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Abstract: We consider the simplest non-trivial local composite operators in
the massless Sine-Gordon model, which are 0,,¢ 0, ¢ and the stress tensor 7}, .
We show that even in the finite regime 32 < 4m of the theory, these operators
need additional renormalisation (beyond the free-field normal-ordering) at each
order in perturbation theory. We further prove convergence of the renormalised
perturbative series for their expectation values, both in the Euclidean signature
and in Minkowski space-time, and for the latter in an arbitrary Hadamard state.
Lastly, we show that one must add a quantum correction (proportional to i) to
the renormalised stress tensor to obtain a conserved quantity.

1. Introduction

The Sine-Gordon model is a well-studied example of a two-dimensional inter-
acting quantum field theory. Its classical Euclidean action is given by

S = [ [50"60,0 + gmie? - avi + V)| %, (1)

where Vig = et1P? are the vertex operators, mg > 0 is a mass parameter, § > 0
is the coupling constant and ¢ is the interaction cutoff. While a priori, one takes
g as a function of compact support or rapid decay (Schwartz function), ulti-
mately one is interested in the adiabatic or infinite-volume limit ¢ — const. The
quantisation of the Sine—-Gordon model, in various ranges of the parameters and
using diverse approaches, has been treated by many authors, with the earliest
results in the framework of Euclidean Constructive Quantum Field Theory. It
turns out that for 32 < 4r (the finite regime), after Wick ordering of the vertex
operators a convergent perturbation theory in g is obtained. In this regime and
for sufficiently large |mg/g|, Frohlich and Seiler [1-3] proved convergence of the
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perturbation expansion of the Euclidean correlation functions of the field ¢ and
the vertex operators V4 s in infinite volume. In their proof, the mass term was es-
sential to regulate the infrared problems that appear for the massless free scalar
field. They also showed the existence of single-particle states and non-trivial
scattering.

Still in the finite regime 32 < 4, the existence of the massless limit for the
infinite-volume Euclidean correlation functions of vertex operators Vg and the
derivative of the interacting field 9,,¢ was shown by Frohlich and Park [4,5], who
also proved that the Osterwalder-Schrader axioms are satisfied. For 47 < 2 <
87 (the super-renormalisable regime), Wick ordering is not sufficient anymore,
and a new divergent term that needs to be renormalised appears in perturbation
theory each time 32 crosses a threshold n/(n+1)8. In this regime, the ultraviolet
stability of the Sine-Gordon model (i.e., the convergence of the renormalised
partition function in finite volume together with exponential bounds) has been
shown by Benfatto, Gallavotti, Nicold, Renn and Steinmann [6-8] using cluster
expansions and Dimock and Hurd [9,10] and Renn and Steinmann [11] using
renormalisation group techniques, for both the massive and the massless case.
For 32 < 16/3 (the second threshold), Dimock [12] has also shown the existence
of correlation functions of the vertex operators in finite volume. Using Hamilton—
Jacobi-like (or Wilson—Polchinski) flow equations, Brydges and Kennedy [13]
showed convergence of the partition function in the massive case and infinite
volume for 3% < 16/3w, and Bauerschmidt and Bodineau [14] extended their
results to 32 < 6.

Finally, for 42 = 87 the Sine-Gordon model becomes strictly renormalis-
able. Here, only perturbative renormalisability has been proven by Nicoldo and
Perfetti [15], while the non-perturbative existence of the model is unknown.

In the full range 0 < 82 < 8, the Sine-Gordon model has been conjectured
to be equivalent to the Thirring model, entailing a boson-fermion equivalence
(Coleman’s equivalence [16], see also [17,18]). Under this equivalence, correlation
functions of vertex operators and derivatives of ¢ in the Sine—-Gordon model are
equal to correlation functions of fermion bilinears and currents in the Thirring
model if the parameters of both models are suitably identified; in particular,
the Sine-Gordon coupling ¢ is identified with the mass of the fermion while £ is
related to the current-current coupling A in the Thirring model. This equivalence
has been proven for 42 < 47 by Fréhlich and Seiler [3] in the massive case, by
Benfatto, Falco and Mastropietro [19] in the massless case and in finite volume,
and by Dimock [12] for 3% = 4m (where the Thirring model becomes free) also
in finite volume. Ouly recently, Bauerschmidt and Webb [20] achieved a proof
of this correspondence for the massless case in infinite volume, also for 82 = 4.

On the other hand, the classical massless Sine—-Gordon model is integrable
and one expects that integrability survives quantisation, such that the S-matrix
factorises into two-particle scattering functions. Their form for the Sine-Gordon
model has been conjectured by Zamolodchikov and Zamolodchikov [21], but
the integrable structure and the factorisation of the S-Matrix are not visible
in the previous constructions. The conjectured S-matrix of the massless Sine—
Gordon model has been studied in the form factor programme by Babujian,
Karowski and collaborators [22,23]. In this approach one computes Wightman
n-point functions of interacting pointlike local fields in terms of certain matrix
components (“form factors”) of these. However, one has to deal with infinite
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expansions whose convergence is difficult to control, and therefore the existence
of the fields themselves is currently out of reach in this approach.

A rigorous construction of the massless Sine-Gordon model has been achieved
directly in Minkowski spacetime in the framework of perturbative Algebraic
Quantum Field Theory by Bahns and Rejzner [24]. In the finite regime, they
proved that the perturbation series for the S-matrix with fixed interaction cutoff,
as well as the derivative of the interacting field d,,¢ and the vertex operators Vg,
which are given as formal power series both in the coupling g and in &, converge.
However, the expected factorization of the S-matrix has not been shown, which
is probably only visible in the adiabatic (infinite volume) limit. In a later paper
together with Fredenhagen [25], the authors also constructed a family of unitary
operators (relative S-matrices) which generate the local algebras of observables
(vertex operators and derivative of ¢) of the model, and discussed the equivalence
with the massive Thirring model.

In the general framework of Algebraic Quantum Field Theory, an alternative
new approach to the construction of integrable quantum field theories has been
carried out by Lechner starting from an idea of Schroer [26]. In this approach,
a model is characterized in terms of its C*-algebras of local observables obeying
certain consistency conditions (Haag-Kastler axioms). The factorized S-matrix
is an input to the construction of the theory. This approach uses as its starting
point observables localized in wedge regions (wedge commutativity) and shows
existence of strictly local observables in a second step, using abstract methods
based on the theory of von Neumann algebras. This leads to a fully rigorous
construction of the theory for a large class of scalar S-matrices [27].While this
class does not include the massless Sine—-Gordon model, there are recent steps
towards the Sine-Gordon model by Cadamuro and Tanimoto [28]. A character-
isation of local observables on the level of expansion coefficients into an infinite
series of interacting creation and annihilation operators has been carried out for
scalar S-matrix models by Bostelmann and Cadamuro [29]; for the massive Ising
model, this leads to a rigorous construction of local observables [30]. However,
outside these special cases, showing convergence of the series remains difficult.

The Sine-Gordon model has also been studied in the framework of stochastic
quantisation, where one introduces a stochastic partial differential equation de-
pending on an auxiliary (“stochastic”) time 7. Computing equal-time stochastic
expectation values of the solutions to this stochastic PDE, the Euclidean corre-
lation functions in the quantum theory arise in the limit 7 — oo. Using Hairer’s
framework of regularity structures to solve the stochastic PDE for the Sine—
Gordon model, Chandra, Hairer and Shen [31, 32] have shown the short-time
existence of solutions in the finite and super-renormalisable regime 0 < 32 < 8,
but the existence of the infinite-time limit is unproven so far. The measure of the
massive Sine-Gordon model in finite volume and for 82 < 47 has also been con-
structed using stochastic control techniques by Oh, Robert, Sosoe and Wang [33]
and by Barashkov [34].

In this paper, we consider the simplest local composite operators of the mass-
less (mo = 0) Sine—Gordon model (beyond vertex operators and the derivative of
the field), which are O, = 0,¢ 0, ¢ and the stress tensor T, = O, — %nWOpP—i—
9N (Vs + V_p) (with n,, replaced by d,, in the Euclidean case). We consider
both Euclidean and Minkowski signature and work in the finite regime (32 < 47)
of the massless theory. To that end, we use the well-known Gell-Mann—Low for-
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mula for the perturbation series of interacting fields, and show convergence of
the renormalized perturbation series with an adiabatic interaction cutoff g, after
removal of the initial IR and UV cutoffs. While we do not attempt to remove the
adiabatic cutoff, we show convergence for arbitrary Schwartz functions g, which
in the Minkowski case represents a technical improvement over [24, Thm. 6],
whose results only hold if the support of g is small enough.

Our results are as follows: We start with the case of Euclidean signature.
In view of the Gell-Mann—-Low formula, we first show that the renormalised
expectation values of O,,, and T}, are well-defined (in the sense of distributions)
after removal of the IR and UV cutoffs:

Theorem 1 (Renormalisation in Euclidean signature). Consider the mass-
less Buclidean Sine-Gordon model in the finite regime B2 < 4w and with the free-

field covariance C¢ with IR cutoff A and UV cutoff €. There exists a choice of

local counterterms (diverging logarithmically with the UV cutoff €) such that the

renormalised expectation values

n Ae

<NM[OMV(Z)] HNM [Vogﬂ(xj)]> (2)
J=1 0,ren

in the free theory, with N, denoting normal ordering with respect to the co-

variance C*¢ and o; = %1, are well-defined distributions in the physical limit

A, e — 0. For the stress tensor, the physical limit

Ae

lim <Nu [T (2)] _HNu [Vajﬁ(wj)]> 3)

A,e—0
0,ren

exists without counterterms. The expectation values involving O,,, vanish in the
physical limit unless the neutrality condition Z?:l o; = 0 is fulfilled, while the
ones involving the stress tensor vanish unless Z?Zl o; € {-1,0,1}.

We then show convergence of the renormalised Gell-Mann-Low perturbation
series with an adiabatic cutoff in the physical limit, i.e., for vanishing IR and
UV cutoffs:

Theorem 2 (Convergence of the renormalised perturbation series).
Under the same assumptions as in Theorem 1 and with a non-negative adia-
batic cutoff function 0 < g € S(R?), the perturbative series for the (normalised,
interacting) Gell-Mann-Low expectation value of O,

<Nu[oul/(f)]>mt,mn =
S o T s (MalOw DN T N Ve )] ), T gl) %,

0,0

Soto S I e (T N [Vass )] ) I g(a) a2

0,ren

(4)

is convergent, where the operator O, is smeared with a test function f € S(R?)
and the physical limit A,e — 0 is taken termwise. There exists a constant K > 0
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(depending on g and B) and a constant C > 0 (depending on f) such that the
series is bounded by

e K B% < 2m
CZnK {(n!)gz_2 2m < 3% < 4n =0 (5)

e
n=0

The same holds for the smeared stress tensor T, (f), with the constant C also
depending on g.

Lastly, we show that a modified stress tensor, obtained by a rescaling of the
coupling constant, fulfills the continuity equation in the quantum theory:

Theorem 3 (Conservation of the stress tensor). Under the same assump-
tions as in Theorem 2, a modified stress tensor T;w is conserved in the quantum
theory: we have
(Nu[Tw@5)]) =0 (6)
wnt,ren
for all f € S(R?) such that g is constant on the support of f. The required
modification is a rescaling of the coupling g:

2

. 1 3
Tlﬂ/ = O’uy - §5uy0pp +g<1 - Q

>5ILLI/(VB +V_p). (7)

Similar results apply to the case of Minkowski signature. Namely, we show
that the renormalised expectation values of time-ordered products involving O,
and T},, in any quasi-free Hadamard state, regularized with IR and UV cutofs,
are well-defined in the sense of distributions when the cutoffs are removed. We
prove:

Theorem 4 (Renormalisation in Minkowski space-time). Consider the
massless Lorentzian Sine-Gordon model in the finite regime 3% < 4w and a quasi-
free state w™€ in the vacuum sector whose two-point function has an IR cutoff
A and UV cutoff €. There exists a choice of local counterterms (diverging loga-
rithmically with the UV cutoff €) such that the renormalised expectation values
of time-ordered products

whe| T O#V(Z)®®V0gﬂ(xj) (8)

with o; = £1 in the free theory are well-defined distributions in the physical limit
A,e — 0. For the stress tensor, the physical limit

A,e—0

lim w7 | T (2) © Q) Vi, () )
j=1

exists without counterterms. The expectation values involving O, vanish in the
physical limit unless the neutrality condition Z;.Z:l o; = 0 s fulfilled, while the

ones involving the stress tensor vanish unless Z;;l o; € {-1,0,1}.
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In analogy to the Euclidean case, we then show convergence of the renor-
malised perturbation series given by the Gell-Man-Low formula for O,, and
T, with interaction cutoff, and under an additional assumption on the state-
dependent part of the two-point function of the quasi-free state.

Theorem 5 (Convergence of the renormalised perturbation series).
We make the same assumptions as in Theorem 4, and in addition require that
the state-dependent part W of the two-point function of the state w satisfies:

1. W(z,y) and its first and second derivatives grow at most polynomially,
2. 370 o W @i, 25) = W (yi, 25) = Wi, y;) + Wy, y;)] = 0 for any configura-
tion of points x; and y; and any n € N.

Then for any adiabatic cutoff function g € S(R?), the perturbative series for the
(normalised, interacting) Gell-Mann—Low expectation value

wint Oy 1)) =
Srto S [ S L (T [0 ) © @y Viys(a)] ) T 9(a) de
ZZO:O (_nl') f e f Za,;::l:l w00 (T[®?:1 Vajﬁ(xj)D H?:1 g(zs) d2x;

(10)

is convergent, where the operator O, is smeared with a test function f € S(R?)
and the physical limit A, e — 0 is taken termwise. There exists a constant K > 0
(depending on g, 5 and W) and a constant C > 0 (depending on f, f and W)
such that the series is bounded by

Y n?K"(n)F ! < oo (11)
n=0

if 9]l o @s small enough (depending on g and ). The same holds for the smeared
stress tensor T),,(f), with the constant C' also depending on g.

Remark. While the first condition on the state-dependent part W of the two-
point function is very reasonable, the second one might seem strange at first
sight. It is however necessary for convergence of the perturbative series, and one
can easily construct a wide range of Hadamard states that fulfill it. For example,
any state for which W can be written as

W(x,y) = /eip(m_y) dpw (p) (12)

with a positive measure duyw (p) fulfills the condition, since then

Z W (s, x5) — W(yi,x5) — Wi, y;) + Wys, v;)]
e ) (13)

=/ dpw (p) 2 0.

n

Z(eimi _ eipyi)

i=1
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Examples of such states are states that are thermal in a wide range of energies
between Fy and E7, where

e*ﬁ|p1| 0t d2p
dpw (p) = ©(|p°] € [EOvEl])/|p1|(1_e_B|pl|)COS[pl(t_t)]e ( )dt(%)z
7T67ﬁ|p0| d2p
=0(|p"| € [E07E1])W[5(p1 +0°) +8(p" —p°)] @n)?’
(14)

and the last line is clearly a positive measure. Here the restriction on the energy
range is necessary, since we consider a massless theory where thermal states do
not exist for all energies, which is seen from the singularity of the prefactor for
small | p0|. On the other hand, for the massive Sine-Gordon model true thermal
states have recently been constructed in [35].

Finally, we show that analogous to the Euclidean case we need to modify
the stress tensor by a rescaling of the coupling constant, such that it fulfills the
continuity equation also in the Minkowski signature. This modification agrees
with the one proposed in the form factor programme [23], and thus proves its
correctness.

Theorem 6 (Conservation of the stress tensor). Under the same as-
sumptions as in Theorem 5, there exists a redefinition of time-ordered products
TO(2) © V(1) = T(Op(2) & Valy)] + 6T Oy () @ Ve ()] with 6T  local
term proportional to 6%(x — y)T[Va(y)], such that the modified stress tensor

2

N 1 B
T =0, — 517,“,(’)/)" + g(l - —

87T)77;w(Vﬁ +V_p) (15)

is conserved in the quantum theory:
wint (T (1)) =0 (16)

for all f € S(R?) such that g is constant on the support of f.

The remaining sections are dedicated to the proof of these theorems.

Our conventions are as follows: We set h = ¢ = 1. Note that if we would
keep k explicit, it would only arise in the combination %32, so that for example
the modifications of the stress tensor T/w are really quantum modifications.
Interestingly, they are one-loop exact, i.e., no terms of order A2 or higher arise.

An obvious extension of our work would be the generalisation of the results to
the higher conserved currents of the Sine-Gordon model which exist classically
as a consequence of integrability, as well as in perturbation theory [36-39]. Their
classical expression is obtained from an explicit recurrence relation, and in the
form factor programme it has been proposed that — in contrast to the stress
tensor — they do not receive quantum corrections [23]. Another important step
that is still unclear is the adiabatic (infinite-volume) limit g — const, which al-
ready for correlation functions of the vertex operators is a difficult task. To show
the existence of this limit, one probably has to first show the non-perturbative
generation of a finite mass (Debye screening), which is known to arise at least
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for small |Bg| [40,41] and in the case % = 47 [20]. Also the extension of our
results to the super-renormalisable range 47 < 3? < 87 is a worthwhile task to
achieve in the future. Lastly, while the equivalence with the Thirring model has
been proven for correlation functions of the vertex operators and derivatives of
the field, their equality for correlation functions involving the stress tensor or
higher-order conserved currents (which exist in the Thirring model [38,39]) is so
far unknown, and needs to be studied.

2. Euclidean case

In the construction of the theory in Euclidean signature, we follow the well-
established treatment of Euclidean quantum field theories via functional inte-
grals. An introduction can be found in [42], from which we take formulas and
results without specifying their source explicitly.

2.1. Preliminaries. We consider a centred Gaussian measure du’t¢(¢) with co-
variance C¢(,y) depending on an IR cutoff A and a UV cutoff Aq. Centred
and Gaussian means that

/(b x1) - P(ay, ) dpe Z H CA6 (xi, ) (17)

TF z ] em
where the sum runs over all partitions 7 of the set {1,...,n} into unordered

pairs (i,7). Therefore, the right-hand side vanishes if n is odd. In general, we
have the characteristic function

/ei(J,¢) d,lLA’E(Qb) _ ef%(J,CA’f*J) (18)

where we introduced the scalar product

9) = / f(@)g(z) Pz (19)

(f*g)(x /fwy (20)

and the convolution

from which the above follows by functional differentiation with respect to J. For
finite cutoffs, the covariance is assumed to be a smooth function, and hence the
Gaussian measure is supported on smooth functions ¢ € S(R?). In general, and
in particular as the cutoffs are removed, the measure is supported on distribu-
tions. However, the combinatorics are unaffected by the support properties of
the measure. Obviously, as the cutoffs are removed in the physical limit A, e — 0,
the covariance must turn into the free propagator. Regulated expectation values
in the free theory are defined by the Gaussian integral (17)

(Ailol+ Aol = [ afol- - Aufe) it (9). 1)
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where the A; are local functionals of the field, and the interacting expectation
values are computed from the Gell-Man—Low formula

e (Aafd] - Ay [gleSmlel)
(Aafg] - An[])iyi (o= Smlol)*

: (22)

where Sin; is the interaction which is assumed to be bounded from below.

It is well known that the massless scalar field in two dimensions is not well
defined because of infrared problems [43,44]. In our case, this manifests as a
logarithmic divergence of the regulated covariance

1

Ch(ay) = -

In[A*[(z — y)* + €]] (23)
as the IR cutoff A is removed. To verify that (23) is a suitable regularisation,
we note that the UV cutoff € obviously regulates the UV singular behaviour as

x — y, while the IR cutoff A arises from the small-mass limit of the massive
propagator:

elPl@=y)  q2p 1 [ q
1 1 m2e27
= —K —y)=——1 —y)? .
5 Ko(mle —yl) = —— n[ @) } + O(m)

(24)

We will see later on that this divergence is responsible for the super-selection
sectors of the theory, and for the vacuum sector which we consider results in a
neutrality condition [45].

In the range 32 < 4w, one only needs to normal-order the interaction to
obtain finite correlation functions of the basic field ¢. Normal-ordering A is a
linear operation that can be defined with respect to any given covariance, but
we only need it with respect to the covariance C*€ (23) for a fixed IR cutoff p.
We have the explicit formula for exponentials

N, [ei“"i’)} = o2 (JC"*D)gi(]9) (25)

from which normal-ordering of monomials can be obtained by functional differ-
entiation with respect to J. Moreover, for J(y) = £3§2(y — x) we obtain the
normal-ordering of the interaction of the Sine-Gordon theory:

N,u[2cos(Bo(x))] = N, {ei’%(m)} + N, [e_i’%(“’)] , (26a)

N, {eimﬁ(m)} — o307 CM (a,) glag(z) _ (ue)*%eiw(“’) ) (26b)
Normal-ordering has the property that

NAL(T1, 6) -+ (s D) = / NA[(T1,6) -+ (T )] A (&) = 60, (27)
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which makes evaluation easy, and is the reason for the name “normal-ordering”.
For a normal ordering with respect to a different covariance, one first has to
change the normal-ordering according to

N1, 8) -+ (Jn, 9)]

= e[ (g (7 = 0+ )Wt (o

(28)

which is proven as in [42, Thm. 2.4]. We note that for unsmeared exponentials
and the covariance (23), there is a particularly simple relation:

N, [eF1P00)] = (ﬁ) %NA [0 (29)

In the proofs in the following sections, we also need a formula which (to
our knowledge) first appeared in [20, Lemma 2.6], and which we generalise and
formulate as a Lemma:

Lemma 1. The expectation value of a product of exponentials and basic fields
can be decomposed as

m n Ae m Ae
<H IRICTR) H(ﬁk’¢)> _ <H ei(aj»¢)> (30)
j=1

k=1 0 j=1 o

“o0 . c c
X g@exp lzzak(aj,CA’ *5k)+20k02(5k>CA’ * By)

j=1k=1 1<k<(<n =0

In particular, for n = 2 we obtain

Ae

s

m Ae m
<(617¢)(527¢) Hei(aj7¢)> = <H ei(ajv¢)>
Jj=1 0 j=1

’ (31)
(v, Che B1) (o, CAe « B2)

1

x | (B1,CY % Ba) —

AR

J

Proof. We essentially transcribe the proof of [20] from Gaussian random vari-
ables to functional integrals. We first recall the formula for a shifted Gaussian
measure

dpe (qj) + 0N« h) — o~ 5(h,C™M xh) (—(,h) dute(¢) (32)
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with h € S(R?), which is easily proven by showing that the characteristic func-
tions (18) of both measures are the same. We then compute

m Ase m
<H i(o,0) e(h ¢>)> _ / H ei(a]-,dn)e(h,d)) dlu/l,e(d))
j=1

= 0

m

= /H (a9 +C 7 xh) exp[(h, &+ CNe « h)] duA’E (gf) + oM h)

m

/ H eilag a0 xh) oy {(h, ¢+ CY xh) — %(h, Ch€ % h) — (¢,h) | du™c(¢)
j=1

- sl Lct o] o
j=1

m Ase m
= <]1:[1 ei(o‘j"ﬁ)>0 exp iZ(aj, CAe % h) + %(h, e « h) , (33)

j=1

where we used the formula (32) in the third equality. We then set

n
h = Z Ukﬁk (34)
k=1
and use that
n n a
— _7 o(ho)
[1(5e0) = I1 g-e (35)
k=1 k=1 o;=0
to obtain equation (30). Equation (31) follows immediately. O

2.2. Proof of theorem 1 (Renormalisation). We begin with O, = 0,,¢ 0, ¢. Tak-
ing two functional derivatives of equation (25) with respect to J and setting J
to zero, we obtain

Nulo(x)o(y)] = ¢(x)o(y) — C*“(z,y) , (36)
and taking derivatives and setting x = y = z, it follows that
. . 1
N[O (2)] = O (2) + lim 8,0, (z,2) = O (z) — ﬁéuy, (37)

using the explicit form of the covariance (23). The normal-ordering of the vertex
operators Vo (z) = ¢ @?(®) is given in equation (26), such that we obtain (with

O'j = :i:l)
n Ae
<N“[O#V(Z)} HN# [V%ﬂ(x]’)]>
j=1
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Using Lemma 1, in particular equation (31) with 8 (z) = 8,0%(z — ), Ba2(z) =
0,0%(z — z) and a;(z) = 0;86(x — x;), it follows that

" Aye
<NM[O;W(Z)] H NH [Vajﬁ(xj)} >
J=1 0

n Ae
= % (ue) " <H Vcrjﬁ(ffj)> Y 05080, 0N (w5, 2)0,C (wy, 2)
j=1 0

jk=1

(39)

where the term coming from the normal ordering (37) has canceled with the first
term in equation (31). Finally, using equation (18) with J(z) = Z;—;l 0;B36%(z —
xj) we obtain

n Aye
<Nu [0, (2)] H Nu [V%ﬂ(xj)] >
Jj=1 0

- 1o c
= —(%(ue) "7 exp —552 Z ojoCY (2, xy)

J,k=1

X Z UjakaﬂC'A’E(xj, z)@VCA’e(mk, 2) (40)

jk=1

2 %(ijlaj)z 0~g,‘ﬁ
N 4@2(#) [T [#2[Cs =)+

1<j<k<n

3 o e e

Py z; )2 4 €2 (xp — 2)% + €2

with the explicit form of the covariance (23).

o B2
Since we are in the finite regime 32 < 47, the terms 1% [(z; — )% + €?]] a7k T

are singular in the limit € — 0 if 00, = —1, but the singularity is integrable.
The same holds for the terms (z; — 2),/[(z; — 2)* + €| (zr — 2) /[(x), — 2)? + €]
if j # k, but for j = k their scaling degree at z; = 2 is 2 = dimR? in the
limit € — 0, such that we have a logarithmic singularity in this case and need
to renormalise. We recall that the scaling degree of a distribution v € S’'(R¥) at
x = 0 is defined as

sd(u)zinf{aeR: iir%/\“u(fA):OerS(Rk)}, (41)
—
where fi(z) = f(Az); in this case, since u,,, defined by

U (f) = / e ) (42)

2 + €2)
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is not a well-defined distribution for ¢ = 0, we have to restrict to test functions
f € S(R?\ {0}). To renormalise u,,, and thus obtain a well-defined distribution,
we compute for € > 0 that

26 4z,
20,2 | 2 v v
00y In[p? (2% + €%)] = I2+N€2 - (:L'2+M62)2 ’ (43)

such that

uw(f)=/[1 O —leauayln[ﬁ(x%?)]}f(az) 42z

222 + €2

(44)
= %5,“, / ﬁf(a:) d?z — i/ln[uz(aj2 +€°)]9,0, f(z) d*x

In the second term, we can take the limit ¢ — 0 since the singularity of the
integrand at x = 0 is logarithmic and thus integrable. To extract the singular
part from the first term and determine the required counterterms, we pass to
Fourier space and compute

2

. d [e'e) 27 )
(/2wKamkn%f@J%::@wr*/1t/ Ko([ple) e/P11#1 <056 | dg dp|
™ 0 0 (45)

:Am&mnNMMMMMM=

z2 4 €2

using the integrals [46, Eqgs. (10.9.2) and (10.43.27)], where K is the second
modified and J the ordinary Bessel function. Using the known expansion of the
modified Bessel function for small argument [46, Eq. (10.31.2)]

Kollpl) = =~ (D) + 0(@me). (46)
we obtain
% =2 / [Ko(|ple) + In(pe)] ei”’”d—p2 — 27 In(pe) 52 ()
e+ € (27r) (47)
~ ™ n 2,ue (§ (27‘(’)2 min(pe €T

as € = 0. To explicitly determine the form of the first term in coordinate space,

we write
—718 /]9—2 <|p|e7)e ])92
px
2

Julge)ens
)

(48)
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since by Euclidean covariance the integral must be proportional to x”. Using
spherical coordinates, we find

[ [ () e
e | () J1(lplla) dlp

. oo | =—t—e7 —1
i 2ulz] © )
li - Ji(t)dt
271—|x‘ 513(1) o 20 1)

. ( o )25r(1+5) _q
i . ulzl r(1-9)
o7|x|* 50 26

i
— oz (), (49)
27 |x|

where we used the integrals [46, Eqs. (10.9.2) and (10.22.43)]. We thus obtain
the renormalised distribution uj', acting on a test function as

x/)

W) = -1 [1022) [0,0.00) + 6, 50, @) @, (0

and the divergent part is given by

upy (f) = 7, In(ue) f(0). (51)
The negative of ui‘v is the required counterterm, which is local and diverges
logarithmically with the UV cutoff € as required.
To obtain the renormalised expectation value, we separate the terms with
j =k and j # k in the last sum in the unrenormalised expectation value (40),
and then replace uy, with u;;' in the terms with j = k. Taking the limit € — 0,
we obtain

A,0

<NH[OW(Z” H N# [fojﬁ (‘TJ)] >

0O,ren
52 n 2
2 /4 G(ZJ: ”j) oo B2
=02 () T I e 52)
H 1<j<k<n

Ti— 2 Tr— 2),
X ULe;(xk —z)+2 Z 00 (( ]4 — ))(; (( k — ))2)
k=1 1<j<k<n Ti—=2)7" Tk =2

where w5 (z) is the formal integral kernel of the distribution defined by equa-
tion (50). We see that taking the IR cutoff A — 0, we have a non-vanishing
result only if the sum of all o; vanishes, which is the super-selection criterion or

neutrality condition of the vacuum sector [45].
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For the renormalised expectation value of the stress tensor T, = O, —
26,00,” + 90, (Vs + V_g), we obtain a sum of four terms, the first two of
which are obtained from equation (52). Since the divergent part of u,, (51) is
proportional to d,,, it cancels out between the first two terms, i.e., we have

n 4,0
<ML {O/w(z) - ;5“,(9,,‘)(,2)} HN;L [Vaaﬂ(xj)}>

e—0

= lim <NH [O,W(z) - é%uopp(@] H

and no counterterm is actually necessary for this combination. For the last two
terms, we compute

n Ae
<N;L[V5(Z)} H./\/# [Vc,7g(a:])]> = (ue) (n+1) 2
Jj=1 o
X ex —62 che 2y e _ ° N e
I (z,2) = B2 0;CM (2, ) S 3080 (a5, )
=t k=1

« T [l — o) + )75, (54)

using the normal-ordering of vertex operators (26), equation (18) with J(z) =
B8 (x — 2) + > i1 0;36%*(x — z;), and the explicit form of the covariance (23).
Since we are in the finite regime 5% < 4, the singularities that arise for ¢ = 0
as r; — xp and x; — z are integrable, and so for this term no further renor-
malisation beyond the normal-ordering is required. Moreover, we again see how
the neutrality condition appears: as A — 0, we obtain a vanishing result un-
less Z;—;l 0; = —1. The last term with V_g results in the same result with o;
replaced by —o; on the right-hand side. O

2.3. Proof of theorem 2 (Convergence). In this whole section, we tacitly employ
Fubini’s theorem to interchange absolutely convergent integrals. We consider
numerator and denominator of equation (4) separately. We start with the de-
nominator, and compute analogously to equation (54) that

0,0

<HNM [VUjﬁ(xj)}> = Al,ie%0<HN“ [ngg(xj)]>

0,ren

Aje

0 , 69)
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Since o; = %1, to obtain a non-vanishing result we must have n = 2m with m
positive o; and m negative ones. We then rename the z; with o; = —1 to y; and
renumber them. Taking into account that there are (') = (2m)!/(m!)? possibil-
ities to choose m positive o; from a total of n = 2m ones (since equation (55) is
symmetric under a permutation of the (renamed) x; and y; among themselves),
the denominator of equation (4) reduces to

e 0,0
Z ml / /<HN V()] [ (y])]> Hg(xi)g(yi) d2z; d2yi

:O O,reni:1

N /fmg H1<]<k<m z; — xx)(y; — yn)? = m ,
_m; (m!)2 / /[ Jk (@ — yp)? ] Hg d?z; d%y; .

(56)
As in previous works [1,47], to bound the term at order 2m we introduce complex
variables x; = le + ix?, v = yjl + iy]z such that

(zi —y)? = (z} —y})? + (27 — y2)? = [xi — vy (57)

and analogously for (z; —z;)% = |x; — x;|” and (y; —y;)? = |v; — v;|°. It follows
that

[H1<i<j<n(xi_ ) H1<z<]<n(y y]) ‘|p

H:l] (@i —y;)?

_ H1§i<j§n(XZ XJ)H1<1<]<n( —v;) _ det( 1 )n
HnJ (X —vy) Xi = Y5/ =1

where the last equality is the well-known Cauchy determinant formula [48]. We

(58)

2p 2p

estimate
L) =X
det< > < (59)
Xi = Uj 7 =1 X — U‘“’(J)}
where the sum runs over all permutations 7 of {1,...,n}. Using the inequality

p

k
Polop>1 p 1
;m <{1 0<p<1}2ak| < max (k"1 1) Z|ak| (60)

it follows that

H1<'L<j<n(xi —x;)? H1<i<j<n(yi
e o) |

=1 (i = y;)? T =1 [xi = vnp] w(a)|

2p

< max((n!)*~", 1) Z H IX; — vr(j) ’_2p (61)

T g=1

_ ( nnx(2p 1,0) Z H yﬂ'(g }71’ ,

T j=1
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since the number of permutations 7 of n elements is n!.
Inserting the estimate (61) with p = 2/(4) into equation (56), the denom-
inator of equation (4) is estimated by (we recall that g > 0)

sz M

nli.j:() ml)” / /H 47(1_[91‘7, 9(y:) d*x; d*y; (62)

with v = 1 — max(8%/(27) — 1,0), and where an additional factor of m! arose
since all m! permutations of the y; give the same contribution. We see that we
only need to bound

//Wam—wﬂﬁg®mwwfw¥y, (63)

which we split in two parts: the region where p?(z—y)? > 1 and which we bound

by [[ g(z)g(y) d%xd%y = ||g||?, and the region where (2 — y)? < 1 and which
we bound usmg Young’s inequality. For this, we use it in the form [49]

f,g*hl—‘//f oz — )h(y) 2o dy| < 171, gl bl (64)

where p,q,r > 1 with 1/p+ 1/q + 1/r = 2. Taking

dr — 52 47
= =1 _—
gr 0 P T

g=1+ (65)

the condition p, q,r > 1 is fulfilled since we are in the finite regime 5% < 4, as
well as p, g, r < 2. We obtain

52

/y}-<qwaf‘wﬂ‘“gwmwwﬂx&

and

o0 — pla) (ulal) ==

(66)

o~ slal)ulal =

q
:/ (ula]) 559 %2
q plz|<1

_ 3273 9
T
where ¢ (65) was chosen in such a way that the integral is finite. Summing the

contributions from both regions, we have shown that there exists a constant K
(depending on 5 and g) such that

(67)

[~ 02" g@)gly) Pady < K (68)

and hence the denominator (56) is bounded from above by

= mh)! 3% <2r
mZ:OK {(m! -2 27T§52<47r}<oo. (69)

)5
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Moreover, since each term in the sum (56) is positive, it is bounded from below
by the first term which is 1. Let us remark that the bounds (69) are not new
and known from [1]; we have repeated their derivation to make the proof self-
contained, and since very similar estimates are needed for the numerator.

Consider thus the numerator of equation (4), where using the result (52) for
the renormalised expectation values again only even terms with n = 2m con-
tribute. Taking into account the symmetry under the exchange of variables and
renaming integration variables as in the case of the denominator, the numerator
reads

L ]

ren ren _ Z (mJ - z)(,u (mk - Z)U)
[Z“ *Z“ o2t D G e

1<j<k<m

=)
>

e (@ =2 e — 2)y) (Y5 — 2)(u Wk — 2)v)
2j§1 (z; —2)* (yp — 2)? * 219;9” (yj —2)* (yp —2)? }
X dQZHg(xi)g(yi) d®z; d®y; . (70)

Since we can interchange x; and y; without changing the result, we see that
there are three different types of terms: the ones involving the renormalised

uy,,,', the ones involving a double sum and only z;, and the ones with a double
sum over both z; and y;. We start with the last two types, which after the shift
r; = x; + 2, yj — yj + 2z and with the estimate (61) with p = 2/(4n) are
bounded by

42 Z 1+7/|f \/ /;1_‘[1 ,,yﬂ(j))z]—ﬁ
X {4 Z

1<j<k<m

Z [ ||yk|} ZHg(mi+Z)9(yi+z)d2xid2yi
J

] J||xk|
(71)

with the same v as before, defined after equation (62). Since the remainder of the
integrand is invariant under permutations of the y;, the sum over permutations
m coming from the determinant estimate again gives a factor of m!. We then
use again Young’s inequality (64), separating contributions involving a 1/|zy|
or 1/|yx| from the sums from the ones without. The contributions without such
terms are estimated as before (68), taking into account that the norm of g with
shifted argument z + z is equal to the norm of g because the integral that
defines the norm is translation invariant. For the other contributions, we begin
with the first sum, where a single term 1/|x;| may be present. In the region
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where pu|z; —y;| > 1, we then estimate
2 -2 1 2, 12
(1 (25 — y5)°] gz + 2)g(y; + 2) d*x; d*y;
wlej—y;>1 ‘JJ

5l

1
< gl / ol + 2 d
J

(72)
1 2 2 2
= ————g(x; “+ 1) d%z;
||g||1/|$]‘(ﬂ2$?+1)g(m] +Z)(M 1‘]+ ) Xy
<7 Hgll, || (*a? + Dg(a + 2)]|
using Hoélder’s inequality
1£9lly < 1f1ly =1y lgll, (73)

with 7 = 1. In the region where p|z; — y;| < 1, we use instead Young’s inequal-
ity (64) with the same choice of exponents (65) and obtain

_82 1
// (1P (xy —y;)?] ™ —==g(a; + 2)g(y; + 2) Aa; d*y;
plzj—y;|<1 |z,

1 2 (74)
<llgll, mg(ﬂ”rz) O(1 — pla|)(pla]) ™2
P q
and, using again Holder’s inequality (73) with r = 1,
1 - 1 » 2 2 2
ng(zsz) p/WMg (x4 2)(p“z” +1)d“z -
<mrtr (1= )1 ()| wia? + (e + ) < oo,

since the choice (65) is such that 1 < p < 2. Thus also in this case there exists
a constant K (depending on # and g) such that

2 -2 1 2, 12
//[u (x; —y)?] ™ Ix'|g($j+z)g(yj+2)d z;diy; < K. (76)
J

If the second sum involves with j # k, we have the same estimates, while

1
} EN
for j = k we obtain analogously to the above

_8% 1
// (12 (x5 —y;)?] ™ ———g(w; + 2)g(y; + 2) dx; d°y;
ple;—y;|>1 |mj||y]| (77)
< w2 (e + gl + 2)||2,
and
2 2 _g 1 2 2
P (xs —y;)?] 7 —=g(x; + 2)g(y; + 2) Az, Ay,
plry—y; <1 \x3|
) 2 p (78)
< mg(il?ﬂ%) O(1 — plx|)(p|z]) 2
P q
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and so also in this case we can bound everything by a constant K depending on
B and g. It follows that equation (71) is bounded by

52 = 1 m - m 2
Wzo(m!)w/ww > KT2 TR

1<j<k<m 7,k=1 (79)
0o
1 2 m
Scz:()(m!)me < o0

with another constant C' = 4/7||f]|,.
For the remaining terms in the numerator (70) involving the renormalised
ren we recall its definition (50) from which it follows that

iz
Jumie =21

- [l -2 [@@f(z) - mg_z;gapf(z)} a2

We then again shift x; — x; + 2z, y; = y; + z and use the determinant esti-
mate (61) with p = 32/(4r) to obtain the bound

Dy O b | (ORI

w g=1

u

(80)

{1,2} |z pe{1,2}

XZun i) [ S S+ o s 8pf(2)] (81)

x d?z Hg(xl + 2)g(yi + 2) d®x; d2y;
i=1
with the same = as before. The sum over permutations m again gives a factor
m!, and for the terms with the z; not involved in the sum, we have the same
bounds (68) as before. For the other terms, in the region where p|zi — yr| > 1
we estimate that

_82
/ / 62 (e — w)?] ™ [I(ulal) g e + 2)gue + 2) Py Ay
e —yr|>1

< gl / [in(ule]) g + 2) d2e

|In(p|zx|)| 2.2 2 32 %)
= ol | e ot + 2t + 1)
< 5 2ol (572 + 129w + 2]l
using again Holder’s inequality (73) with » = 1, and analogously
i (2o — o))~ Dl g+ 2) P dPye
plek—yx|>1 || (83)

4
< ;”ngnlnuﬁﬁ + Dgle+2)|
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In the region where ulxy — yx| < 1, we use again Young’s inequality (64) with
the same choice of exponents (65) and obtain

_s2
J[ el Il Dot + (o + ) P P
pler—yr|<1

(84)
_82
< gl m(elzDlg(z + 2)Il, | O = pla])(plx]) 2=
q
and, using again Hoélder’s inequality (73) with r = 1,
In(plz|)[” 2.2 2 12
1 +2)|P :/|7 Pz + +1)°d
linGuelote + 21 = [ o B @ e it w1t
<62 ||(1P2® +1)%gP (@ + 2)|| < o0,
and analogously
_82 In(plz
i (e — 2]~ 7 Dl gy 4 2) da e
plek—yx| <1 |z (56)
n(ula)| e
<glly|| = 9@+ 2)|| |OQ — plz])(plz]) >
with
|In(p]z])| i |l (puf])|” 2,2 2 12
—rr et = [ oy s e 2) (et + 1) d
‘ || . |z|(p?2? 4 1)2 (87)

< 2507 3| (pP2” + 1)%gP (z + z)HOO < 0.

It follows that there exists a constant K (depending on S and g) such that
equation (81) is bounded by

oo

D>

m=0

mK™ < oo (88)

1
(m!)

[E—1

with another constant C' = £ [HSUpu,ue{lz} 10,0, f(2)] H1+prpe{1’2} 10,1 (2)] H1

Taking all together, the numerator of equation (4) is bounded by (5), with
K being the maximum of all the constants K in this section, and C' being the
sum of all the constants C in this section. Since the denominator is bounded
from below by 1, the bound (5) holds for the full Gell-Mann-Low expectation
value (4).

For the first two terms of the stress tensor T}, = O, — %5;“,(9,)9 + 96, (Vs +
V_3) we can take over the above bounds. For the third term, we use the re-



22 M. B. Frob, D. Cadamuro

sult (54) and thus have to bound

an/ / > < uVa( gf]ﬁ N[Vajﬁ(mj)]>070 ﬁg(xi)d%i

oi=+1 j=1 0.ren i=1
—(m+1)2,r (2 — x; % 1 %
-3, e /< 2 [ JUe=3] o=
82
H1§j<k§m($j y] yk 2 ﬁ ym+1 ”
H?k:l( j:l — Ymt1)?
m+1
><d2zHgmzdeHgyj ) A2y, (89)
i=1 j=1

where we used that because of the neutrality condition only odd terms n =
2m + 1 give a non-vanishing contribution. Of these, m have a positive o; and
m + 1 have a negative one, such that the sum over the o; resulted in a factor
of (*™F1) = (2m + 1)!/(m!(m + 1)!), and as before we renamed the integration
variables with a negative o; to y;. Setting z,,+1 = 2, the terms in brackets
combine to the expression (58) with n = m + 1 and p = 32/(4r), and we can
use the Cauchy determinant formula and the bound (61) for the determinant.
We can thus bound the series (89) by

"’zzzom' m“ /g(z)lf(z)‘/"'/Z[uz(z—yﬂmﬂ))?yﬂ
m m m—+1 (90)
<TT0 G =]~ e[ Lot %, T o).
=t i=1 j=1

and the sum over permutations 7 gives a factor (m + 1)! since the remainder of
the integrand is symmetric under the interchange of the y;. We can now use the
bound (68) (estimating together the integrals over z and y.,+1), and obtain for
the series (89) the bound

oo

1 m
C’Zm(m—Fl)K <

m=0

m?*K™ < oo, (91)

with C' now also depending on g (from the integral over y,,+1 and z). The same
bound is obtained analogously for the fourth term in the stress tensor involving
V_ga, which switches z; with y; in equation (89), such that taking all together
the bound (5) holds also for the stress tensor. O

2.4. Proof of theorem 3 (Conservation). Since we have shown in the last subsec-
tion that the denominator of the Gell-Mann-Low formula (4) is bounded from
below, to show that the interacting stress tensor is conserved it is enough to show
that the numerator vanishes when smeared with a test function of the form o* f



Local operators in the Sine-Gordon model 23

with f € S(R?). Consider the numerator for O, (70) smeared with §* f, which

contains two different types of terms: the ones with the renormalised u);;', and

the others involving double sums. We start with the second type, and compute

(@ =2 U= 2 g
R O

=1 gﬂuag) /1n (12 (x — 2)%] In[p?(y — 2)*] 0" f(2) d°2

= é N 0Y /1n[p2(x —2)?| In[pP(y — 2)?] f(z) d*2
+ é N, O? / n[p2(z — 2)2] In[p2(y — 2)?] f(2) A2 (92)
+ éa on (9, + 3y)/ n[p?(z — 2)% In[p?(y — 2)%] f(z) &=
3 In[p?(y — 2)*] f(2) + *35 In[p®(z —y)?] f(y)

+ 88ﬁ8{j(81 +0Y) / [;ﬁ(m — 2)2] In [/ﬂ(y - Z)Q]f(z) d?z,

using that the logarithm is a fundamental solution of the Laplace equation in 2
dimensions:

Aln[p?(z — 2)?] = 4r6*(z — 2), (93)

as follows for example from the limit m — 0 of equation (24) for the massive
covariance after taking derivatives. Analogously, we obtain

[ =0,

(z —2)% (y — 2)?

= i@;@g(@f + 3},’)/1n[,u2(x —2)* ] In[p(y — 2)?] f(2) 2,

(94)

which cancels the last line of (92) if we take the combination O, — 16,0, that
appears in the stress tensor. The terms of the second type in this combination
thus sum up to

52
25 “_mg”/ / [hi<jcnem(@i —a1)*(ys —yu)?* | 7
dm 2= (m!)? 1 (25— yn)?

x [ S [fey) - Fla)o [ (a; — o))

1<j<k<m

- Z Y0, In (12 (2 — yi)?)
7,k=1

LY )]0, In <-—mﬂHgm)g(yi)d%id?yi.
1<j<k<m i=1

(95)
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We compute

82

% ngj<k§m(xj - xk)2(yj - yk)2 "
o [T (5 — )2
J,k=1\"J Yk

(96)

2 -1 m

_ B Z (Tg — 1)y - Z (xg — 1)y Z (¢ —

o (zp—x Ty —T (x ’
— e k) k£+1(€ k)? — e

and the analogous equation with x and y exchanged, multiply by f(x¢), sum
over ¢ and rename summation indices to obtain

2

- - [licjcham (@) — 21)*(y; — yr)? =
Zf(l'k)a,/ In [ H;nk 1( yk) ‘|

k=1

TS ) - f@ TS )

1<j<k<m 7,k=1 (xj o yk)

as well as the analogous equation with x and y exchanged. We can thus rewrite
equation (95) in the form

iﬁm“/ /Hﬁmmzﬁum

m=0

m

x ) [f(@r)a" + f(yx) 0y [

k=1

icjcrzm (@i — 20 (s — ) | ™
1 e (5 — ye)?

and since by assumption g is constant on the support of f, we can integrate the
derivatives by parts such that they act on f and then use the symmetry of the
integrand under the exchange of the x; and the y;, such that the sum over k
gives a factor m. Since the term with m = 0 does not contribute, renaming the
summation index m — m + 1 we thus obtain

82
B oo M—(m+1) H1<J<k<m+1(z] ;z:k)Z(yj _ yk)2 I
7nz::0 m'(m + 1) / / [ ;nl:rll (Z’] yk)2 (99)
m—+1
<[00 f (@mi1) + 00 f (ymi1)] [] 9(x)a(ys) s Py
=1

for the terms of the second type in the combination O, — %6,“,(%”. This now
cancels exactly the contribution from the last two terms of the stress tensor
Ty = Opp — %5W0pp + 90, (Va + V_pg) smeared with 0" f: this is seen by com-
paring equation (99) with the result (89) (renaming z = z,,4+1 in that equation),
and the analogous result for V_g which is obtained by exchanging x and y.
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It follows that the numerator of the Gell-Mann-Low formula for 7}, smeared
with 0 f only involves the terms with the renormalised u};;}'. For them, we use

equation (80) and compute

/u/rf;l(x —2)0" f(2)d?%z
__1 n Qx—z2 2_7(5(1_25)!) z 22
1 [l - 22 [p0se) - E= o006 @ am

= —7d, f(x) + i/ln [MQ(x — 2)2] Ei:gzap&,f(z) d2z
as well as

/uppre“(x —2)0, f(2)d*z

1

- __ n 23;—2;2 Z)— 7(32_2);) z 22
=1 [l - 22 o) -2 =000 | @ oy

= —7m0, f(x) + % /hq[lu?(x —2)?] H;ap&,f(z) 42z

using again that the logarithm is a fundamental solution of the Laplace equation
in two dimensions. In the combination u);;'— %5 U e the integrals again cancel
and we are left with the first terms:

Z nl/ / Z < Ty (0" f)] H [ngg(xj)]> Hg(%) a2z,

oi=+1 j=1 0.ren i=1
82
o /872 io: Mimz” / / H1<]<k<m Ty — k)Q(yj 7yk)2 a
m A= (m [T (2 — ye)?
xZ{@ka Jr(’)fyk}Hg i) d2a; d%y; (102)
=1 i=1

Comparing with the result (89) with z = x,,41, and the analogous result for
V_g which is obtained by exchanging = and y, it follows that

00 o,
Z ! / / Z < ,uu(a”f)} ]._.[Nl‘ [ngg(xj)]> Hg(xl) A2z = 0
gi=+1 i1 N

0,ren i=
(103)
and thus equation (6), where
2
T = T = 08,0V + V25)
1 82 (104)
= O — §6MVOPP + 9(1 - &T)éll«u(vﬂ +V_s)

is the quantum-corrected stress tensor. a
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3. Minkowski case

In the Minkowski case, we use the framework of perturbative algebraic quantum
field theory (pAQFT), whose main advantage is the clean separation of algebraic
issues (including renormalisation) from the construction of a state. Reviews of
PAQFT can be found in [50-52], and we again take formulas and results without
specifying their source explicitly.

3.1. Preliminaries. In pAQFT, one first constructs the algebra of free fields 2,
as the free algebra over smeared fields ¢(f) = (f, ¢) with f € S(R?) and their
adjoints [¢(f)]" (= ¢(f*) for the real scalar field that we are considering), with
unit 1 and the non-commutative product x, modulo the commutation relations

[0(f), 6(9)], = &(f) * ¢(g) — ¢(g) * &(f) =i(f, A * g)1. (105)

where the scalar product (-,-) and convolution * are defined in equations (19)
and (20). A is the commutator function defined as the difference between re-
tarded and advanced fundamental solutions of the Klein—-Gordon equation

A(%ZI/) = Gret(xu y) - Gadv(xu y) ) aZGret(‘ru y) = 62($ - y) = 82Gadv(5€vy))7

106
which are unique in any globally hyperbolic spacetime, in particular Minkowski
space. A state w is given by a linear functional on 2y, which is normalised
w(1) = 1 and positive: w(ATA) > 0 for all 0 # A € 2y. We consider quasi-
free states with vanishing one-point function, which are the analogue of the
centred Gaussian covariance in Euclidean signature. That is, these states are
characterised by the analogue of equation (17):

w(o(fr)*--*o(fa)) =>_ [ i(£iGT*f). (107)
m (i,j)ET
where the sum runs over all partitions 7 of the set {1,...,n} into unordered

pairs (i, 7), and where

G'(2,y) = —iw(d(z) * ¢(y)) (108)

is the two-point function of the state w, here written in terms of its integral
kernel. Summing, we also obtain the analogue of equation (18) for exponentials:

o) = Zku (J.8) - x (J9) | =e 29D (109)

k times

from which the above follows by functional differentiation with respect to J.
Taking the expectation value of the commutation relations (105), we obtain

G (z,y) = G (y,2) = A(z,y), (110)

such that the antisymmetric part of the two-point function is fixed.
For a massless scalar field in two-dimensional Minkowski space, we again
have an IR divergence if we try to define the vacuum state as the limit m — 0



Local operators in the Sine-Gordon model 27

of the massive one analogous to equation (24) in Euclidean signature. Namely,
the massive two-point function reads

. d2p
+ — _ 9 ipx 2 2 0
G™(z,0) 27r1/e d(p®+m)O(p )(27r)2

- e_i\/mxo_,'_iplwl_ﬁlpl‘ dp! (111)
= —i lim —-—
e—01 2 (p1)2 + m2 2 ’

and if m = 0 the p! integral has a logarithmic singularity at the origin. In the
limit m — 0, we obtain

Gt (z,0) = ﬁ In

m262'y
{ 1 (e —i(zt —2")) (e +i(zt + )| + O(m), (112)

and we see that for spacelike separations (z!)? > (2%)? where we can set € = 0,
we recover exactly the result (24) in Euclidean signature, up to an overall factor
of —i. However, the antisymmetric part has the well-defined limit

A(z,0) = G (z,0) — GT(0, x)

B ﬁ el—i>r(1)1+ {ln [e—i(z' —2%)] + In[e + i(z' + 27)]
—Infe+ izt — QUO)] —Infe— i(a! + xo)”
B i[Sgn(ml —a%) —sgn(a’ +2%)] = _%@[(xoﬁ — (¢1)*] sgn(a”)
(113)

and vanishes outside the light cone as required. Because of the IR divergence,
this state is not positive, and to construct the Hilbert space of the theory from
the algebra 2y and a state (via the GNS construction) the IR divergence must
be cured, which can be done in different (related) ways:

— Working with a massive scalar field, and taking the limit m — 0 only for
expectation values of operators with a well-defined limit. This maintains pos-
itivity, and it is expected (and in some cases proven) that a finite mass arises
from non-perturbative effects (Debye screening) [20,40,41].

— The separation of the constant part of ¢ and its quantisation as a massless
harmonic oscillator, similar to what is done in string theory [53] and de Sitter
QFT [54]. In pAQFT, this is the Dereziiski-Meissner representation [55].

— A Krein space construction, where positivity is only maintained in the phys-
ical subspace which contains derivatives of ¢ and vertex operators [56,57].

— Restricting the algebra 2y to be generated by derivatives of ¢ and vertex
operators, which we will do in the following.

All three constructions are equivalent for our purposes, since the interacting
expectation values of O,, and T}, defined again using the Gell-Mann-Low
formula (10) only involves derivatives of ¢ and vertex operators, which have a
well-defined massless limit.
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Instead of the vacuum state, we take moreover a general quasi-free Hadamard
state, which for our purposes can be defined as the quasi-free state w?¢ with
two-point function

Gt (z,y) = ﬁ In[A?(e + iu) (e + iv)] — iW (z,y), (114)

where W (x,y) is a smooth and symmetric bisolution of the massless Klein—
Gordon equation 97W (z,y) = 2W (x,y) = 0, and we introduced the light cone
coordinates

u=u(z,y) = (2°=1y°)— (' —y"), v=ov(z,y) = (" —y°)+ (=" —y"). (115)

As in the Euclidean case, A is an IR cutoff which we ultimately take to vanish,
and we keep € > 0 as a UV cutoff. That is, the physical two-point function is
obtained as the distributional boundary value (in the limit ¢ — 0) from the
function (114) which is analytic for all € > 0. The two-point function (114) can
be decomposed as

Gt (x,y) = H' (z,y) + i ln<;1) —iW(z,y), (116)
where ;
Hf(z,y) = Eln[uz(e—l—iu)(e—f—iv)} (117)

is the Hadamard parametrix containing the singular part of the two-point func-
tion, which is the same for all Hadamard states. The Feynman propagator and
parametrix are the time-ordered versions of (114) and (117), and read

G"(z,y) = 02" —y°)G* (z,y) + O(y° — 2°)G T (y, z)
= HF(:U,y) + i ln<2) —iW(z,y),

HY (z,y) = 0(z° —y°)H" (2,y) + O(y° — 2" ) H ' (y,z)

- (118b)

= ﬁln[;ﬂ(—uv + ielu+ v + €%)],

(118a)

where we used that W (x, y) is symmetric. We note that the time-ordered Hadamard
parametrix HY is a fundamental solution of the massless Klein-Gordon equation:

2¢
rz et (119)

— 25(u)o(v) = 6*(x —y) (e —0),

O*HY (x,y) = —40,0,H" (z,y) =

where the second equality is a straightforward computation using the well-known
results |z|" = sgn(x), O'(x) = 6(x) and sgn’(z) = 26(z), and the limit

lim —— = Qm lim — =7d(z). (120)

is the Sokhotski-Plemelj theorem.
The algebra 20y is completed by adding normal-ordered products A. Nor-
mal ordering can be performed with respect to the full two-point function G+
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or the Hadamard parametrix H7T; the latter choice has the advantage that
the normal-ordered products transform covariantly under diffeomorphisms, or
Lorentz transformations in Minkowski space. Analogously to equation (25), we
have for exponentials

NG |:ei(J,¢)} — e%(J,G**J)ei(J@) (121)

with J € S(R?) (and the analogous formula with G replaced by H), from which
the normal-ordering of monomials is obtained by functional differentiation with
respect to J, assuming that the right-hand side is a well-defined element of 2.
In the massless case, that means that we have to take [J(z)d?z = 0, which
ensures that it can be written as J(z) = 0,J"(z) (see, e.g., [58, App. B and C])
such that (J,¢) = —(J#*,0,¢) and only derivatives of ¢ enter. The expectation
value of a normal-ordered quantity is given by

W NG[(T1,9) -+ (Jn, D)]) = dn0 (122)
analogous to equation (27), and for a change in normal ordering we have
No (0] = @ 1100 gy [a00), (129

both formulas with the above restriction on J. The vertex operators V,,(z) are
formally given by the exponentials €/*?(*) but those cannot be defined if we
only consider derivatives of ¢. Instead, we include the Hadamard-normal-ordered
operators N[V, (z)] among the generators of the algebra 2y, with a change of
normal ordering analogous to equation (29) given by

ia2(Gt_Ht A\ iw 2y
NalVa(w)] = 270D Ny V()] = () V00 Ny [Va (o)
(124)
using the decomposition of the two-point function (116), and expectation value

W Na[Va(@)]) = 1. (125)

It remains to define their x products with other elements of 2(y. For this, we note
that equation (121) implies

Ne {ei(J,aﬁ)] * Ny [ei(Kﬁ)] _ o F UGN THEGT ) (T0) | (K9)
— exp B <(J, Gt xJ)+ (K,Gt«K) — (J, Ax K))] el(JHE9) (126)
= exp[—i(J,GT * K)| Ng [ei(J+K7¢)]

using the Baker—Campbell-Hausdorff formula [59] and the commutation rela-
tions (105) and (110), as well as the analogous formula with G replaced by H.
Taking functional derivatives with respect to J or K and taking into account the
condition [ J(z)d?z = 0, we obtain the product for terms involving powers of
9,,¢, while setting J(z) = ad?(x —y) and interpreting el@?(W) as vertex operator
Vo (y), we obtain the products for them. It follows that 2y also contains terms of
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the form Ny [Vy, (21) - Va, (€n) 0, ¢(21) - - - O, #(21)] and similar, i.e., normal-
ordered products of multiple vertex operators and derivatives of ¢. Generalising
equation (125), their expectation value (after changing the normal ordering to
involve @) vanishes if k£ > 0, and is equal to 1 if £ = 0 for any n.

A central object in pAQFT are time-ordered products 7, which can be defined
as multilinear maps from classical expressions into 2/y. They are constructed
inductively, using that the ones with single entries are equal to the Hadamard-
normal-ordered products

T[O(x)] = Nu[O(2)], (127)

while the higher ones are defined outside the diagonal by causal factorisation:

TO1(21) ® -+ @ Op ()]

128

= TIO (@) @ - © Oulwn)] « TIOkr (@) © - @ Opla)] ()

if none of the x4, ...,z lie in the past light cone of any of the zx41,...,2,. The
extension to the total diagonal 1y = --- = x, corresponds to renormalisation.

We then want to prove the analogue of Lemma 1 (for n = 2), which is

Lemma 2. The expectation value of a time-ordered product of vertexr operators
and a bilinear operator is given by

n

W\ T ®Va_,»(xj)®(8ﬂ¢8,7¢)(z) =exp | —i Z oo HY (2, 25)

j=1 1<i<j<n

X | lim 8§3§/W(z,z') + g a;;0;GF(2,2,)0,GF (2, 7;)
2=z
i=1
(e ow)”

X exp 7% Z a0 Wiz, x;) <2) i , (129)
i,j=1

where Oz = 0, -+ O, and Oy = 0,, - -+ 0y, with k, > 1.
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Proof. The result (129) follows immediately from the expression

®V () ® (00 Opp)(2) | = exp | —i Z oo HY (24, 25)

1<i<j<n

n

Z a;a;0;Gr (2, 2;)05Gr (2, 2;) Na HV% z;)

3,7=1 Jj=1

—QZ% iGr(z,7i) No | Oy H o, (75)

+Ng | ( H o, () | + hm 3z82 W(z, 2 ) Na HV%. (x5)
i =1 =1
[ 1 n A (Z:i1a"')2
X exp —ii]zz:laiajW(xi,xj) (M) (130)

for the time-ordered product, using that the expectation value of a normal-
ordered expression (with respect to G) involving powers of ¢ vanishes, while it
is equal to 1 if only vertex operators appear. To prove equation (130), we first
have to show the related result

T ®Vaj(a:j) =exp | —i Z i HY (24, 25) | Na HVa,-(JUj)
j=1 j=1

1<i<j<n
5yt (13D

1 & A In
X exp | —5 Z a0 Wz, x5) (ﬂ)

ij=1

by induction in n. Note that both sides are symmetric under a permutation of
the a; and z;, the right-hand side because the Feynman Hadamard parametrix
HY (118) is symmetric in its arguments. For n = 1, we compute

2

TV ()] = Nag[Va(2)] = (ﬁ) T WD N Va@)] (132)

using equation (127) and the change of normal-ordering for vertex operators (124),
which is the correct result. Assume thus that equation (131) is fulfilled for all
m < n, and consider the time-ordered products with n + 1 vertex operators. If
not all points coincide, k of them are not in the past light cone of any of the
other n+1—k for some 1 < k < n, and by relabeling we may assume that these
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are the first. Using the causal factorisation (128), we thus obtain

n+1 k n+1
Q) Va, (x ® (@) | *T | Q) Va, ()
j=1 =1 Jj=k+1

=exp|—i Z i HY (x5, 25) — i Z i HY (2, )

lsi<g<k k+1<i<j<n-+1
k 2 n+1 2
k n41 1 (Zi:lai) +4(Ej:k+1aj)
i
[T Veotwo)| xNa | TT Ve ) ()
i=1 1%

Ne
j=k+1
1< 1 &=
X exp | —5 Z ;o Wz, x5) — 7 Z a0 Wz, ;) |, (133)
i,j=1 i,j=k+1

using the induction hypothesis in the second equality. Employing equation (126)
for the star product of two normal-ordered expressions (with the exponentials
interpreted as vertex operators as explained there) and the decomposition of the
two-point function (116), we obtain

k n+1
NG H l‘z ] *NG H
i=1 j=k+1

i n+1 —n—i-l 1

= exp —12 Z ;oG (2, 25) | No HVaj(acj)

L i=1 j=k+1 _j:l ]

i n+1 _n+1 T (134)
= exp —12 Z aio; HY (24, 25) | Na HVa].(xj)
i=1 j=k+1 =1 |

k n+1 A 2‘7(
X exp 72 Z a0 Wz, x;) <M>

i=1 j=k+1

Using that H*(x;, ;) = HY(z;,2;) if ; does not lie in the past light cone
of z; as we have assumed, and inserting the result (134) into equation (133),
one easily sees that the various terms combine into the required form (131),
which therefore holds at least outside the diagonal. To extend the result to the
diagonal, we note that since the right-hand side is a smooth function of the
x; if € > 0, it simply extends by continuity. This is even true in the limit of

vanishing UV cutoff € if a? < 47 for all i, since then the scaling degree of

exp [—izl<i<j<n+1 ;o HY (24, 25) | is less than 2(m — 1) = (m — 1) dimR? on
each subdiagonal where m points coincide, such that the singularities that arise
there are integrable.
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We can now prove equation (130), which we also do by induction in n. For
n = 0, we compute

T1(05¢ 95)(2)] = Nul(0:¢ 956)(2)]

= Nol(Opo050) ()] + m 005 Wiz, z) U

using equation (127), the change of normal-ordering (123) at second order in
J [taking once J(z) = 0z6%(z — z) and once J(x) = 070%(z — )], as well as
the decomposition of the two-point function (116). Since this agrees with equa-
tion (130) for n = 0, the base case is proven. Assume thus that equation (130) is
fulfilled for all m < n, and consider the time-ordered products with n+ 1 vertex
operators. If not all points coincide, again k of them will not lie in the past light
cone of the other n+2 —k for some 1 < k < n+1. We thus can again use causal
factorisation (128), but now have to distinguish two cases, namely whether the
distinguished point z is among the group of k or among the group of the n+2—k
points. In the first case, we have

n+1
T | @ Ve, () © (96 056)(2)
. (136)
P n+1
=T Vi, (25) ® (936 85) (2) | * T | Q) Ve () |
=1 <

and inserting the induction hypothesis and the previous result (131) on the right-
hand side, we obtain a number of star products of normal-ordered expressions,
which are too long to display explicitly. To evaluate them, we need in addition
to equation (134) also

k—1 n+1
05d(2) [ [ Ve, @) | * N | [ Vs ()
j=1 j=k
k—1n+1 n+1
=€Xp|— ZZ (i, )) | No |0po(z )H ;(25)

i=1 j=k Jj=1
n+1 k—1n+1 n+1
Zajﬁ ZGT(z,1;) exp flzzaza] (i, zj)| Na H Va, (24)
Jj=k i=1 j=k j=1

(137)
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and
k—1 n+1
Ne | (90 050)(2) [ | Va, (25) | » N | [] Vo, ()
j=1 j=k
k—1n+1 n+1
= exp —iz Z ;oG (24, 25) | | Na | (020 070)(2) H Va, ()
i=1 j=k Jj=1
(138)
n+1 n+1
—23 " a;0EGT (z,3;) Na | 05 6(2) [ [ Va, (2))
j=k J=1
n+1 n+1
+ ) @85G (2,2:)0:G (2, 25) N | [ Ve, ()| | »
i,j=k Jj=1

which are obtained by first taking one or two functional derivatives of equa-
tion (126) with respect to J, and then interpreting the exponentials as vertex
operators, setting J(z) = Z;:ll a;j6*(z — x;) and K(z) = E;’Li ;6 (z — ;).
Using further the decomposition of the two-point function (116) and the fact
that for z; not in the past light cone of z; we have H" (z;,x;) = HY (z;,2;), the
result (130) follows in this case.

A similar computation yields equation (130) also in the second case where the
distinguished point z is among the second group of n + 2 — k points, for which
we need the analogues of equations (137) and (138) with the factors reversed.
We omit the details. We have thus shown that equation (130) holds at least
outside the diagonal, but since the right-hand side is a smooth function of the
x; if € > 0, it extends to the diagonal by continuity. However, this is no longer
true for € = 0, and we resolve the renormalisation problem in section 3.2. ad

Remark. While the choice of taking the Hadamard-normal-ordered expressions
for time-ordered products with a single entry (127) may seem strange to some-
one aquainted with flat-space quantum field theory, it is actually indispensable in
curved spacetimes, since otherwise the renormalisation freedom is unacceptably
large [60]. Moreover, in flat space of three or more dimensions the Hadamard
parametrix actually coincides with the vacuum two-point function. It is only
in two dimensions or for non-vacuum states that the difference becomes rele-
vant, and as we see from equation (129) it is the correct choice to ensure the
superselection rule in analogy with the Euclidean case.

3.2. Proof of theorem 4 (Renormalisation). We begin again with O, = 0,¢ 0, ¢.
Using Lemma 2, the decomposition of the two-point function and the explicit
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form of the Hadamard parametrix (118), we obtain (with o; = +1)
= vios B2
ANT|@Vors) @ O(e)| | = [T [ (-uiges; +i0) 77
j=1 1<i<j<n

x | lim aﬁaj/W(z,z') — B2 Z 0:0;0,W (z,2;)0,W (2, x;)

2=z

i,j=1
g &
+ o Z o0 H(,(2,2:)0,)W (2, 7;5) (139)
i,j=1

where we defined

O(u+ v) n O(—(u+v)) '

H,(z,y) = —4nid,H" (z,y) = 140
wl:y) R () Th — ie TH + ie (140)
and set (for better readability)

wi; = wl(wg, ), vi; =v(x,x;). (141)

2

Analogously to the Euclidean case, the terms [,ug(—uij v+ ie)}aj on T are sin-
gular in the physical limit ¢ — 0 if o0, = —1, but the singularity is inte-
grable since we are in the finite regime 52 < 47. Since W is a smooth func-
tion, it is not singular, but since the scaling degree of H,, (140) is —1 and the
integration measure in light cone coordinates (115) is d?z = %du dv, terms
involving H,, can potentially be problematic and may need renormalisation.
The terms of the form H,(z,2;)0,)W(z,x;) are by definition (140) equal to
—4mi 8(2#HF(z,xi)8u)W(z,xj), and we can integrate the z derivative by parts
such that it either acts on W or the smearing function. Since the singularity of
HF is integrable, the result is a well-defined distribution and we can take the
limit € — 0 with impunity. The same holds for the terms H,,(z, z;)H, (2, z;) with
i # j since their scaling degree (when all points coincide) is 2 < dim R*, but as
in the Euclidean case the terms H,,(z,x;)H,(z, ;) are problematic since their
scaling degree is 2 = dimR? such that we expect a logarithmic singularity as
€ — 0. To determine the required counterterm, we compute first

Ou+v) O(—(u+t+w))
(u —ie)? (u +.ie)2
= _auHu(CE’y) +

Hy(z,y)Huy(z,y) =

d(u+v) (142)

u? + €2
— 4mi 02 HY (z,y) +ind*(x —y) (e = 0),
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where we used the Sokhotski—Plemelj formula (120) for the last limit. Integrating
the u derivatives by parts on the test function, the singularity of HY is integrable
and we have a well-defined distribution. In the same way, we obtain

Hy(z,y)Hy(x,y) = 4mi 0 H" (2,y) + in6*(z —y) (e = 0), (143)
but the mixed terms are more complicated. For them, we compute

O(u+ v) O(—(u+v))
(u—ie)(v—ie)  (u+ie)(v+ie)
2ieln [/QL2 (u2 + 62)]

u? + €2

Hu(x’ y)Hv(Ivy) =

(144)

= —81°0,0,[H" (z,y)] 2 O(u+v)

using that HY is a fundamental solution (119), and the limit of the last term
is again most easily computed in Fourier space: we have for Rea > 0 [46,
Eq. 10.32.11]

T a71<|p|6)a (145)

f a—i
/ e = 2Vl
(u? +€2)o M(a)(2e)23 272

where K is the second modified Bessel function. It follows that

In [uQ (u2 + 62)] |1 _ _

. 1 2/mlp|> 2/mlp|? ipu 4P
=1 Lt Al N * g _ K. ipu
0 lé <M r(1-06)(2e)z° 4-o(lple (2¢)2 5(|p|6)) © on

ud
- g /e—lple [2 In(2pe) — /P By (2]ple) — v — ln(2|p|6)}elp“§ : (146)

where E; is the exponential integral and we used the value of the modified Bessel
function K, and its first derivative with respect to v at v = 1 [46, Egs. (10.39.2)
and (10.38.7)]. Using the known asymptotic expansion of E; for small argu-
ment [46, Eq. (6.6.2)], we obtain in the limit ¢ — 0 that

In[p?(u® + )] ipu AP
c—pra 27 In(2pu€) /ep 5. = 27 In(2pe) 6(u) (147)

and thus
H,(x, y) Hy(2,y) — —8720,0, [H (2,y)]” — 2riln(2ue) 62(z —y),  (148)

where the first term is a well-defined distribution (the renormalised part, i.e.,

the extension of H,(x,y)H,(x,y) to the diagonal), and the second term is the

anticipated logarithmically divergent local term as the UV cutoff € is removed.
In light cone coordinates (115), the Minkowski metric reads

y 1/01 v 01
dsQ:—dudv:mwdm”dm = mw——2<10>777” _—2<10>7(149)
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such that we can summarise the above results as

Hy(x,y)Hy (2, y) = [Hy(,y) Hy (2,9)]"" + 4min., n(2pe) 6 (z — ) + O(e),

(150)

using that §%(z — y) = 20(u)d(v) and with
[Hy(2,9)Hy(z,9)]"" = 471 02 HY (2, y) + ind*(x — y), (151a)
[Hy (2, y)Hy (2, y)]"" = 4mi O3 HT (2, y) +im6*(z —y) (151b)
[Hy(z,y)Hy(z,y)]"" = —81°0,0, [HF (z, y)]2 . (151c)

To renormalise, we have to subtract the local term, which in the pAQFT frame-
work is done by changing the time-ordered products by local terms. In our case,
with the local term supported at the diagonal z = z;, we thus have to change
the time-ordered products with two entries, one of which is O, (z) and one of
which is a vertex operator V5, g(x;). Since the local term that we want to sub-
tract has scaling dimension 2, the same as O,,,, the time-ordered product must
be proportional to the vertex operator, and we make the ansatz

5T [0 (2) ® Va(@)] = canund®(2 = 2) T{Va(2)] (152)

with a constant ¢, to be determined. From the recursive construction of the
time-ordered products, it follows that

oT ®V0'j5($j) ®OMU(Z) = Co;p 77;Lu252(z_xj)T ®Vojﬂ(xj) ) (153)
j=1

j=1 j=1

and hence the expectation value (139) changes as

wh [T | R Vo, 5(z;) ® Oy (2)

=1

:nuyzca_jﬁ(52(27l’j)w/l’e T ®V0jﬁ(lﬂj)

Jj=1 Jj=1

= Nuv Z 001552(2' — ;) H [“2(_%‘]‘%‘]‘ + ie)]giajH

j=1 1<i<j<n

X exp —% Z UiJjW(xi,ifj) (/,L)

i,j=1
using the result (131) and the explicit form of the Hadamard parametrix (118).
Adding this correction to (139), we can cancel the divergent part by choosing
52
crp = iﬂ In(2pe€) . (155)

We see clearly that the renormalisation is state-independent, which is one of the
central insights of pAQFT. Moreover, as in the Euclidean case we only obtain a
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non-vanishing result in the limit where the IR cutoff A — 0 if the sum of all o;
vanishes, the super-selection criterion of the vacuum sector [45].

For the renormalised expectation value of the stress tensor T, = O, —
%nw(’)pp + 91 (Vs +V_3), we again obtain a sum of four terms, the first two of
which can be read off from equations (139) and (154). As in the Euclidean case,
since the divergent part in (150) is proportional to 7,,, it cancels out between
the first two terms and the stress tensor is finite without counterterms. For the
last two terms, we take the expectation value of equation (131) and use the
explicit form of the Hadamard parametrix (118) to obtain

" o B2
W T Q@ Vs @Va2) | | = [ [P (—uwijvi; +i0)] 77"
j=1 1<i<j<n
L o, 82 g2 &
X H u(xj, z)v(wj, 2) +i€)] 7 77 exp - Z oo Wz, x;)
j=1 i,j=1

, 2
2 n .
A (1+Zj:1 UJ)
In

x exp | — 3> Zaj (5,2 QW(Z z) <ﬁ> . (156)

Since we are in the finite regime 3% < 4, the singularities that arise for ¢ = 0
as x; — zp and x; — z are integrable, and so for this term no further renor-
malisation beyond the normal-ordering is required. Moreover, we again see how
the neutrality condition appears: as A — 0, we obtain a vanishing result un-
less Z?:l 0; = —1. The last term with V_g results in the same result with o;
replaced by —o; on the right-hand side. a

3.8. Proof of theorem &5 (Convergence). As in the Euclidean case, we tacitly
employ Fubini’s theorem to interchange absolutely convergent integrals in this
whole section, and consider numerator and denominator of equation (10) sepa-
rately. Starting with the denominator, we use the result (131) from the proof of
Lemma 2 to obtain

n
T ®ng5($j) :Ahego exp —iﬁZ Z UiajHF(xi,xj)

1<i<j<n

o n PRl %)
X exp f% Z o0, W(zi, x;) <;1)

ij=1

oy 2 6?2 <
2 Ti0j 17
=03 o IT =12 gui)-]"7 % exp - > g W(wi,xy)|

1<i<j<n ij=1
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where we use the notation (uv)+ = lim._o(uv £ ie|u + v|) for the distributional
boundary value. Since o; = %1, to obtain a non-vanishing result we must have
n = 2m with m positive o; and m negative ones. We then rename the z;
with o; = —1 to y; and renumber them. Taking into account that there are
() = (2m)!/(m!)? possibilities to choose m positive ¢; from a total of n = 2m
ones (since equation (157) is symmetric under a permutation of the (renamed)

x; and y; among themselves), the denominator of equation (10) reduces to

W™ ®V/3 v))@Vog(yy)| | [T9@g(yi) d*z; d*y;

0
Hkm w(ay, ool o)) - [u(ws, v ol ) - |
0 — 1) [T [, y)o (s, un)] -
B2 2 Z
X u*mﬂ exp 7% Z [W(xl,xj) — W(yi,xj) — W(:ci,yj) + W(yl, y])]
i,j=1
x Hg(ccng(yi)d%i d?y; . (158)

To bound the terms at order 2m, we change the integration measure to light
cone coordinates

d*z = %du(m) dv(z), wu(x)=2"—2', v(@)=2"+2', (159)

and use that (115)

u(z,y) = u(r) —u(y), v(z,y)=v(x)—v(y). (160)

The absolute value of the terms in brackets factorises into a part depending on
the u and a part depending on the v, and for each of them we use the Cauchy
determinant formula:

p p
H1§j<k§m u(zj, x)u(y;, yr)

[Tjk=1 uls ve)

1 m
- det()
u(zi, y;) i,j=1

P (161)
< ,
ZW:JII |“ 5, Yn(i))|
where the sum runs over all permutations 7 of {1,...,n}, and we used the

estimate (59). For the exponential, we use the second assumption on W

m

W@, ay) = Wlyiwg) = Wi, y;) + Wi y;)] >0, (162)

ij=1
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which lets us estimate the exponential by 1. It follows that the denominator (158)
can be bounded by

/ / Zw:jl_{ “|“ x]’y‘”(J))| zﬂzjr[l M|U xavyw(g))|
X H|9 (@a)llg(ya)| du(z:) dv(z;) du(y;) dv(y;) - (163)

We then estimate
9| < [+ uPu(e)?] [+ pPu(e)?]
|1+ @ 1+ @)

o0

(164)

such that the integrals over the u and the v factorise. We thus need to bound

82
T m

du(z;) du(y;)
/ / ZHM!U T/a,ym)\ 11 ? (165)

m j=1 i [+ pPu(z)?]” 1 +M2U(yi)2]2 ’

and the analogous expression with u replaced by v. Using the Holder inequal-
ity (73) with » = p > 1, this expression can be bounded by

/ / ZH ,u|u i, Yr ()] ﬁ [1 +du 2 dz(yl) 27p

T j=1

V / (@) du(y:) 1 (166)
1[4 pPu(@)?] 770 1+ pPulyi)?]

and choosing p such that p = < 1 (which is possible since we are in the finite
regime 3% < 4), we can use the estimate (60) to obtain

Pz

Sl

T j=1

<2 ﬁ [l e )] o (167)

H’|u x]vyﬂ'(]))’ T j:1

Since the remainder of the integrand is invariant under a permutation of the
y;, the sum over permutations 7 just gives a factor m!, so that we only need to

bound
Y- du(z;) du(y;)
// {M|U($jayj)|} AT f2u(e;) 7 L+ @2u(y o7 (168)

In the region where plu(z;,y;)| > 1, we estimate the first term by 1 and

bound equation (168) by [[(1+ p?u?)=* du]2 < 7%u~2. In the region where
plu(z;,y;)] < 1, we use again Young’s inequality in the form (64) with the
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exponents (65), but now in one dimension and with 3?2 replaced by p32. This
gives

1+ ey 000 - a2
o o5\ [ sn
- ( I'(pp) ) (4ﬂpﬂ2q) ’

where the result for the second norm is equation (67), and the first norm is a
straightforward computation using [46, Eq. (5.12.3)] and [46, Eq. (5.12.1)]. The
result is finite with the choice we made for p, ¢ and p, in particular p3%q =
41 — (47 — pB?) (8™ — pB?)/(87) < 4m and pp > 1. On the other hand, for the
second factor in equation (166) we have the simple bound

Q

(169)

Q=

[/ duﬂ’] < PMI;’JP . (170)
(1 + ,U2U2) p—1

Taking all together, we can bound equation (166) (and thus equation (165)) by

(m')%f( ™ where K is a constant depending on 8 and g, and we recall that
p > 1. Inserting this result into equation (163), it follows that the denominator
of equation (10) is bounded by

-2

3

\o}

>

m=0

[\

A il 2
(m) PR = 3" (m) =LK™ < oo, (171)
m=0

—~

m!)

with the new constant K = K2/4, and where we made the (admissible) choice
p = 8m/(4m + B%). We remark that the bounds (171) are not new and were
already derived in [24]. However, a technical improvement over the proof of [24]
is that we admit arbitrary adiabatic cutoff functions g € S(R?), without any
restriction on their support.

Consider thus the numerator of equation (10), where the renormalised expec-
tation values are given by the sum of (139) and (154) with the choice (155) to
cancel the divergent part. We see that in the physical limit A — 0 again only
even terms with n = 2m contribute, and taking into account the symmetry un-
der the exchange of variables and renaming integration variables as in the case
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of the denominator, the numerator reads

82
- Ill<]<k<hn w(@j, )o@, or)] - [wy;, yr)v(y;, ye)l- | 7
P 1) T [ )0 o)
thza 8 ”21 H,(z,2:)H,) (2, y;5)
- Z QW (z,2i) = W(z,4:)|0,[W (2, 25) — W(z,y;)]
i,j=1
ﬂQ -
+ o D H (2 20) = Hu(2,9:)10,) [W (2,25) = W (2, y5)]
Py
BZ
) Z [H,(z,2:)Hy) (2, 25) + H,(2,y:) Hyy (2,95)]
1<i<j<m
167‘(’2 [ Z 1'] (vaj)]ren + [HM(Zvyj)HV(Zayj)}ren}]
[32 2 m
X p " exp |~ D Wiy ag) = Wy ;) — Wi, y;) + Wy, ;)]
)
X dQZHg (3)9(yi) d z; d?y; . (172)

We see that there are various different types of terms, some of which are equal
since we can interchange z; and y; without changing the result, and we will
bound all of them separately. Consider first the terms that only contain W but
no derivatives H,, of the Hadamard parametrix. By the first assumption on W,
it and its derivatives grow at most polynomially such that

k

lim 9707 W(z 2| < w[l + pPu(z)? + u%(z)z} , (173a)

2=z ‘

0.W (=) < wLt p2u(2)? + (2] [L+ pu(e)? + o]
(173b)

k

for some constant w > 0 and some k € N. It follows that the contribution of the
terms that only contain W but no derivatives H,, to the numerator (172) can be
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bounded by
82
— p " H1<j<k:<m xjaxk) () u(ys, yr)v (Y, ye) |7
7%—20 (m' /‘f |/ /‘ jk 1U($J,yk) ('r]ayk)
X |w [1 + pPu(2)? + ,u2v(z)2} + 2w [1 + pPu(z)? + u2v(2)2} *
m 2
x| [1 + pPu(z;)® + MQU(%‘)Q} * + [1 + pPuly:)® + /fv(yz-)ﬂ k] 1
i=1
5
X exp 7? Z [W(II,IJ) — W(yi,xj) — W(xi,yj) + W(yv,yj)]
ij=1
x &%z [Tlg(za)llg(y)l s dy; (174)
i=1

The integral over z can be estimated by a constant C depending on the test
function f and the constants w, k and $2. Absorbing the terms [1 + pPu(z)? +

k
uzv(xi)ﬂ into the test functions g(z;) to obtain new test functions g, and taking

into account that the middle sum in equation (174) contributes m? terms, which
by renaming of integration variables all give the same contribution, we can then
repeat the derivation of the denominator estimates for the remaining terms. It
follows that equation (174) is bounded by

O (m)F I K™ < oo, (175)

m=0

where K depends on § and thus also on W. Next consider the mixed terms
involving W and H, = —4mid,H" (140). Integrating the derivative by parts
and using the estimates (173) for W, the contribution of these terms to the
numerator (172) can be bounded by

i A // /’HKKKm ulws, o)v (@5, or)ulys, ye) o (Y, yr) =

(m!)? 1} e ulzs, yu)v (@, yr)

m=0

x 8w’ [|f<z>|+s3p|auf<z>|] (14 w2u(@)? + p2o(22] [ )

2 m
xexp | < ST W ) — Wil s) = W) + W (5, )
ij=1
« @2 [ gt 19(s)| d%x: %y, (176)

=1
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k
where we have again absorbed terms [1 + pPu(x;)? + /Pv(xi)z} into the test

functions g(w;), and the factor of m? arises because all the terms in the sum
give the same contribution. To compute the integral over z, we use that the
Hadamard parametrix |H"| (118) factors in the limit € — 0, such that

1 1 1
F
< = + — + =
|H (z,x)’ 1 IIn |pu(z, z)|| 1 [In |po(z, )| 1 (177)

The contribution of the last term is bounded by
k
[ 2o +swpl0, 1|14 2ue 4 o] <ol
o

where the constant C' depends on f and W through w and k. For the contribu-
tions of the logarithms in (177), we first bound

582 |11 (2)] + sup 0, | [1+ () + 2]

B (179)

< Ot wue?] 1+ pu?]

where the constant C' depends on f and W through w and k. We then change
the z integration to light cone coordinates (159), such that the integral over z
factors, and then use the estimate

In |pu(z, z)||* 2

[tz @)|[” . L'L—Lugu’(,z))t du(z) < ;ck In* (2 + plu(x)]). (180)
and the analogous one with u replaced by v. It follows that the integral over
z in equation (176) is bounded by a constant C' depending on f, g and W.
For the remaining terms we repeat the derivation of the denominator esti-
mates, absorbing the logarithm of equation (180) in the test functions g since
lg(x:)|In(2 + p|u(z;)]) is still a rapidly decreasing function. It follows that also
the contribution of the terms involving both W and H,, to the numerator (172)
is bounded by a sum of the form (175).

The bound (180) is proven as follows: we estimate first that

N R S P
1+ p2u(z)? du(z) = I / 1+ [s + pu(z)]? d (181)

2/°° |In s|*
Si sta
plo 1+ [s— plu(z)]]

and thus only have to show that

o° |lns|k &
————ds < ¢, In"(2 182
/0 1+(87(l)2 S_C;.;Il( +a) ( )
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for a > 0. We compute
0o 1 k 1 _1 k [e%e] 1 k
/ 7|ns| ds:/ 7( ns) ds+/ s
o 1+ (s—a)? o 1+ (s—a)? 1 1+ (s—a)?

1 1+a lk [e%S) lk
g/ (—lns)kder/ %dsqt/ %ds
0 1 l+(s—a) l4a L+ (s —a)

& La 1 > Inf(s 4+ a) (18
<k!+In (1—1—(1)/1 mds—i—/l st
<kl'+ Zﬂlnk(l +a)+ /100 [In(s) 41—3_12224— o))" ds
using the inequality (valid for a >0, b > 1)
In(la+0b) <lnb+In(2+a) < (a+b)<b2+a), (184)

which is proven in the standard way by showing that it holds for a = 0 and that
the first derivative with respect to a of the left-hand side is smaller than the one
on the right-hand side. Using further that

> InF(s)
< k! 1
/1 s <, (185)
we obtain
/Oouns'k ds <K+ Srint(1 +§kj In*="(2 + a)m
o 1+ (s—a)? =
m=0 (186)

< (2k! + in) In*(2 + a)

as required.

The remaining terms in equation (172) either involve two derivatives H,
of the Hadamard parametrix at different points, or the renormalised product
[H,(z,2)H,(z,2)]"" (151). We start with the latter ones, which contain local
terms proportional to §?(z — x) as well as derivatives acting on the Hadamard
parametrix and its square. The local terms allow to perform the integral over z,
resulting in a factor f(z;) or f(y;) which can be estimated by | f|| ., and for the
remaining terms we can repeat the derivation of the denominator estimates. The
terms with derivatives acting on the Hadamard parametrix and its square are
integrated by parts to act on f, and as before we introduce factors of [1+p?u(2)?]
and [1 + p%v(2)?] and use that |[1+ p2u(2)?][1 + p?v(2)%0,0, f(z)| < C. The
remaining integral over z is then bounded using equation (180). We can again
absorb the logarithm in the test functions g, and since there are 2m < 2m?
terms involving [H,(z,z)H,(z,2)]"", it follows that also their contribution to
the numerator (172) is bounded by a sum of the form (175).

To bound the remaining terms with two derivatives H, of the Hadamard
parametrix at different points, we first consider the case where u = u, v = v.
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Using that HY is a fundamental solution of the Klein-Gordon equation (119)
and the definition of H,, (140), a straightforward computation results in

[ Hule o) (2. () €22 = 20 H )l (0) + )
(187)
- 87r2/HF(z,x)HF(z,y)auavf(z) d?z.

To estimate the second term, we introduce factors of [1 + p?u(2)?] and [1 +
u?v(2)?] and use Holder’s inequality (73) with r = 2 to obtain

’ / HE (2, 2) H (2, )90 f(2) 422

< |+ g2 + p2o(2)210u00 1|

/ [H"(z,)] e | |1 )] 2|
[+ 12u(2)?][1 + p?0(2)?] [+ 12u(2)?][1 + p?0(2)?] '
(188)

Using the bound (177) for the Hadamard parametrix and the estimate (180), we
obtain the bound

] / HE (2,2) HY (2,4)9,0,/ () 42| < CIn(2 + prlu(2)]) In(2 + plo(z)])

(189)
x In(2 + plu(y)]) n(2 + plo(y)]),

where the constant C' depends on f, and we can again absorb the logarithms
in the test functions g. Repeating the derivation of the denominator estimates
and taking into account that there are m? + m(m — 1) < 2m? terms with
two derivatives H,, of the Hadamard parametrix at different points, it follows
that also the contribution of the second term in equation (187) to the nu-
merator (172) is bounded by a sum of the form (175). On the other hand,
the first term in equation (187) is directly bounded using the bound (177) for
the Hadamard parametrix, which is however logarithmically divergent for small
u(x,y) or v(x,y). We can then almost repeat the derivation of the denomina-
tor estimates, except that we need to bound equation (168) in the case that an
additional logarithm is present, i.e., we need to bound

~rle du(z;) du(y;)
// |:“|U($],yj)|] |1n|'uu(x]’yk)”[1+u2u(m3)2]f’ [1+/~//2u(y])2]p (190)

in the two cases k = j and k # j. We start with the case k = j, and use the
well-known bound! )
r

—

Inz < —(2"-1) < =2" (191)
r
for z,r > 0 to estimate

2 2
B
—PEx

B
—PIx 8
ey )] " ety )l < 2 [t )l] T (192)

1

L Tt can be proven in the standard way, noting that for f(z) = Inz — +(27 = 1) we have
<1

f(1)=0and zf'(z) =1 —2"<0forz>1, 2f'(z) >0 for 2 <1
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In the region pl|u(zj,y;)| > 1, we then estimate this term by 8/(pS?), and
bound equation (190) by 87 /(pB?)[[ (1 + p?u?)~* du]2 < 873 /(pB?u?). In the
region where plu(z;,y;)| < 1, we use again Young’s inequality in the form (64)
with the exponents (65), but now in one dimension and with 3% replaced by
pB?/2. This gives

1+ ) 2[00 = a5

e mL) N ( 167 )i
) ) \s—oia)
which is finite with the choice we made for p, ¢ and p as before. For k # j, we
use again Holder’s inequality (73) with r = (47 — p3?)/(2p53?) to obtain

// [“'“Wyj)}_pﬁlnmu(xj,ym[ du(z;) du(y;)

T wula, PP T+ #2ul, )7

! (193)

1

o duw)  duly) ]
< l// [/‘\u(xjvyj)ﬂ [1+u2§u(xj)2]p [1+u251y(yj)2]/)] (194)

du(z;) dufy,) ]
1+ p2u(x;)?]e [1+ p2u(y;)?]e

x [/ I e )7

With this choice of r, we have r > 1 and 7p3%/(47) < 1 such that both integrals
are convergent, and we can bound each of them by repeating the estimates
used to bound (190). Since there are m? + m(m — 1) < 2m? terms with two
derivatives H,, of the Hadamard parametrix at different points, it follows that
also the contribution of the first term in equation (187) to the numerator (172)
is bounded by a sum of the form (175).

We thus consider the remaining terms with two derivatives of the Hadamard
parametrix at different points for y = v = w; the case 4 = v = v is completely
analogous. Using the definition of H,, (140), we compute

Hy(z,2)Hu(z,y) = ) Oa(u+v)(z,2))0b(u +v)(z,y))

a,b=%+
" 9 In[(u(z,z) — aie)?] — In[(u(z,y) — bie)?]
ou(z) 2u(z,y) + 2(a — b)ie

0 0
- [au(z) - av(z)] a;i O(a(u+v)(z,2))0(b(u + v)(2,y))

In[(u(z, z) — ai€)?] — In[(u(z, y) — bie)?]
2u(z,y) + 2(a — b)ic

0 a 12
- [ - 67)(2)] 2, Olalut vz )Pt o))
(u(z.) — aie) Inf(u(z, 2) — aie)?]  (u(z.y) — bie) In[(u(z, y) — bic)?]

% 2u(z,y) + 2(a — b)ie ’

(195)

X
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and since the last fraction is integrable in u(z) and has a finite limit as y — x
even for e = 0, we can take the limit ¢ — 0 and obtain

0%  Tu(z,z)Infu(z,2)?] — u(z,y) In[u(z,y)?]
Ou(z)? 2u(z,y)

H,(z,2)H,(z,y) =

Using the mean value theorem for f(u(x)) = u(z,z) In[u(z, x)?], we have

u(z,x) ln[u(z,x)Q] — u(z,y) ln[u(z,y)Q] — f/(u(a)) - _9_ ln[u(z, a>2] (197>

for some point a such that min(u(x), u(y)) < u(a) < max(u(z),u(y)), and thus

19
Hu(zyx)Hu(z,y) = _§8u(z)2

In[pu(z,a)?] . (198)
Introducing as before factors [1 + p?u(2)?], it follows that we can estimate

§1H[1+u2u()][ L4 p2u(2)21021 (=)

du(2) du(z)
/|ln|u (2,0) 1+u u(z)2 / 1+ p?v(z)?’
(199)

}/HAamHa@wﬂa¥z

and the integrals are estimated using equation (180). Finally, we use

(2 + prfu(a)]) < (2 + plu(@)]) + (2 + plu(y)) (200)

absorb the logarithms in the test functions g and repeat the derivation of the
denominator estimates. It follows that also the contribution of the terms with
two derivatives of the Hadamard parametrix at different points for p = v = u
and p = v = v to the numerator (172) is bounded by a sum of the form (175),
using again that we have m? +m(m — 1) < 2m? of this type.

For the first two terms of the stress tensor T, = O, — %UWOP” + 91, (Vs +
V_3) we can take over the above bounds. For the third term, we use the re-
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sult (156) and thus have to bound

n n

Zn‘/ / Z W00 T Vg(gf)®®vgj5(xj) Hg(xi)dei

oi=+1 j=1 i=1

5 R f s f -

_H1§j<k§m[u(xj’ Tg)v(T), k)] - H1§j<k§m+1[u(yj7 yr)v(ys, yr)] -

ﬁ2

4m

X m m—+1
(=)™ I, Ty [uly, yw)v (s, ye)) -
' 1 " o, 2o D) |
| Tl 0(mer 2 1} [u(5, 205, 2)]-
i 2 m m
i=1 j=1
xexp | =2 (W (@, 2) = Wy, 2) = W (@i, ymy1) + W(yuymﬂ)]]
L 52 =1
X exp _7[W(ym+17ym+1) = 2W (Ym+1,2) + W(ZUZ)]}
x d?zd? Ym+1 Hg xz yz) d? £ d? Yi s <201)
=1

where we used that because of the neutrality condition only odd terms n =
2m + 1 give a non-vanishing contribution. Of these, m have a positive o; and
m + 1 have a negative one, such that the sum over the o; resulted in a factor
of (27’”1) = (2m + 1)!/(m!(m + 1)!), and as before we renamed the integration
variables with a negative o; to ;. The second assumption on W shows that the
exponentials can be bounded by 1, and setting x,,4+1 = z the terms in brackets
combine to

52

4w

H1§j<k§m+1 [w(zj, z)v(@s, zr)] - [u(ys, yu)v (s ye)l-
(=)™ T [y, yi)o (g, )] -

We can then use the same steps as in bounding the denominator (158), with the
result that the series (201) is bounded by

(202)

o}

1 2 om Y -
||f||oo Z m[(m+ 1)!]1+47rK +1 S C Z(m!)u 1m2K 5 (203)
=0 : ’ m=0

with the constant C' now also depending on K and thus on g. The same bound
is obtained analogously for the fourth term in the stress tensor involving V_g,
which switches z; with y; in equation (201).
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Since we have shown that the denominator of the Gell-Mann—Low formula (10)
is a convergent series in g (171) starting with 1, and is thus bounded by % from
below for sufficiently small | g ., the required bounds for the expectation values
of O, (f) and T),,(f) follow. O

3.4. Proof of theorem 6 (Conservation). As in the Euclidean case, to show that
the interacting stress tensor is conserved it is enough to show that the numerator
of the Gell-Mann-Low formula vanishes when smeared with a test function of
the form 0 f with f € S(R?). Consider the numerator for O, (172), and smear
it with 0* f. The result contains now three different types of terms: the ones with
the renormalised [H,,(z,y)H,(z,y)]"™" (151), the ones involving double sums of
H,, and the ones 1nvolv1ng W. We start with the latter type, which contains
double sums involving W, a coincidence limit of derivatives of W, and a mixed
double sum involving W and H,,. For the double sums involving W, we compute

/ 9" f(2) {a(#w(z,w)%W(z,y) - %nuua"W(Z’x)apW(zvy) =
(204)
= 7% /f(z) [82W(2'7 m)auW(za y) + 81/W(Za $)82W(Z, y)] d2Z

where x and y do not need to be distinct. Since W is a bisolution of the Klein—
Gordon equation 92W (z,y) = 6§W(Jc, y) = 0, these terms vanish. For the terms
involving the coincidence limit, we use Synge’s rule [61]

05 lim f(z,2') = lim. [a; F(22) + 07 1 (2, z’)} , (205)
and compute

/ 0" f(2) lim [a;aj’vv( ) - ln,wa W (2, 2 )] a2z
z'—z (206)
—/f( lim [6262 Wz, 2') — 58; (a; —85/)8§,W(z,z')] a2z

2=z

The first term again vanishes since W is a bisolution, while the second one
vanishes because W (z,y) = W(y, z) is symmetric in « and y, exchanging z and
z' in one of the two parts. Lastly, for the mixed terms involving both W and
H,,, we obtain

/8“f(z) {H(N(z,x)&,)W(z,y) — ;nIWHP(z,x)ﬁpW(z,y)} d?z
207
/f [ O H (2, 2)0,W (2, ) + 2H (2, 2)PW (2, y)} a2z 0

and since I is a bisolution, the last term vanishes. However, for 0* H,, we obtain
instead using the definition of H,, (140)

O'H,(z,2) = —4mi 0?HY (2,2) = —47i §%(z — x), (208)
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since the Hadamard parametrix HF is not a bisolution of the (massless) Klein—
Gordon equation, but instead a fundamental solution (119), and hence

[ 041 | Ho )0 W () = P )0, )| 22
= 2mif(z) O, W (z,y).

(209)

Similarly, for the terms involving double sums containing H,(z,z;)H,)(z, ;)
with ¢ # j, we obtain

[0 1) o) Hop ) = o) )| 25
=21 [f(x) Hy(z,y) + f(y) Ho(y, 2)] = 271 [f(2) = f(y)|Ho (2, y),

and for the terms involving the renormalised [H,,(z,y)H, (z,y)]"" it follows that

(210)

[ 0452 o)™ = S 1) )] 2
= _253/3vf(z)[Hu(z,x)Hu(z,x)]re“ d?z (211)

—253/8uf(z)[HU(z,x)HU(z,x)]rendZZ

using the form of the Minkowski metric in light cone coordinates (149). Insert-
ing the explicit expressions for the renormalised [H,, (x,y)H, (z,y)]"" (151), we
obtain

[ ) (e B Sl ) |

— _8ni / DDy f(2) HF (2, 3) 4% — 2mi020, f(2) + 0200 f(2)] 212

=270, f(x) — 270, 0y f(x) + 0,0, f ()],
using that HY is a fundamental solution (119) of the Klein-Gordon equation.
Analogous to the Euclidean case (96), we compute

[Ti<jcham (@), zi)v(@), zp)] - [w(y;, ye)o(y;, yk)]—‘| «

(=1 [T e [w(, y)v(, yi) ] -

05 In [

L 1 - 1 213
=00 > > (213)

[ [u($g7 xk?)] —sgn(utv) T [U((Ee, yk)]— sgn(u+v)

. 52 1 = 1
Ho |2 ~ 2 G

[y [U(.%‘g, xk)]— sgn(utv) T [ ]— sgn(u+v)
where we recall that

[z, )] - san(uro) = limlu(ze, z) —iesgn((u +v)(ze, zx))], (214a)
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[0z, 2x)] - sgn(uro) = limfo(ae, z) — iesgn((u + v)(ze, 21))] (214b)

are the distributional boundary values obtained in the physical limit. We multi-
ply by f(z¢), sum over £ and rename summation indices to obtain

d [T ity oes, @]l ol -]
alkl ) >
2 f@)orn 0 [T 5, )0, )]
W B2 % flzy) — flxx) - f(x5)
—gull _
Yar 1§a§k:§m [z, k)] - sgn(utv) = [W(zj, Yr)]— sen(utov)
B f(xy) — f(xr) - f(z))
5 _
- Y An ;k;rl [U(xj7xk)]—5gn(u+v) k=1 [U(wjvyk)]—Sgn(u—&-v)
2 m
1<j<k<m j,k=1
(215)

where in the last equality we used equation (140) in the limit € — 0, which can
be written as

1 1

[u(x’ y)]f sgn(u+v) o (x’ y) N [’U(]}, y)], sgn(u+v) ’ (216)

H,(z,y) =

By the same procedure, we also obtain the analogous equation with z and y
exchanged. Similarly, we compute

m 2 m
Zf(ffk)aff’“ exp —% Z (W (s, 25) — Wy, zj) — Wi, y;) + Wiy, y;5)]

k=1 ij=1

2 m
= Bexp |~ W lainy) — W oo 2) — W (i) + W (i)
ig=1
S Fa) 02 (W (an a5) — Wlon, )] (217)
jk=1

where the derivative acts on the first argument of W, as well as the analogous
equation with =z and y exchanged. It follows that the numerator of the Gell-
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Mann—-Low formula for the stress tensor, smeared with 9 f, reduces to

Z%// Z W00 | T Tuy(auf)®®vgjﬁ(xj) Hg(m
n=0 o;==+1 j=1 i=1

= ot 2ot ey ) -
— =) T [ul@s, v v (s, )] -
x Z[a V) + 00 ()]~ gﬂZ[ayf(xiHauf(yi)}

2 m
+ 2o D000 f ) + 550uf (25) + 6,00 f () + 5,00 f (1))
j=1

82 2 =

B2 B
X p T exp | = Z Wi, x5) = Wy, x5) = Wi, y;) + Wiyi, y5)]
ij=1

x [To(@)g(y) d*a; dy,

Dm0 [, ye v (g, )] -
_(m+1)ﬁ o m+1
mexp | =0 > (Wizi,zy) — Wy, ;) — Wi, y5) + Wy, ;)]

2 £
3,j=1

X

m—+1
X [0 f(@mi1) + 00 f (ymi1)) [ ] 9(wi)g(ys) i Py, (218)
i=1
where we integrated some derivatives by parts, used that by assumption g is
constant on the support of f, and for the last two terms in the stress tensor
involving the vertex operators used the result (201) with z renamed to 41
and the analogous result for V_g with z renamed to y,,41. Shifting in the last

sum the summation index m — m — 1, and using that because of the symmetry
of the integrand we can replace

m

Ouf (o) + 0uf(m) =~ S (00 (i) + 00 (1), (219)
i=1

the last sum in equation (218) coming from the vertex operators in the stress ten-
sor cancels the first sum in brackets in the first sum in equation (218), completely
analogous to the Euclidean case. However, the other terms do not cancel, and
to remove them we need to use the finite renormalisation freedom we still have,
redefining time-ordered products involving one O,,, and one vertex operator V.
Analogously to the redefinition (152) that was needed to renormalise the

time-ordered products, we make a further redefinition of the form

0T 1O (2) ® Va(@)] = (cadydy + cadpndy) 6%(z — x) T{Va(x)] (220)

/ / [Hl<g<k<m+l[ u(zj, we)v(zy, or)] - [u(y), ye)o(y;, yr)] -

T

52
in



54 M. B. Frob, D. Cadamuro

with (finite) constants ¢ and c%; there is no need for a term proportional to
Ny since it would cancel out in the stress tensor anyway. Analogously to the
change (154), this induces a change in the expectation value of O,, and thus
T,,,, which reads

ST | QR Vi, 5(x5) @ Tp (2) | | = ™| 6T | Q) Vo, 5(w) @ Opu(2)
=1 j=1

2

0o b=
(e, pod + b ponos )02z =) [T [W3(-uijvgs +i6)]

Il

j=1 1<i<j<n
ﬁZ n A ﬁz—(zj 1 ])2
47
X exXp —7 Z O'iO'jW(.Ii,JTj) (/j,) 5 (221)

i,j=1

since the redefinition (220) is traceless. In the physical limit A,e — 0 again
only neutral configurations with Z;-lzl o; contribute, and summing over n and
smearing with the adiabatic cutoff function g and the test function f, we obtain
the change of the numerator of the Gell-Mann—Low formula for the stress tensor:

an/ / Z W™ oT ®V05 zj) @ Ty (f) 1:[19(%)(12561‘

o;==*1
82
. S H1<j<k<m w(@y, ze)v(@y, o )] - [uly;, ye)o(y;, ye)l- |
=) [T [z ) v (5, i)l
X Z 5u5u Cﬁf z;) +c ﬁf(yj)) + 5Z55 (CEf(ng) + Ciﬁf(yj))]
j=1
82 2 &
s exp | < S W ) — Wl 5) = Wi, u) + W (5, 5)
inj=1
X Hg(ml)g(yz) d%z; d%y; (222)
i=1

where we have used (as before) that only the terms with n = 2m with m positive
o; and m negative ones contribute, renamed the integration variables for V_g
to y;, and took into account that there are () = (2m)!/(m!)? possibilities to
choose the m positive o; from a total of n = 2m ones. Replacing f — 0" f, the
terms in the sum result in

0,0, (50" f(x7) + € 30" £ (y;)) + 6,0, (50" f () + 50" f (7))

(223)
= —20 (¢, f () + ¢ 300 f(y5)) — 263 (chOuf () + ¢ 50 f (y;))

using the explicit form of the Minkowski metric in light cone coordinates (149),
and adding this contribution to the numerator of the Gell-Mann—Low formula
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for the stress tensor, smeared with 9 f (218), we can cancel the offending terms
of the third sum in brackets by choosing

2
cig=chg=—i Ton " (224)
In effect, the result of this redefinition is to remove the local terms in the renor-
malised [H,(x,y)H,(z,y)]"™" (151) for the uu and vv components, such that
[Hy(z,y)Hy(z,y)]"" = 471 02H" (z,y) and analogously for the vv component.
The remaining term in equation (218) is of the same form as the contribution
of Vig (201), and as in the Euclidean case it follows that a modified stress tensor
is conserved in the quantum theory: we have

o0 1 R n n
S / . / S W00 T | Ty (0 ) @ R Vi) | | T 9(s) 25 = 0
n=0 s oi==+1 j=1 i=1
(225)
with (15)
R 32
Ty =Ty — ggn#y(vla +V_g5). (226)

One might ask if a further redefinition of time-ordered products could be used to
get rid of the extra term in equation (226), such that the classical stress tensor
would also be conserved in the quantum theory. However, this is impossible
since the term in question is proportional to 7,,, and modifying O,, by any
such term has no effect on the stress tensor. Moreover, redefinitions of time-
ordered products only involving V3 are not allowed by dimensional reasons in
the finite regime 32 < 4, so the modified stress tensor (226) is unique. a
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