(D(ﬁ ) = D(P )N Hp C D(PH) and PL(D(ﬁH)) =
D(P,) N Hpr C D(P,), which in turn yields D(P, ) = P(D(P, ) & PY(D(P,)). The
generators of the one-parameter unitary subgroups e Ly ln, and etPu |H | are clearly given
by P |P (D(B)) and P |PJ-(D( B respectively. From e'fig = etPiy + etPay and the above

equivalence we have that P,z = P,u + P, that is P, = P, ulpp(B,)) @ P il P (D(PL)-

Uc,

(In the following remember that, as already observed, DG) = DgJR) =D, 7 and 0 <
M} = Mg, = Mg, ) Next consider the Garding domains defined with respect to the

representatlons U ]H » and Uy, (hence subspaces of Hp and H pJ_ respectively): D(UP ) and

Dg] . We want to prove that they are both subspaces of DG and that D(G ) = DéUP )&
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D(GUP L) when D(GU) is understood as a complex vector space. The former property easily
follows from the direct decomposition Hc; = Hp ©@Hp:. Indeed a direct calculation shows
that the definitions of the Garding vectors x[f] within Hp(Hp.) or within Hc; coincide

for z € Hp(Hp1). The equality ngcj) = Dg]) concludes the proof of this part. To prove

the latter, just notice that if z[f] € Dg]) with © = (u,v), then z[f] = u[f] + v[f] where

ulf] € DY) and v[f] € D(GUPL). So, if we consider the operators M, and Mg, defined

respectively on ngp ) and D(GUP l), using the above-proved decompositions for ﬁu we easily
get Mj = Mp, & M{ . Finally, Mj > 0 easily implies that M7, > 0 and M7 > 0.
Summarizing, we end up with two irreducible locally faithful strongly-continuous unitary
complex representations of P: Up on Hp and Upr on Hpr such that Mf,P > 0 and
M, 5PL > 0. The respective one-parameter subgroups of time displacement ¢ + Uexp (tpo)|Hp

and ¢ > Uexp (1po)|H,,, have generators §0|P(D(130)) and ﬁ0|PL(D(150))7 respectively. For each

of them the polar decomposition theorem applies and gives Pyl P(D(R)) — JpXp and
ﬁ0|PL(D(ﬁO)) = Jpi Xpi. We notice for future convenience that Py = (Jp®Jpr)(XpBXpyr)

is the polar decomposition of ﬁo in He; as a consequence of the uniqueness property of
the polar decomposition, the proof being elementary. We are in a position to apply (g) of
Theorem 4.3 in [MO1] establishing that Jp = +7|u, and Jp1 = £J|u,, . Notice that,
trivially, J|u, and J |Hp | are unitary operators and they commute with the restrictions of
Uy to the respective subspaces. In particular Jp®Jp. commutes with Uy = Uy|n,®Ugln,, -
From Jp = £J|n, and Jp. = £J|u,, we also have that Jp @ Jp. is an isometry such
that (Jp @ Jpr)® = —I: it is a (C-linear) complex structure on Hg,. Thinking of Py
as the generator of time displacements in H, since the polar decomposition is unique
in H and Hc; as established in (c) Theorem 2.14, Py = (Jp @ Jp1)(Xp @ Xp1) is also
the polar decomposition of ﬁo = J0|ﬁ0| in H. Uniqueness entails Jy = Jp & Jpi. In
particular Jp @ Jpr must also be quaternionic linear because Jy is. Since Jp ® Jpo
satisfies (Jp @ Jp)(Jp @ Jpr) = —1 and (Jp & Jpr)* = —(Jp & Jp.) and the notions of
adjoint in H and Hc, coincide, Jy is a complex structure in H. Moreover, since Jp & Jp1

commutes with Uy = Uy|u, © Uylu,,, , Jo commutes with the whole representation U, i.e.,
Jo€{U,|gePY ={U,| g€ P =R, so that Jy € R, 0

To conclude the proof of the main statement it is sufficient to prove that J, € fy. Let
B € R}, then in particular Be'™ = ¢! B for every t € R. Thanks to Proposition 2.15,
we immediately get BJy = JoB. This means that Jy € R}, = Ry. O

7.8 Structure of quaternionic a WRES and equivalence with a complex WRES

We are now in a position to state and prove the first main resut of this work, establishing
in particular that a quaternionic WRES P > p — U, over the quaternionic Hilbert space H
is completely equivalent to a complex Hilbert space WRES P 5 p — U,|n Jo ona suitable
complex Hilbert space H;, constructed out of a complex structure .Jy in H according to
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(b) Theorem 6.2. Within this equivalent formulation, everything is in agreement with the
thesis of Solér theorem, the complex structure Jy is related to the polar decomposition
of the generator of time displacements and, independently from its physical meaning, is
unique up its sign and Poincaré invariant, i.e., starting from another initial Minkowski
frame to describe the symetries of Poincaré group we would obtain the same equivalence
of quaternionic-complex structures. The standard Noether correspondence of selfadjoint
generators of continuous symmetries and dynamically conserved quantities cen be stated
also for the quaternionic case using Jy as imaginary unit.

Theorem 7.9 Consider a quaternionic Wigner Relativistic Elementary System and
adopt definitions (24) and (26) (with respect to a given Minkowski reference frame).

Let ]30 = J0|ﬁ0| be the polar decomposition of the anti selfadjoint generator of the subgroup
of temporal displacements. The following facts hold provided ME > 0.

(a) Jo € Ry and Jy is a complex structure on H.

(b) Jo € Ry, in particular JoU, = UyJy for all g € P and so Jy is Poincaré invari-
ant (starting from another Minkowski reference frame to define the generators of the one
parameter-subgroups of P we would obtain the same Jy).

(c) Jou(A) = u(A)Jy for every A € g in particular Jo(Dg])) = Dg]).

(d) If Jy is a complex structure on H such that either J, € R}, or Jyu(A) = u(A)J; for
every A € g are valid, then J, = +Jy.

(e) If A € g, then Jou(A) = u(A)Jy and this operator is an observable of the WRES.

&)Uy : P39 Ug||.|J0 is a complex WRES over the complex Hilbert space Hj, and
furthermore

1. the von Neumann algebra and lattice of elementary observables associated to this
complex WRES are the full B(H,,) and full L(H,,) respectivly;

2. if A is an observable of the initial quaternionic WRES, then A, is an observable of
the associated compler WRES and the map A — Ay, is bijective over the full set of
densely defined selfajoint operators in Hy, (the observables of the associated complex
WRES) which preserves the (point, continuous) spectra.

(8) Ru is of quaternionic-complex type Ry, = {al + bJy | a,b € R} and, referring to the
complex Hilbert space Hy,, the restriction map Ry > A — Alu,, € B(Hy,) defines

1. a norm-preserving weakly-continuous real unital *-algebra isomorphism from Ry
onto the full B(H ) which maps Jo to jI;
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2. an isomorphism of orthocomplemented complete lattices from Ly, (H) onto the full
lattice L(Hj,) in agreement with the thesis of Solér theorem;

3. an isomorphism of o-complete Boolean lattices P > PéA) — P](EA“]O) e PUn) for
every fized A (not necessarily bounded) observable of the quaternionic WRES, A|,,
being the corresponding observable of the complex WRES.

Proof. (a) and (b). Everything but the last statement in (b), immediately arise from
Prop.7.5. The last sentence in (b) follows from the fact that the penultimate identity in
(25) and the uniqueness of the polar decomposition imply that ]56 = (UpJOUp_l) (UpﬁoUp_l)
is the polar decomposition of ﬁé = UpﬁoUp’l. However, U,Jo = JoU, entails U, JoU, " = Jo.

(c) Is a weaker case of Proposition 4.12 (a) and (d) since U,.Jy = JyU,.

(d) Since U is irreducible, Ry is irreducible and thus R}, must have one of the three
mutally exclusive forms listed in Theorem 6.1. The first case is impossible since Ry,
would be made of selfadjoint elements while 0 # Jy € R}, is anti selfadjoint. The third
case is similary forbidden because Ry N R}, would be made of selfadjoint elements while
0 # Jo € Ry NRY is anti selfadjoint. We conclude that Ry, = {al + bJ | a,b € R}
for some complex structure J determined up to its sign. Since Jy € Ry is a complex
structure it must be Jy = £J and R, = {al + bJy | a,b € R}. This argument also
proves the last statement observing that Jiu(A) = AJ; for every A € g is equivalent to
J1 € {Uy}yep = Ry in view of (3) Theorem 4.5.

(e). Jou(A) = u(A)Jy is valid from (c) . Taking the closures remembering that
Jo € B(H), we have Jou(A) = u(A)Jy. Since u(A) is antiselfadjoint and exploiting
Jo € B(H), we have (Jou(A))* = —u(A)(—Jo) = u(A)Jy = Jou(A) which is therefore
self-adjoint. JOM commutes with Jy so that its PVM is included in Ry as wanted.

(f). Due to the already established properties, we only have to prove that P 5 g —
Uglu s, Is irreducible and locally faithfull. The former property is an immediate conse-
quence of (a) Proposition 5.6, the latter straightforwardly arises from locally faithfulness
of U taking advantage of (a),(b) Prop.3.4. So P 3 p > Uy|n,, is a complex WRES over
Hj, as requested. Next, irreducibility and the complex version of Schur’s lemma eventu-
ally yield {Uylu,, | g € P} = B(H;,), so that, in particular L{RUJO<HJ0) = L(Hy,). The
last statement immediately arises from Proposition 3.4 (a)(b) and the statement at the
end of (c) therein, and Prop.3.5 (d).

(g). The identity Ry, = {al + bJy | a,b € R} was established above proving (d), the
rest of the thesis easily arises from Theorem 6.2 and Proposition 3.5 (a). O]

Corollary 7.10 With the same hypotheses as for Theorem 7.9 the following facts are
valid.
(a) For all M,N € E; the following facts hold

1. Jo(u(M)+Jou(N)) = (u(M)+Jou(N))Jy and Jou(M) + Jou(IN) = u(M) + Jou(N)Jo;
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2. w(M) + Jou(N) is an observable of the quaternionic WRES if and only if it is self-
adjoint.

(b) The identity holds
DY = DY A H;,

and for all M,N € Ej,

1. uy (M) = u(M)|HJ ~p@ and wz, (M) univocally determines u(M);
0 G

2. w1y (M) + juy(N) = u(M) + Jou(N)|n, and the left-hand side is self-adjoint (i.c.,
an observable of the complex associated WRES) if and only if u(M) + Jou(N) is an
observable of original quaternionic WRES.

Proof. (a) We can apply Proposition 4.12 (d) since U,Jy = JoU, obtaining Jy(u(M) +
Jou(N)) = (u(M)+Jou(N))Jy. Taking the closures remembering that Jy € B(H), we have
Jou(M) 4+ Jou(N) = u(M) + Jou(N)Jo. If u(M) + Jou(IN) is selfadjoint, then its PVM
satisfies the same identity in view of (b) Lemma 2.11. In turn, since Ry, = {al +bJy|a,b €
R}, the PVM of u(M) + Jou(N) belongs to R}, = Ry as wanted.

(b) Everything easily follows from (a) above and (c¢) and (d) in Prop.4.12 also noticing
that the observables of the complex WRES are all of selfadjoint operators in Hj,. The
fact that wuy, (M) univocally determines u(M) is consequence of (b) in Prop.3.4. O

8 Quaternionic relativistic elementary systems (qRES)

As done in [MoOpl7] we pass to present a more precise description of an elementary
relativistic system.

8.1 Elementary systems

We first focus on the general notion of elementary system without referring to a group
of symmetry. Exactly as in [MoOpl7] we adopt the following general definition whose
motivation is tha same as presented in Sec. 5.1 of [MoOpl7].

Definition 8.1 An elementary system is an irreducible von Neumann algebra R over
a separable quaternionic Hilbert space H.

An elementary system is therefore a quantum system such that R’ does not includes
non-trivial orthogonal projectors: they could be intepreted as elementary observables of
another external system independent from the system represented by the self-adjoint op-
erators in SR. Sufficient and quite usual conditions for having an elementary system is
the existence in R of a maximal set of compatible observables as discussed in Sec. 5.1 of
[MoOp17].

In the hypothesis that the elementary propositions of every quantum system are described
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by the orthogonal projectors of a quaternionic von Neumann algebra, it is clear that ev-
ery symmetry of the system can be realized in terms of an automorphism of the lattice
of projectors itself. According to the discussion in Sec. 5.2 of [MoOpl7], a relativistic
elementary system is first of all an elementary system supporting a continuous represen-
tation of Poicaré group which is irreducible with respect to that representation: there
are no orthogonal projectors P € R that are fixed under the representation. Continuity
must have a direct physicla meaning. In fact, it is induced by seminorms defined by the
states. The second idea behind the notion of relativistic elementary system is that the
representation of the Poincaré group must determine fR itself. The idea is to view the
representation of Poincaré group as a unitary reprsentation (defined up to generalised
phases in the centre of the algebra) and to assume that R is the algebra generated by
these unitary operators. Thanks to Theorem 6.2 and Gleason Theorem (including the
quaternionc version proved by Varadarajan [Va07]) and following a procedure similar to
the analog exploited in [MoOpl7]. we can completely characterize both the states and
the symmetries for such an elementary system.

Proposition 8.2 Let R be an elementary system over the separable quaternionic Hilbert

space H, then the following facts hold true.

(a) Assuming dimH # 2, if p : Lx(H) — [0,1] is a state (i.e., a o-additive probabil-
ity measure), then there exists a unique positive, selfadjoint unit-trace, trace-class
operator M € R such that

u(P) =tr(MP) for every P € Lx(H) (29)

Moreover every positive, selfadjoint unit-trace, trace-class operator of M € R defines
a state by means of the same relation.

(b) If h : Lu(H) — Lx(H) is a symmetry of the system (i.e. an automorphism of o-
complete orthocomplemented lattices), then there exists a R-linear surjective norm-
preserving map U : H — H such that

h(P)=UPU™ " for every P € Ly(H) (30)
and the following further facts are valid.

(i) In both the quaternionic-real and quaternionic-quaternionic cases, U € fR.

(i) In the quaternionic-complezr case we have two mutually exclusive possibilties

o U belongs to U € R,
o U is antilinear w.r.t. j and k — thus it is linear with respect to v — and
anticommutes with J. In this case U &€ R but U? € R.
(iii) Every real-linear surjective norm-preserving map V : H — H that satisfies (i)
or (ii) depending on the case, satisfies (30) in place of U for the given h if and
only if U7V € RNRKR.
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Finally, every real-linear bijective norm-preserving map U that satisfies (i) or (ii)
depending on the case, defines a symmetry by means of (30).

Proof. We need to prove a preliminary technical lemma.

Lemma 8.3 Referring to Theorems 6.1 and 6.2, let R be of quaternionic-complex or
quaternionic-quaternionic type. Then A € R is trace-class if and only if Ay, respectively
Ak, is trace-class. Moreover tr(Aj)n, = tr(A)n and tr(Aj)n,, = tr(A)u.

Hix
Proof. We study the quaternionic-complex case, the remaining one being strictly anal-
ogous. Focusing on |A| := v/ A*A, proposition 3.5 guarantees that |A|; = (VA*A); =
V(A*A); = /AN Ay = |Ay|. If { fi}ren is a Hilbert basis for Hy, it is also a Hilbert basis

also for H (d) in view of Prop.3.3 and we have

0< > (fullAslfu) = Z(kaA|Jfk> = Z<fk\|f4’fk> < fo0, (31)
k=0 k=0 k=0

which immediately implies that the first implication of the first statement. Now, sup-
pose that A is trace-class on H, then there exists a Hilbert basis {ex}reny such that
Y oreolen]|Alex) < oo. Once this is valid for one basis, it holds true for any Hilbert
basis, in particular for any basis of H;, thanks to (d) in view of Prop.3.3. Using (31)
again we get the opposite implication. The second property straightforwardly follows
from the already exploited fact that every Hilbert basis for H; is also a Hilbert basis of H
and the observation that the Hermitian scalar product of H; is the restriction of the one
of H. O]

Let us come back to the main thesis.

(a) Consider a state u : Lx(H) — [0,1]. The thesis is true when R is of quaternionic-
real type since Ly(H) = L£(H) for Theorem 6.2 and we can apply the quaternionic version
of Gleason Theorem (which is valid for real, complex and quaternionic Hilbert spaces
see [Var]). Let us pass to the quaternionic-complex case, the only we will consider, the
quaternionic-real case being strictly similar using the real version of Gleason theorem.
Thanks to Theorem 6.2, the map p can be reinterpreted as a o-additive probability
measure py on the whole L(H;) such that p;(P;) := p(P). Since we are dealing with
the full lattice of orthogonal projectors of H;, the complex version of Gleason theorem
(which is valid for real, complex and quaternionic Hilbert spaces see [Var|) guarantees
the existence of a positive, selfadjoint, unit-trace, trace-class operator 7'; on H; such that
wy(Py) =tr(TyPy)u, for every Py € L(H;). Thanks to Lemma 8.3, the extension T" of T},
which belongs to JR thanks to the identification of the latter with B(H), is still of trace-
class and unit-trace. Moreover it is clearly positive and self-adjoint thanks to Proposition
3.5. So, let P € Lx(H). The operator TP is still of trace-class and commutes with J,
hence (TP)J = TJPJ. Fmally tT‘(TP)H = t?"((TP)J)HJ = tT((TJPJ)HJ = ILLJ(PJ) = [L(P)
Conversely, if T € R is positive, selfadjoint, unit-trace, trace-class operator, the map
w(P) :=tr(TP) for P € Lx(H) is a well-defined o-continuous probability measure as the
reader can immediately prove.
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(b) Let us prove the initial statement together with (i) and (ii). With the same argu-

ment exploited to prove (a), taking the identifications on R as stated in Theorem 6.2 into
account, we can reinterpret h as a lattice automorphism on £(H), £L(H,) or £L(H;x), re-
spectively. We will denote it as h, h; and h g, respectively. We are in a position to apply
Theorems 4.27 and 4.28 in [Va07]. Sticking to the quaternionic-real and quaternionic-
quaternionic cases there always exists a unitary operator Uy € B(H) or B(H k), re-
spectively, such that h(P) = UyPU;" or hyg(Prx) = UyPyU; " for every orthogonal
projector. In the quaternionic-complex case, instead, there exists a either unitary or an-
tiunitary operator Uy on H; such that h;(P;) = Uy P;U; "
In the quaternionic-real case Uy € R, it being R = B(H) and thus U := Uj is the wanted
operator. In the quaternionic-quaternionic case, U, can uniquely be extended to a uni-
tary operator U € PR thanks to the isomorphism of R and ®B(H k) proved to exist in (c)
Theorem 6.2. Since hyx(Prrx) = h(P) K, it is easy to see that h(P) = UPU~! which
proves that U is the operator we searched for. In the quaternionic-complex case, when Uy
is unitary, reasoning as in the quaternionic-quaternionic case, we find a uniquely defined
unitary extension U € R of Uy such that h(P) = UPU™! so that U is the operator we
were looking for. Eventually suppose that, instead, Uy is antiunitary, hence a surjective,
norm-preserving antilinear map on H;. Decompose every x € H as x = x1 + 22k € H for
1,29 € H; and define Uz := Uyx1 — Upxok. We want to prove that U is the operator we
are looking for. By direct inspection one sees that U is real-linear, norm-preserving and
surjective, with inverse U™l = Uy o — (Uy 'a9)k. Moreover U(xj) = U(x1j — (125)k) =
Uo(21g) + Uo(x25)k = —(Uox1)j + (Upz2)kj = —[Usr1 — (Upz2)k]j = —(Ux)j, hence U is
antilinear with respect to j. Similarly we find U(xk) = U(—xz9+x1k) = —Upza— (Upzy )k =
—[Upz1 — (Upza)k]k = —(Ux)k. As a consequence we also have U(zjk) = (Uz)jk. The
same properties can be established for U~!. Let us now prove that U anticommutes
with J. Let x € H as above, then UJx = U(z1j + (227)k) = Uo(x1j) — (Up(x27))k =
—(onl)j + (Uol’g)jk = —J(Ug$1) + (J(Uol'Q))k’ = —J(Uo.ﬁﬂl — (Uol’g)k) = —JUz. Next
notice that UUz = Ugzy + (Udzz)k. Since UZ € B(H,) it can be uniquely extended to
a unitary operator W € R and by construction it holds U? = W as wanted. Finally, U
implements h as required. Indeed, take P € Lx(H), then by definition it follows

UPUil.CC = Uoijalxl + (UOPJU(;le)k = h(P)J.ZCl + (h(P)JZ'Q)k =
= h(P);x = h(P)x

Proof of (i) and (ii) are completed.

Let us prove (iii). Suppose first that we are in the quaternionic-real or quaternionic-
quaternionic case and let V' € R such that VPV ™1 = UPU™! for every projector P &
Lx(H). This can be rewritten as (U~'V)P(U~1V)~! = P for every P. In the quaternionic-
real case, Theorem 4.27 in [Va07] and the H-linearity of UV ! guarantee that U~V = al
for some a € R and the proof of (iii) ends here for this case. In the quaternionic-
quaternionic case, since both U~! and V' commutes with J, K (U~! = U* € RR) we have
(UWV)yxPix(UV) ;5 = Pyk for every P € Hyx. Again, Theorem 4.27 in [Va07]
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assures that (U _1V) sk = alji for some a € R. Uniqueness of the extension from H ;g to
H leads to U~V = al for some a € R concluding the proof of (ii) in this case, too. Let
us pass to the remaining quaternionic-complex case. If U,V € R, then we can repeat the
argument exploited for the quaternionic-quaternionic case finding U~V = al + bJ for
some a,b € R concluding the proof. Suppose conversely that U,V are instead real-linear
norm-preserving surjective maps which are antilinear w.r.t j and k and anticommute with
J. These properties hold also for U~! as a direct calculations shows. The function U~V
turns easily out to be a linear bounded operator which commutes with J, hence we can
consider (U™'V); € B(H;). Moreover, since (U~1V);P;(U~'V);! = P;, Theorem 4.27 in
[Va07] guarantees that (U~'V); = cI; for some ¢ € C. Again uniqueness of the extension
from Hy to H yields U7V = al + bJ for some a,b € R.

Let us pass to the final statement. It is easy to prove in the cases (i) and (ii) with U € .
So we only focus attention on the quaternionic-complex case with U which is real-linear,
norm-preserving surjective, antilinear with respect to j and £ and anticommutes with J.
Notice that the same properties hold true for U~!. The only difficult step is to establish
that h(P) := UPU™! is an orthogonal projector of R if P € Lx(H). The operator h(P)
is clearly quaternionic linear, belongs to B(H), and is idempotent. Moreover it commutes
with J, hence h(P) € R" = R for every P € Lx(H) because R’ = {al +bJ| a,b € R}. To
establish that h(P) € Lx(H) it remains to prove that h(P) is selfadjoint. To prove it, let
us initially restrict ourselves to H;. Since U anticommutes with J and it is antilinear with
respect to 7, if z € Hy it must hold JUz = —UJx = —U(xj) = (Ux)j. As the same holds
for U~! we immediately see that U is a well-defined antilinear norm-preserving surjective
operator on H;. The standard complex polarization identity implies (Uz|Uy) = (y|z) for
every x,y € H;. The same property is valid for U~!. Hence for x,y € Hj, using the
established property and selfadjointness of P,

(x|UPUy) = (PUT YU ) = (U™ 'y|PU™ ') = (UPU'zly)

so that (UPUY);)* = (UPU™');. This identity lifts to the whole space H in view of
Proposition 3.4, giving h(P)* = h(P) and thus h(P) € Lx(H) as required. O

8.2 Relativistic elemetary systems in quaternionic Hilbert spaces

We are now in a position to state the general definition of quaternionic elementary rela-
tivistic system that, exactly as the analogous definition in [MoOp17] for real and complex
systems, includes the notion of elementary system, the presence of an irreducible contin-
uous representation of Poincaré group and the requirement that them representaion itself
defines the algebra of observables of the system.

Definition 8.4 A quaternionic relativistic elementary system (qRES) is a couple
(R, h) where R is an irreducible von Neumann algebra over the quaternionic Hilbert space
Hand h:P > g— h, € Aut(Lx(H)) is a locally faithful representation of the Poincaré
group satisfying the following requirements
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(a) h is irreducible, in the sense that hy(P) = P for all g € P implies either P = 0 or
P=1

(b) h is continuous, in the sense that the map P > g — u(hy(P)) is continuous for every
fixed P € Lx(H) and quantum state p

(c) h defines the observables of the system. That is, accordingly to Proposition 8.2 and
representing h in terms of unitary operators U, € R (defined up to unitary factors in
the center 35 := RN NR'), hy(P) = U,PU; " for g € P and P € Lx(H), it must be

({Uy g € PU3n)" D Ln(H)

Remark 8.5
(1) Local faithfulness requirement of h : P 3 g — h, € Aut(Lx(H)) is equivalent to
physically more meaningful requirement:

The representation of spacetime translations subgroup R* > ¢ I is not trivial.

This equivalence immediately arises from Proposition 7.2 when equipping Aut(Lx(H))
with the topology induced by all off the seminorms pp, for every P € Lx(H) and every
state 11 on Ly (H), defined as pp,,(h) := |p(h(P))]|, since the resulting topological group is
Hausdorff as the reader may prove easily. As a byproduct of Proposition 7.2, if h is not
injective, this is only due to the sign of the SL(2,C) part of its argument.
(2) In (c), we have explicitly assumed that U, € R is always valid, excluding the case
of U, antilinear w.r.t j,k and anticommuting with J in the quaternionic-complex case
(corresponding to an anti unitary operator in the complex Hilbert space H;). The reason
is the following (the analogous disussion in [MoOpl7] contained a trivial mistake we
correct here). From the polar decomposition of SL(2,C) one sees that every g € P =
SL(2,C) x R* can be always decomposed into a product of this kind g = ttbbrr where r
is a spatial rotation, b a boost, and ¢ a four-translation, hence the real-linear surjective
norm-preserving operator U, = UU?U? generates the symmetry h,. It is now clear that,
whether or not Uy, U, and U, are H-linear and commute with J, their squares are H-linear
and commute with J, and so U, would be linear and commutes with J in every case.

The map P 3 ¢ — U, introduced in Definition 8.4 (c) is not, in general, a group rep-
resentation since we may have U,U, = (g, h)Uy, for operators Q(g, h) € U(3x) where
$(3%) henceforth denotes the set of unitary operators in the center of fR. In particular
U. = Q(e, e) putting g = h = e in the identity above. Such a map P 3 g — U, is known
as a projective unitary representation of P, while the function Q : P x P — $4(3n)
is said to be the multiplier function of the representation.

Remark 8.6 The structure of 3% implies the following algebraic identifications for a
qRES. We have that $4(3x) = ZsI — the multiplicators are signs — in the quaternionic-real
and quaternionic-quaternionic cases and (3%) = U(1)] — the multiplicators are complex
phases — in the quaternionic-complex case.
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The associativity property of the operator multiplication easily gives the cocycle-property,
Q(r, s)Qrs, t) = Q(r, st)Q(s,t) forall r,s,t€P. (32)

For any function x : P — 9R(3x) the map P 3 g — x(g)U, is still a projective represen-
tation associated with the same representation h of P > g — U,, whose multiplier is now
given by

Dy (g:h) = x(9)x(h)x(gh) ™' g, h) for all g,h € P.

A natural question then concerns the possibility of getting rid of the multipliers by finding
a function y such that €2, = I in order to end up with a proper unitary representation
from a given projective unitary representation. A positive answer can be given for all of
the three cases.

Proposition 8.7 Let R and h respectively be the von Neumann algebra and the Poincaré
representation of a qRES as in Definition 8.4. The following facts hold.

(a) There exists a locally faithful strongly-continuous unitary representation P > g
Uy € R on H such that hy(P) = U,PU;" for every g € P and every P € Lx(H).

(b) P> g+ U, € R is irreducible if understood respectively on H, H; or H;x according
to the three cases of Theorem 6.2.

Proof. We simultaneously prove (a) and (b). We already know that hg(-) = V; - V* for
some unitary operator V, € R. By the continuity hypothesis on h, and (a) of Proposition
8.2, reinterpreting everything within the corresponding space as established by Theorem
6.2, we see that the map

b, pEH R =R
P 2 g = tr(Pyhy(Py)) = [(¥[Vyo)|” for every § o, ¢ e H, if R =C
b, ¢ €Hyp ifW =H

is continuous, where P, € R is the projector obtained by lifting to H the projector on
the one-dimensional subspace generated by the generic vector y within the space H,H; or
H,x, depending on the case (the equality in the equation derives from the last statement
of Lemma 8.3). Let us focus on the quaternionic-complex case first. Thanks to the above
remark, following the analysis contained in the well-known paper [Bargmann]|, we get a
strongly-continuous unitary representation P 3 g +— U, on H; such that U, = x,(V}) for
some X, € U(1), hence generating h;. More precisely U, can be uniquely extended to a
unique unitary operator U, € 9 such that U, = (a,I +b,J)V,. The map g — U, generates
h and is still faithful as h is. Notice that since || U,z — 2> = ||[Uyzy — 21 |* + || Uyza — 222
the representation P > g — Ug is also strongly continuous on H. Irreducibility of U
on Hj follows from the following argument. Since the family Y = {U,, | g € P} is
closed under Hermitian conjugation, thanks to Remark 5.2 we need only to prove that
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(L) NL(H,) = {0, 1}, but this is a direct consequence of the irreducibility of h. Indeed,
if Py is a complex projector commuting with every U, then (hy);(P;) = U,P;U; = P;
for every ¢ € P and thus P = 0 or P = I. Let us next focus on the quaternionic-
real case. Thanks to the analysis of [Emch] we can always find a strongly-continuous
unitary representation P > g — U, on H such that U, = x,V, for some x, € Zsy, hence
generating h. Again, it is straightforward to prove the irreducibiity and faithfulness of
this representation on H.

Let us conclude the proof discussing the quaternionic-quaternionic case. We affirm that
we may always choose a representative P 3 g — U, on H,x equivalent to g — (V,)x
such that U, = I, it is strongly continuous over an open neighbourhood of the identity
A, and its multiplier (g, h) — (g, h) is continuous over A, x A/ with A, C A, a smaller
open neighbourhood of e which can always be assumed to be connected (P is a Lie group
and as such it is locally connected). The proof of this fact can be found within the proof of
Proposition 12.38 in [Mo13] which is valid both for complex and real Hilbert spaces since
there is no distinctive role played by the imaginary unit. Since Q(g,h) € {£I} which is
not connected if equipped with the topology induced by R and (e, e) = I, the continuity
of () guarantees that Q(g,h) = I for every g,h € A,. In other words U,U, = Uy, for
every g,h € A.. As the group $(H k) of all unitary operators over H,x is a topological
group with respect to the strong operator topology, the function P > g — U, is then a
local topological-group homomorphism as in Definition B, Chapter 8, Par.47 of [Po46].
Since, as established in [PuWib1], $(H k) is connected if dim Hx is not finite and P is a
simply connected Lie group, we can apply Theorem 63 [Po46] proving that there exists a
strongly-continuous unitary representation P 3 g — W, € {(H ;) such that W, = U, on
some open neighborhood of the identity A7 C A.. If dim(H) = n < +o00, then (H ) can
be identified with the topological group O(n). Its open subgroup SO(n) is the connected
component including the identity element I. In this situation, we can restrict ourselves
to deal with a smaller initial open set A, N B where B is the pre-image through the
map U (which is continuous on A’) of an open set including I and completely included in
SO(n). As SO(n) is connected, we can finally exploit the same procedure as in the infinite
dimensional case, proving that there exists a strongly-continuous unitary representation
P>g— W, € U(Hyx) such that W, = U, on some open neighbourhood of the identity
element A” C AL N B. To conclude, we observe that since the Lie group P is connected,
a standard result guarantees that every g € P can be written as g = ¢; - - - g, for some
91, Gn € AL So, Wy =Wy, --- W, =Uy, ---U,, and hy = hy, o---0h,, , from which,
dealing with the extensions Wg € R, it easily follows hy = ng* for every g € P. Again,
faithfulness and irreducibility of the representation P > g Wg immediately arises form
the same properties of h. O

The following technical lemma is useful in the proof of another main result of this work.

Lemma 8.8 Let H be an either real Hilbert space or quaternionic Hilbert space, with

dimension striclty greater than one if quaternionic, then L(H) = RI. In particular
L(H)" =B(H) and B(H)' = RI.
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Proof. L(H)" = RI was established in [MoOp17] Lemma 5.16 for H quaternionic and in
[MoOp17] Lemma 5.13 for H real. The final statements immediately arise from L(H)" =
RI. [l

8.3 Reduction to the complex Hilbert space case

We are ready to state and prove the second main result of this work.

Theorem 8.9 Let (R, h) be a qRES on a quaternionic Hilbert space H. Let P > g —
U, € R be a corresponding locally faithful strongly-continuous unitary representation of
P on H generating h as in Proposition 8.7.

If the associated mass operator M} satisfies ME > 0, then the following facts are valid.

(a) R turns out to be of quaternionic-complex type with commutant generated by the com-
plex structure J.

(b) U results to be irreducible and R = Ry defining a quanternionic WRES with ME > 0.

As a consequence of Theorem 7.9, the quaternionic relativistic elementary system can be
equivalently described as a complex Wigner relativistic elementary system in the complex
Hilbert space Hy. In particular J, up to sign, coincides to the Poincaré invariant com-
plex structure arising from the polar decomposition of the subgroup of U of the temporal
translations.

Proof. The final statements immediately arise from (b), M# > 0 and (a), so we prove (a)
and (b).

(a) According to Theorem 6.1, R can be of three mutually exclusive types. We prove
that the quaternionc-real and the quaternionic-complex types are not possible and thus ‘R
must be of quaternionic-complex case. Let us start by assuming that fR is of quaternionic-
real type. We affirm that H cannot have dimension 1. If it were the case, suppose for
simplicity that H = H, the representation U could be seen as a strongly-continuous locally
faithful unitary representation on the 2-dimensional complez Hilbert space He = C2.
Thus U would include a strongly-continuous locally faithful unitary representation V' of
SL(2,C) on the 2-dimensional complex Hilbert space C2. This is not possible since the
continuous finite-dimensional unitary representations of SL(2, C) are completely reducible
and the irreducible ones are the trivial representation only [KnO1]. In other words, the
initial representation U would be the trivial representation against the local faithfulness
hypothesis. So suppose that H has dimension dimension > 1. We have that g — U, is
irreducible on H and & = B(H), in particular Lx(H) = £(H). Notice that 3 = R/, hence
the physical assumption on the observables of the system reduces to L(H) C {U,|g € P}".
Lemma 8.8 guarantees that {U, | g € P}’ = B(H). Since U is irreducible, Theorem 7.5
applies, ensuring the existence of a unitary antiselfadjoint operator Jy that commutes
with the whole representation. So, we have Jy € {U; | g € P} = B(H) = RI, which
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is clearly impossible because J; is not selfadjoint and not vanishing. Let us prove that
R of quaternionic-quaternionic type is similarly impossible. We know by Proposition
8.7 that g — Uy is irreducible if understood on H,x and that SR = B(H,x) under the
action of the restriction map, in particular Li(H) is isomorphic to £(H, k) under the
action of the restriction map. Again, 3x = R/ so that the assumption Lx(H) C ({U,|g €
P}U3n)” simplifies to Lu(H) C {U,|g € P}". Thanks to Lemma 4.13, the anti-selfadjoint
generators of R 5 t — Uexp(tp,) commutes with J, K and their restriction to H;x give

the generators of the one-parameter subgroups ¢ + (Uexp(tp,)) x, While Proposition 4.14

ensures that D(GU"K) = ng) N Hyk. This proves that M7 = (M{);x. Hence, since

the positivity of operators is preserved when moving from H to H;x, we get M,%JK > 0.
Theorem 4.3 of [MoOpl7] for real Hilbert spaces applies, ensuring the existence of a
real-linear unitary antiselfadjoint operator Jy € B(H k) such that Jo(Uy)sx = (Uy) .k Jo
for every ¢ € P. Thanks to Proposition 3.9, Jy uniquely extends to a quaternionic-
linear unitary antiselfadjoint operator J, on H which commutes with J and K and the
relation Jo(Uy)sx = (U,) sk Jo similarly extends to jOUg = Ugjo for all ¢ € P. Hence
Jo € {U, | g € P} € Lx(H). To conclude, since Lx(H) is ismorphic to £(H;x) via the
restriction map from H to H;x and the commutativity of operators is preserved when
restricting operators on H to H;x and when extending operators on H;x to operators on
H, we have that Jy € £L(H;k)". Lemma 8.8 eventually guarantees that £L(H, k)" = RI,
which is clearly impossible because Jj is not self-adjoint and not vanishing.

(b) The thesis is true if U is irreducible. Indeed, under this hypothesis Theorem 7.9
implies that there is an up-to-sign unique complex structure Jy commuting with U and
this is obtained from the polar decomposition of the generator of temporal translations.
As {U, | g € P} C R in view of (b) Proposition 8.2 and (b) Remark 8.5 , and since
R = {al + bJ | a,b € R} for (a), it must be J = +£Jy. We may henceforth assume
J = Jy redefining J up a sign if necessary. Theorem 7.9 also proves that the action on
operators of the restriction map from H to H;, makes iy isomorphic to B(H,). We know
form (a) that the same action on operators of the restriction map from H to H; makes
R isomorphic to B(H;). Since H; = Hy,, so that B(H,;) = B(H,,) , we conclude that
% == g}tU.

To conclude the proof of (b) is enough establishing that P > g +— U, is irreducible.
The proof of this fact is identical to the proof of Proposition 5.17 in [MoOpl7] just
replacing real-complex for quaternionic-complex, interpreting the real Hilbert space H
and the relevant subspaces Hp, H3 appearing therein as our quaternionic Hilbert space
and corresponding quaternionic subspaces. Finally, Theorem 4.3 in [MoOp17] appearing
in the proof of Proposition 5.17 in [MoOpl7]| has to be understood here as Theorem
7.9. m

9 Conclusions

This works proves that elementary relativistic quantum systems (generalizing Wigner’s
original ideas) described in a quaternionic Hilbert space, can be equivalently described
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in complex Hilbert spaces provided a natural spectral condition is satisfied for the ob-
servable corresponding to the squared mass of the system. The final picture removes any
redundancy of the theory as every selfadjoint operator in the final complex Hilbert space
represent an observable, the complex structure is Poincaré invariant, and the standard
relation between continuous symmetries and conserved quantities is restored.

Though this result seems physically important, it is worth stressing that it only concerns
a very peculiar notion of physical system corresponding to an elementary relativistic par-
ticle. From the mathematical side these systems, in complex formulation, are represented
by irreducible von Neumann algebra of observables of type I. This restriction excludes
physically important systems where other types of von Neumann algebras take place
(Quantum Field Theory, finite temperature extended systems) or symply the presence of
a gauge group (quarks).

It is not obvious whether or not, referring to a larger class of physical systems necessar-
ily different from elementary relativistic particles, a real or quaternionic formulation of
quantum theory may have some advantage. First of all one should construct a theory of
classification of quaternionic von Neumann algebra analogous to the classical one for com-
plex (and real) algebras focusing on the inteOprlay of the lattice of orthogonal projectors
of a von Neumann algebra and the von Neumann algebra itself. Some very elementary
steps towards this classification are the double commutant theorem (Theorem 2.3) and
Proposition 2.12 we have established in this work.

Another interesting issue deserving a closer investigation is the fact that Poincaré sym-
metry makes sense only in the absence of gravitation, i.e., in the framework of Special
Relativity. This restriction leaves open the possibility that quaternionic formulations can-
not be excluded when dealing with quantum field theory in (classical) curved spacetime.
All these problems will be investigated elsewhere.

Appendix

A Proof of some propositions

Proof of Theorem 2.13. If viewing t — U; as a one-parameter subgroup of unitary
operators in Hg, Stone Theorem for real Hilbert spaces (e.g., see Thm 2.9 in [MoOp17))
guarantees the existence of a unique antiself-adjoint operator A in Hg satisfying both
the requirements of (8) with respect to the structure of Hg. If we manage to prove that
A commutes with J and K we get an antiselfadjoint operator on H satisfying (8) on H
(notice that the derivative in (8) does not depend on the algebra of scalars of the Hilbert
space, as the norms of Hg and H coincide). For = € D(A),

i ST =T gV i U T

t—0 t t—0 t t—0 t
hence Jz € D(A) and AJx = JAx. This means JA C AT and so JA = AJ, J being

unitary and antiselfadjoint. The same argument applies to K. A is then a quaternionic
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linear antiselfadjont operator satisfying (8). Now we can focus on the one-parameter
unitary subgroup R >t + e in H. So, let z,y € D(A), then

N (o

This proves that t — (x|U_se!y) is constant and thus (z|U_;e!y) = (z]y). Since D(A)
is dense and U_ et € B(H), we have U_,ett = I, i.e. U; = e, Now, suppose that there
exists another antiselfadjoint operator B on H such that U, = e'®. Using the discussion
above for the one-parameter subgroup of the kind €', we immediately see that A = B.
We have also proved, en passant, that A coincides with the generator of U with respect
to Hg. With the same argument used for Hg, noticing that ch = (Hr)7 and A com-
mutes with J, it is easy to prove that A is also the antiselfadjoint of U intepreted as
one-parameter unitary group in He,. U

d d d
It U._ tA _ U tA — el
il . (@|U—e"y) = — t:0< izley) <dt

= (Azly) + (z|Ay) =0

d
t=0

Utllf

t=0

dt

Proof of Theorem 2.14. (a) Let us view A as a R-linear operator in Hg with D(A)
intepreted as a real subspace of Hg. With this interpretation, A is still densely defined
closed R-linear operator ((e )Prop 2.1) and the operator A*A with this natural domain
is densely defined, positive and self-adjoint on Hg ((a) Thm 2.18 in [MoOpl7]). Again,
Prop 2.1 guarantees that A*A (with the same domain as in the real case) is a densely
defined H-linear positive and selfadjoint operator in H. The proof of (a) is completed.
(b) Still interpreting A as a R-linear operator in Hg, the polar decomposition theorem
on real Hilbert spaces (e.g., Thm 2.18 in [MoOpl7]), yields A = UP for a unique pair of
R-linear operators U, P that satisfy properties (i)-(iv) and (1)-(3) in Hg. If we manage to
prove that U, P are H-linear these properties will be proved valid also in H. Indeed self-
adjointness and positivity are preserved when moving from Hg to H giving (ii); the norms
of the two involved Hilbert spaces are equal to each other and so point (iii) immediately
follows; point (i) and (iv) are just function properties, not depending on the scalar field.
Finally, properties (1)-(3) immediately derive from the analogous properties valid in Hg
(In particular, Lemma 2.11 implies that v/ A*A is the same operator in H, Hg and Hc,).
So, we need to prove that U and P commute with J, . Take J and work in Hg. Since
A is H-linear, it commutes with J, hence A = J*AJ = J(UP)J = (J*UJ)(T*PT).
Since J is unitary and anti selfadjoint, we see that J*UJ and J*PJ satisfy (i)-(iv) and
so, by uniqueness of the polar decomposition in Hg, we have J*UJ = U and J*PJ = P.
The same argument applies to I proving that U and P are H-linear as wanted. To com-
plete the proof of (b), it is enough to prove that the polar decomposition of A in H is
unique. Suppose A = VQ on H for some V, @ satisfying (i)-(iv). Using an argument
similar to that exploited above, we see that A = V@ is a polar decomposition of A in Hg
and so, by uniqueness, V = U and Q = P.

(c) The fact that the polar decompositions of A in H and Hg coincide has been just estab-
lished. A strictly analogous argument proves the same result for the polar decompositions
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of Ain Hg and Hc,. O

Proof of Proposition 3.5. (a) If JA C AJ, Lemma 2.11 implies PEA)J = JPEA) for
every Borelian F C R and Prop. 3.4 easily implies that B(R) 3 E (PéA)>J € B(H,) is
a complex PVM. Let x € H be generic. Since the Hermitian scalar product of H; is the
restriction of (:|-) to H; and the self-adjoint operator A; is the analogous restriction of
the self-adjoint operator A, Lemma 2.10 guarantees that B(R) 5 E +— (P( )g € B(Hy)
is the PVM associated with A; in H;. The proof of the last statement is now trivial.

(b) If 2 € H, using notations as in Lemma 2.10, 5" (E) = <J:v\P(A) Jx) = <:L']J*P(A)Jx> =
(x| P2y = pP'(E). If, in particular, z € D(f(A)), we have Ja lF(N) dub (N =

Jo lFOV2dut™ (M) < oo, which means Jz € D(f(A)) and

(@l F(A)Jz) = (alf(A)T0) = [ fafy” = [ pand™ = (alrage).

As a consequence, (x|(J*f(A)J — f(A)z) = 0 if « € D(f(A)) C D(f(A)J). Since
both f(A) and J*f(A)J are selfadjoint operators, J*f(A)J — f(A) is symmetric and
so the vanishing of the scalar product ensures that J*f(A)J = f(A) on D(f(A)), i.e.
Jf(A) C f(A)J. Since J is unitary and antiselfadjoint, then Jf(A) = f(A)J as wanted.
Let us conclude the proof of (b). As a byproduct of the first part of (b), Prop.3.4 implies
that the restriction f(A); a well-defined self adjoint operator of H;. Let us focus on the
operator f(A;) defined on H; through the complex spectral Theorem. x € D(f(Ay))

(4)
it [ |f(\)[2dpf™” < oo. Since for P — 57 when z € Hy, we have that
, pul pt =
z € D(f(A)s) C D(f(A)) and furthermore

(2 f(A))e / fdut / Fapt?” = (o] f(A)x) = (2] £(A) )

therefore (x|(f(A;) — f(A)s)x) = 0 for x € D(f(As)) C D(f(A);). As f(As) — f(A),
is symmetric on D(f(Ay)), it is easy to prove that, f(A;) — f(A); = 0 on D(f(A,)),
ie. f(Ay) C f(A);. Taking the adjoint we also have f(A;)* D (f(A4),)*. Since both
operators are selfadjoint, it must be f(A;) = f(A).

(c) From the uniqueness of the polar decomposition for closed operators (see [?] for the
complex case) it is easy to see that a selfadjoint operator X is positive iff X = |X|. Now,
thanks to (b) we have |[A|; = (VA*A); = /(A*A); = \/A%A; = |A;| which gives A > 0
iff A=|A|iff A, =|Al;iff A, =|A,|iff A; >0, concluding the proof of (c).

(d) As we know (Theorem 4.8 [GMP13|(b)), if A = A* its spherical spectrum is com-
pletely included in R and there is not residual spectrum. Furthermore, as in the complex
and real Hilbert space cases, og(A) is the support of P namely, the complement of the
largest open set O C R such that PéA) = 0 (Theorem 6.6 (b) [GMP16]). Due to the last
statement in (a), this is equivalent to saying that og(A) is the complement of the largest
open set O C R such that PéAJ) = 0 so that og(A) = 0(A;). We also know that, exactly
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as in the real and complex Hilbert space cases, (Theorem 6.6 (d) [GMP16]) A€ ops(A)
iff P{(:\q} # 0. Due to the last statement in (a), this is equivalent to P, {)\} ) £ 0, which

is equivalent to A € 0,(A,). Since, for self-adjoint operators in quaternionic Hilbert

spaces we have o.5(A) = 05(A) \ o.5(A), exaclty as in real and complex cases, where
o.(Ay) =0(Ay) \ 0p(Ays), we also have o.g(A) = 0.(A;) This concludes the proof. [J

Proof of Proposition 3.9. (a). It is sufficient to observe that JX C XJand KX C XK
imply that the vectors of the real subspace D(X) N H;x are mapped to H;x by X and
thus Xk : D(X)NH kg — Hyk is a well defined R-linear operator in H k.
(b). Take A as in the hypothesis, referring to the decomposition of Prop.3.8, consider the
quaternionic linear subspace of H defined as D(A) =D(A)@® D(A)i® D(A)j ® D(A)k.
From (12), L (D(A)) C D(A) and D(A) = D(A)NH k. Now, if & = @1 +z9i+a3j+ 4k €
D(A), define

Az = Axy + (Axy)i + (Axs)j + (Azy)k (33)

which is a R-linear operator on H extending A and also a (right) quaternionic linear

operator as it can be proved by direct inspection. Finally one easily proves that .J AcC
AJ and KA C AK using the given definition of A. Let us pass to the uniqueness
property. Suppose there exists a H-linear operator B in H which extends A and such
that L,(D(B)) C D(B) and D(A) = D(B) N H;k. From this equality we see that
D(A) € D(B) as D(B) is a quaternionic linear subspace. Now, take any = € D(B) and
decompose it as * = x1 + 220 + x37 + 14k with x, € Hyg for r = 1,2, 3,4 according to
Prop.3.8. So,

D(B) > (Ljx)j = (—w3 + 241 + 21] — 22k)j = —x1 + Tol — 23] + 24k =
= (1 — 237) + (x4 + 22))k

Hence, we get

1 . : 1 _ :
5(:1: — (Ljx)j) =21 + x3j € D(B) and — 5(3: + (Ljx)j)k = x4+ 295 € D(B)  (34)
Similarly,

—(Lig(z1 +23)))k = 21 —x3j € D(B) and — (Lg(xg + 22J))k = x4 — x2j € D(B) (35)

Combining (34) and (35) together we can easily see that x,, € D(A) for every r = 1,2, 3, 4.
As a consequence, D(B) C D(A) @ D(A)i ® D(A)j & D(A)k = D(A). Summing up we
have D(B) = D(A) and B = A from the H-linearity of B.

(c) Let us pass to prove the properties (i)-(viii). (i) holds since JAC AJ and KA C AK
are valid, (12) implies L, AcC AL Exploiting the properties of L it is straightforward

to see that it actually holds L,A = AL,. (i) is evidently valid from D(A) := D(A) &
D(A)i ® D(A)j & D(A)k and (33). (iv) Let B be as in the hypotheses, so z = z1 +

65



ol + x3] + x4k € D(Zé) iff 2z, € D(AB) for r = 1,2,3,4, which is equivalent to
saying z, € D(B) and Bz, € D(A) for r = 1,2,3,4, which is equivalent to requiring
2 € D(B) and Bz € D(A), which is finally equivalent to saying z € D(AB). Therefore
D(ZE) D(AB). Since both AB and AB extend AB to H, commutes with J and K
and D(AB) = D(AB) NHyx = D(AB) N Hyk, uniqueness of such an extension gives
AB = AB. The proofs of (iii) and (v) are analogous. Let us pass to (vi). Suppose that
D(A) = Hyi and let z € H be decomposed as © = x1 + 291 + x3j + x4k with z, € Hk
for r = 1,2, 3,4. Exploiting (33) and Prop.3.8 we have D(A) = H and || A|| < ||A]| < 40
because

| Az = ZHAfvnH2< 1A ZH:cnII2 LAl ]*

On the other hand, since Au = Au for 0 # u € Hyx C H, it must be |4 < ||A|| < +o0
and thus ||A| = ||A|| < 4oc0. In particular A € B(H,x) immediately implies A€ B(H).
The converse is trivially true as, if A € B(H) then D(A) = B(H) N B(H,x) = B(H k)
and furthermore using the argument above, A € B(H k). The proof of (vii) immediately
follows from D(A) := D(A) @ D(A)i @& D(A)j & D(A)k and (b) in Prop.3.8. Let us pass
to (viii). Notice that A* C (A)*. indeed, assume that z € D(A*) and y € D(A), then it
holds with obvious notation

4 4 4
(x| Ay) = ZZ Tatal(Ays)is) = Y > Talwal Ays)rs =

a=1 =1 a=1 =1
4 4 ~
= ) wlAtwalyshrg = (A*xly)
a=1 =1

As a consequence A* C (A)*. Let us prove the converse inclusion A4* S (A)* to conclude.
It is enough establishing that D((A)*) C D(%) To this end, suppose z € D((A)*). By
definition this means that there exists z € H such that (z|Ay) = (z|y) for every y € D(A).
Take in particular y = gy + 0i + 0j + Ok € D(A) C D(A), then

4
ZE<$Q|A91> <£B|Ay Zza Za|y1
a=1

where (z,]|Ay1), (2a|ly1) € R since the restriction of (-|-) to H;k is real-valued. This im-
plies that (z,]|Ay1) = (za|y1) for every a. Since y; € D(A) is generic this means that
To € D(A*) for every a = 1,2,3,4, e, x € D(Z;) as wanted concluding the proof of
(viii). We prove (ix) concluding the proof. Suppose that A is closable but A is not, then
there exits {Gn}nEN C D(A) such that a,, - 0 as n — +o0 and Aa, — y # 0. Since
AC A we have Aan — y # 0, which is impossible. Now, on the contrary, suppose that A
is closable and A is not. It must therefore be D(A) >z, — 0 and Ax,, = z # 0. Propo-
sition 3.8 easily entails (z,,), — 0 and A(z,),, — 2, # 0 for at least one 1y = 1,2,3,4,
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which is impossible since A is assumed to be closable. The fact that A = 4 is now
an easy consequence of the definition of A, (b) in Proposition 3.8 and the fact that, for
general operators in real Banach spaces, * € D(B) if and only if there exists a sequence
D(B) 3 x,, — x such that Bz, — y, for some y,, where Bz = Y-
The proof of (d) is elementary and follows form the definitions. O

Proof of Proposition 4.12.

(a) J (D(GU)) C D(GU) immediately arises from boundedness of J, JU, = U,J and the
definition of Dg]). As a consequence J(J(D(GU))) C J(Dg])) so that ng) C J(Dg]))
because JJ = —1I and Dg]) is a subspace. Summing up, J(D(GU)) = Dg]).

(b) Since U,J = JUy, every U, admits H; as invariant space giving rise to a unitary
operator for Prop.3.4 and (b) is manifestly true.

(c) If x € Hy, define z(f) as the only vector of H; such that y\x fG y[U x) dg
for all y € H;. Let x[f] be the only vector of H such that ( fG ]U x) dg for
all z € H. We can decompose z = z; + 29k with 21,2 € HJ due to (b) Prop 3.3, then

Cle) = ale(1) = kale(Nk = [ 7(o)lUy)dg - k(/ i 22|Ux>dg)

/ £(9) (21|Uy) — K (2|U, k) dg = /G F(9)e|Uyz) dg = (2|2l f))

Since this holds for any z € H, it must be z(f) = z[f]. D(GU") is made of C; complex linear
combinations of vectors z(f)(= z[f]). As DY is closed with respect generic quaternionic
linear combinations, DéUJ) C Dg]). In partlcular D(U] ) D )N H J. Let us prove the

converse inclusion. Take > " x,[falca € Dé N H; for some ¢, € H,z, € H and real-

valued functions f, € C3°(G). Thanks to Remark 4.2 x[f]q¢ = (z¢)[f] and thus we can
henceforth suppose that ¢, = 1. In view of (b) Prop.3.3, 2, = us + v,k for some u,, v, €

Hy, then it is easy to see that z4[fa] = ta[fa] +Va[falk, where ug[fo], valfa] € DY) C H,
(see discussion above) and so

Y rulfl = Y wlrl + (Zva fa>

Since 32 #4[fa] € Hy it must be 32 va[fa] = 0 and 32, z4[fa] = 32, talfa] € DI,
We have found that D(U NH; C D(U 2 concluding the proof of (c). (d) First assume
M = A € g. Consider u(A) = A|D(U) where A : D(A) — H is the anti-selfadjoint gen-
erator of ¢ = Uegpea) on H. Thanks to lemma 4.11 we have two important facts. First,
it holds AJ = JA which, together with J(Dg])) = ng), yields u(A)J = Ju(A) and so

we can consider u(A); which is clearly given by u(A); = A] = Al ,wp. Second,
G

D((;,U)IAIHJ
it ensures that A; is the generator of ¢ +— (Uexpra))s on H;, and so, by definition, the
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map u, is necessarily given by u;(A) = EJ\DWJ) = ng(UJ). Putting the two conclusions
G G

together we get the thesis for M = A € g. The extension to a generic element of F; is

trivial making use of (19). O

Proof of Proposition 7.2.

Let us prove that (a) implies (b). Assuming (a) is true, there is a neighborhood of {(7,0)}
where f is injective, therefore the map R* 3 ¢ — f((I,t)) € G cannot be the constant
function always attaining the neutral element e of G, so (b) is valid.

Let us now prove that (b) implies (a). Ker(f) is a normal subgroup of SL(2,C) x R*
and is also closed because f is continuous and, if e € G is the unit elements, {e} is
closed because GG is Hausdorff. Since Ker(f) is a closed subgroup of a Lie group, it
must be a Lie subgroup due to Cartan theorem. As we prove below, the normal Lie
subgroups of SL(2,C) x R* are (1) SL(2,C) x R* itself, (2) {(£/,t) | t € R*} and its
subgroups (3) R* = {(1,1) [t € R}, (4) {(£1,0)}, (5) {(Z,0)}. Since, by hypothesis
R* >t — f((I,t)) € G is injective, Ker(f) cannot be as in the cases (1),(2),(3). Only
(4) and (5) are possible. In both cases f is injective at least in a neighbourhood of (1,0)
so (a) is valid.

Regarding the last statement in the thesis of Proposition 7.2, observe that holding (b),
from the above analysis we conclude that f is not injective if and only if Ker(f) =
{(£1,0)}

To conclude we have to prove that the normal Lie subgroups of SL(2,C) x R* are those
mentioned. More precisely (2), (3) and (4), since (1) and (5) are trivial. First one has
to identify the connected normal Lie subgroups. They correspond to ideals of the Lie
algebra invariant under the adjoint action. In the Lie algebra, the adjoint action on R* is
irreducible and on the quotient we have the adjoint action of the real simple Lie algebra
sl(2, C) which is also irreducible. Hence there is only one non-trivial ideal corresponding to
the translation group. This shows that closed normal subgroups are either discrete or their
identity component consists of the translation group. Let us start with the discrete case.
Discrete normal subgroups of connected Lie groups are central. And it is easy to figure
out the centre, which is {£/} in SL(2,C); so this is the only discrete normal subgroup.
If N is a Lie normal subgroup whose identity component consists of translations, then its
quotient by R* is a discrete subgroup of SL(2,C), hence either trivial or the centre. This
argument produces precisely 3 non-trivial closed normal subgroups, i.e., (2),(3) and (4)
and these are all. [J
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