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Abstract: We consider the simplest non-trivial local composite operators in
the massless Sine-Gordon model, which are ∂µϕ ∂νϕ and the stress tensor Tµν .
We show that even in the finite regime β2 < 4π of the theory, these operators
need additional renormalisation (beyond the free-field normal-ordering) at each
order in perturbation theory. We further prove convergence of the renormalised
perturbative series for their expectation values, both in the Euclidean signature
and in Minkowski space-time, and for the latter in an arbitrary Hadamard state.
Lastly, we show that one must add a quantum correction (proportional to ℏ) to
the renormalised stress tensor to obtain a conserved quantity.

1. Introduction

The Sine–Gordon model is a well-studied example of a two-dimensional inter-
acting quantum field theory. Its classical Euclidean action is given by

S[ϕ] =
∫ [1

2∂µϕ∂µϕ + 1
2m2

0ϕ2 − g(Vβ + V−β)
]

d2x , (1)

where V±β ≡ e±iβϕ are the vertex operators, m0 ≥ 0 is a mass parameter, β > 0
is the coupling constant and g is the interaction cutoff. While a priori, one takes
g as a function of compact support or rapid decay (Schwartz function), ulti-
mately one is interested in the adiabatic or infinite-volume limit g → const. The
quantisation of the Sine–Gordon model, in various ranges of the parameters and
using diverse approaches, has been treated by many authors, with the earliest
results in the framework of Euclidean Constructive Quantum Field Theory. It
turns out that for β2 < 4π (the finite regime), after Wick ordering of the vertex
operators a convergent perturbation theory in g is obtained. In this regime and
for sufficiently large |m0/g|, Fröhlich and Seiler [1–3] proved convergence of the
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perturbation expansion of the Euclidean correlation functions of the field ϕ and
the vertex operators V±β in infinite volume. In their proof, the mass term was es-
sential to regulate the infrared problems that appear for the massless free scalar
field. They also showed the existence of single-particle states and non-trivial
scattering.

Still in the finite regime β2 < 4π, the existence of the massless limit for the
infinite-volume Euclidean correlation functions of vertex operators V±β and the
derivative of the interacting field ∂µϕ was shown by Fröhlich and Park [4,5], who
also proved that the Osterwalder–Schrader axioms are satisfied. For 4π ≤ β2 <
8π (the super-renormalisable regime), Wick ordering is not sufficient anymore,
and a new divergent term that needs to be renormalised appears in perturbation
theory each time β2 crosses a threshold n/(n+1)8π. In this regime, the ultraviolet
stability of the Sine–Gordon model (i.e., the convergence of the renormalised
partition function in finite volume together with exponential bounds) has been
shown by Benfatto, Gallavotti, Nicolò, Renn and Steinmann [6–8] using cluster
expansions and Dimock and Hurd [9, 10] and Renn and Steinmann [11] using
renormalisation group techniques, for both the massive and the massless case.
For β2 < 16/3π (the second threshold), Dimock [12] has also shown the existence
of correlation functions of the vertex operators in finite volume. Using Hamilton–
Jacobi-like (or Wilson–Polchinski) flow equations, Brydges and Kennedy [13]
showed convergence of the partition function in the massive case and infinite
volume for β2 < 16/3π, and Bauerschmidt and Bodineau [14] extended their
results to β2 < 6π.

Finally, for β2 = 8π the Sine–Gordon model becomes strictly renormalis-
able. Here, only perturbative renormalisability has been proven by Nicolò and
Perfetti [15], while the non-perturbative existence of the model is unknown.

In the full range 0 ≤ β2 ≤ 8π, the Sine-Gordon model has been conjectured
to be equivalent to the Thirring model, entailing a boson-fermion equivalence
(Coleman’s equivalence [16], see also [17,18]). Under this equivalence, correlation
functions of vertex operators and derivatives of ϕ in the Sine–Gordon model are
equal to correlation functions of fermion bilinears and currents in the Thirring
model if the parameters of both models are suitably identified; in particular,
the Sine–Gordon coupling g is identified with the mass of the fermion while β is
related to the current-current coupling λ in the Thirring model. This equivalence
has been proven for β2 < 4π by Fröhlich and Seiler [3] in the massive case, by
Benfatto, Falco and Mastropietro [19] in the massless case and in finite volume,
and by Dimock [12] for β2 = 4π (where the Thirring model becomes free) also
in finite volume. Only recently, Bauerschmidt and Webb [20] achieved a proof
of this correspondence for the massless case in infinite volume, also for β2 = 4π.

On the other hand, the classical massless Sine–Gordon model is integrable
and one expects that integrability survives quantisation, such that the S-matrix
factorises into two-particle scattering functions. Their form for the Sine–Gordon
model has been conjectured by Zamolodchikov and Zamolodchikov [21], but
the integrable structure and the factorisation of the S-Matrix are not visible
in the previous constructions. The conjectured S-matrix of the massless Sine–
Gordon model has been studied in the form factor programme by Babujian,
Karowski and collaborators [22, 23]. In this approach one computes Wightman
n-point functions of interacting pointlike local fields in terms of certain matrix
components (“form factors”) of these. However, one has to deal with infinite
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expansions whose convergence is difficult to control, and therefore the existence
of the fields themselves is currently out of reach in this approach.

A rigorous construction of the massless Sine–Gordon model has been achieved
directly in Minkowski spacetime in the framework of perturbative Algebraic
Quantum Field Theory by Bahns and Rejzner [24]. In the finite regime, they
proved that the perturbation series for the S-matrix with fixed interaction cutoff,
as well as the derivative of the interacting field ∂µϕ and the vertex operators V±β ,
which are given as formal power series both in the coupling g and in ℏ, converge.
However, the expected factorization of the S-matrix has not been shown, which
is probably only visible in the adiabatic (infinite volume) limit. In a later paper
together with Fredenhagen [25], the authors also constructed a family of unitary
operators (relative S-matrices) which generate the local algebras of observables
(vertex operators and derivative of ϕ) of the model, and discussed the equivalence
with the massive Thirring model.

In the general framework of Algebraic Quantum Field Theory, an alternative
new approach to the construction of integrable quantum field theories has been
carried out by Lechner starting from an idea of Schroer [26]. In this approach,
a model is characterized in terms of its C∗-algebras of local observables obeying
certain consistency conditions (Haag-Kastler axioms). The factorized S-matrix
is an input to the construction of the theory. This approach uses as its starting
point observables localized in wedge regions (wedge commutativity) and shows
existence of strictly local observables in a second step, using abstract methods
based on the theory of von Neumann algebras. This leads to a fully rigorous
construction of the theory for a large class of scalar S-matrices [27].While this
class does not include the massless Sine–Gordon model, there are recent steps
towards the Sine–Gordon model by Cadamuro and Tanimoto [28]. A character-
isation of local observables on the level of expansion coefficients into an infinite
series of interacting creation and annihilation operators has been carried out for
scalar S-matrix models by Bostelmann and Cadamuro [29]; for the massive Ising
model, this leads to a rigorous construction of local observables [30]. However,
outside these special cases, showing convergence of the series remains difficult.

The Sine–Gordon model has also been studied in the framework of stochastic
quantisation, where one introduces a stochastic partial differential equation de-
pending on an auxiliary (“stochastic”) time τ . Computing equal-time stochastic
expectation values of the solutions to this stochastic PDE, the Euclidean corre-
lation functions in the quantum theory arise in the limit τ → ∞. Using Hairer’s
framework of regularity structures to solve the stochastic PDE for the Sine–
Gordon model, Chandra, Hairer and Shen [31, 32] have shown the short-time
existence of solutions in the finite and super-renormalisable regime 0 ≤ β2 < 8π,
but the existence of the infinite-time limit is unproven so far. The measure of the
massive Sine–Gordon model in finite volume and for β2 < 4π has also been con-
structed using stochastic control techniques by Oh, Robert, Sosoe and Wang [33]
and by Barashkov [34].

In this paper, we consider the simplest local composite operators of the mass-
less (m0 = 0) Sine–Gordon model (beyond vertex operators and the derivative of
the field), which are Oµν ≡ ∂µϕ ∂νϕ and the stress tensor Tµν ≡ Oµν − 1

2 ηµνOρ
ρ+

gηµν(Vβ + V−β) (with ηµν replaced by δµν in the Euclidean case). We consider
both Euclidean and Minkowski signature and work in the finite regime (β2 < 4π)
of the massless theory. To that end, we use the well-known Gell-Mann–Low for-
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mula for the perturbation series of interacting fields, and show convergence of
the renormalized perturbation series with an adiabatic interaction cutoff g, after
removal of the initial IR and UV cutoffs. While we do not attempt to remove the
adiabatic cutoff, we show convergence for arbitrary Schwartz functions g, which
in the Minkowski case represents a technical improvement over [24, Thm. 6],
whose results only hold if the support of g is small enough.

Our results are as follows: We start with the case of Euclidean signature.
In view of the Gell-Mann–Low formula, we first show that the renormalised
expectation values of Oµν and Tµν are well-defined (in the sense of distributions)
after removal of the IR and UV cutoffs:

Theorem 1 (Renormalisation in Euclidean signature). Consider the mass-
less Euclidean Sine-Gordon model in the finite regime β2 < 4π and with the free-
field covariance CΛ,ϵ with IR cutoff Λ and UV cutoff ϵ. There exists a choice of
local counterterms (diverging logarithmically with the UV cutoff ϵ) such that the
renormalised expectation values〈

Nµ[Oµν(z)]
n∏

j=1
Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0,ren

(2)

in the free theory, with Nµ denoting normal ordering with respect to the co-
variance Cµ,ϵ and σj = ±1, are well-defined distributions in the physical limit
Λ, ϵ → 0. For the stress tensor, the physical limit

lim
Λ,ϵ→0

〈
Nµ[Tµν(z)]

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0,ren

(3)

exists without counterterms. The expectation values involving Oµν vanish in the
physical limit unless the neutrality condition

∑n
j=1 σj = 0 is fulfilled, while the

ones involving the stress tensor vanish unless
∑n

j=1 σj ∈ {−1, 0, 1}.

We then show convergence of the renormalised Gell-Mann–Low perturbation
series with an adiabatic cutoff in the physical limit, i.e., for vanishing IR and
UV cutoffs:

Theorem 2 (Convergence of the renormalised perturbation series).
Under the same assumptions as in Theorem 1 and with a non-negative adia-
batic cutoff function 0 ≤ g ∈ S(R2), the perturbative series for the (normalised,
interacting) Gell-Mann–Low expectation value of Oµν

⟨Nµ[Oµν(f)]⟩int,ren ≡∑∞
n=0

1
n!
∫

· · ·
∫ ∑

σi=±1

〈
Nµ[Oµν(f)]

∏n
j=1 Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

∏n
i=1 g(xi) d2xi∑∞

n=0
1
n!
∫

· · ·
∫ ∑

σi=±1

〈∏n
j=1 Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

∏n
i=1 g(xi) d2xi

(4)

is convergent, where the operator Oµν is smeared with a test function f ∈ S(R2)
and the physical limit Λ, ϵ → 0 is taken termwise. There exists a constant K > 0
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(depending on g and β) and a constant C > 0 (depending on f) such that the
series is bounded by

C

∞∑
n=0

n2Kn

{
(n!)−1 β2 < 2π

(n!)
β2
2π −2 2π ≤ β2 < 4π

}
< ∞ . (5)

The same holds for the smeared stress tensor Tµν(f), with the constant C also
depending on g.

Lastly, we show that a modified stress tensor, obtained by a rescaling of the
coupling constant, fulfills the continuity equation in the quantum theory:

Theorem 3 (Conservation of the stress tensor). Under the same assump-
tions as in Theorem 2, a modified stress tensor T̂µν is conserved in the quantum
theory: we have 〈

Nµ

[
T̂µν(∂µf)

]〉
int,ren

= 0 (6)

for all f ∈ S(R2) such that g is constant on the support of f . The required
modification is a rescaling of the coupling g:

T̂µν = Oµν − 1
2δµνOρ

ρ + g

(
1 − β2

8π

)
δµν(Vβ + V−β) . (7)

Similar results apply to the case of Minkowski signature. Namely, we show
that the renormalised expectation values of time-ordered products involving Oµν

and Tµν in any quasi-free Hadamard state, regularized with IR and UV cutoffs,
are well-defined in the sense of distributions when the cutoffs are removed. We
prove:

Theorem 4 (Renormalisation in Minkowski space-time). Consider the
massless Lorentzian Sine-Gordon model in the finite regime β2 < 4π and a quasi-
free state ωΛ,ϵ in the vacuum sector whose two-point function has an IR cutoff
Λ and UV cutoff ϵ. There exists a choice of local counterterms (diverging loga-
rithmically with the UV cutoff ϵ) such that the renormalised expectation values
of time-ordered products

ωΛ,ϵ

T

Oµν(z) ⊗
n⊗

j=1
Vσjβ(xj)

 (8)

with σj = ±1 in the free theory are well-defined distributions in the physical limit
Λ, ϵ → 0. For the stress tensor, the physical limit

lim
Λ,ϵ→0

ωΛ,ϵ

T

Tµν(z) ⊗
n⊗

j=1
Vσjβ(xj)

 (9)

exists without counterterms. The expectation values involving Oµν vanish in the
physical limit unless the neutrality condition

∑n
j=1 σj = 0 is fulfilled, while the

ones involving the stress tensor vanish unless
∑n

j=1 σj ∈ {−1, 0, 1}.



6 M. B. Fröb, D. Cadamuro

In analogy to the Euclidean case, we then show convergence of the renor-
malised perturbation series given by the Gell-Man–Low formula for Oµν and
Tµν with interaction cutoff, and under an additional assumption on the state-
dependent part of the two-point function of the quasi-free state.

Theorem 5 (Convergence of the renormalised perturbation series).
We make the same assumptions as in Theorem 4, and in addition require that
the state-dependent part W of the two-point function of the state ω satisfies:

1. W (x, y) and its first and second derivatives grow at most polynomially,
2.
∑n

i,j=1[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)] ≥ 0 for any configura-
tion of points xi and yi and any n ∈ N.

Then for any adiabatic cutoff function g ∈ S(R2), the perturbative series for the
(normalised, interacting) Gell-Mann–Low expectation value

ωint(Oµν(f)) ≡∑∞
n=0

(−i)n

n!
∫

· · ·
∫ ∑

σi=±1 ω0,0
(

T
[
Oµν(f) ⊗

⊗n
j=1 Vσjβ(xj)

])∏n
i=1 g(xi) d2xi∑∞

n=0
(−i)n

n!
∫

· · ·
∫ ∑

σi=±1 ω0,0
(

T
[⊗n

j=1 Vσjβ(xj)
])∏n

i=1 g(xi) d2xi

(10)

is convergent, where the operator Oµν is smeared with a test function f ∈ S(R2)
and the physical limit Λ, ϵ → 0 is taken termwise. There exists a constant K > 0
(depending on g, β and W ) and a constant C > 0 (depending on f , β and W )
such that the series is bounded by

C

∞∑
n=0

n2Kn(n!)
β2
4π −1 < ∞ (11)

if ∥g∥∞ is small enough (depending on g and β). The same holds for the smeared
stress tensor Tµν(f), with the constant C also depending on g.

Remark. While the first condition on the state-dependent part W of the two-
point function is very reasonable, the second one might seem strange at first
sight. It is however necessary for convergence of the perturbative series, and one
can easily construct a wide range of Hadamard states that fulfill it. For example,
any state for which W can be written as

W (x, y) =
∫

eip(x−y) dµW (p) (12)

with a positive measure dµW (p) fulfills the condition, since then

n∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]

=
∫ ∣∣∣∣∣

n∑
i=1

(
eipxi − eipyi

)∣∣∣∣∣
2

dµW (p) ≥ 0 .

(13)
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Examples of such states are states that are thermal in a wide range of energies
between E0 and E1, where

dµW (p) = Θ
(∣∣p0∣∣ ∈ [E0, E1]

) ∫ e−β|p1|

|p1|
(
1 − e−β|p1|

) cos[p1(t − t′)]eip0(t−t′) dt
d2p

(2π)2

= Θ
(∣∣p0∣∣ ∈ [E0, E1]

) πe−β|p0|

|p0|
(
1 − e−β|p0|

) [δ(p1 + p0) + δ(p1 − p0)] d2p

(2π)2 ,

(14)

and the last line is clearly a positive measure. Here the restriction on the energy
range is necessary, since we consider a massless theory where thermal states do
not exist for all energies, which is seen from the singularity of the prefactor for
small

∣∣p0
∣∣. On the other hand, for the massive Sine–Gordon model true thermal

states have recently been constructed in [35].

Finally, we show that analogous to the Euclidean case we need to modify
the stress tensor by a rescaling of the coupling constant, such that it fulfills the
continuity equation also in the Minkowski signature. This modification agrees
with the one proposed in the form factor programme [23], and thus proves its
correctness.

Theorem 6 (Conservation of the stress tensor). Under the same as-
sumptions as in Theorem 5, there exists a redefinition of time-ordered products
T [Oµν(x) ⊗ Vα(y)] → T [Oµν(x) ⊗ Vα(y)] + δT [Oµν(x) ⊗ Vα(y)] with δT a local
term proportional to δ2(x − y)T [Vα(y)], such that the modified stress tensor

T̂µν ≡ Oµν − 1
2ηµνOρ

ρ + g

(
1 − β2

8π

)
ηµν(Vβ + V−β) (15)

is conserved in the quantum theory:

ωint

(
T̂µν(∂µf)

)
= 0 (16)

for all f ∈ S(R2) such that g is constant on the support of f .

The remaining sections are dedicated to the proof of these theorems.
Our conventions are as follows: We set ℏ = c = 1. Note that if we would

keep ℏ explicit, it would only arise in the combination ℏβ2, so that for example
the modifications of the stress tensor T̂µν are really quantum modifications.
Interestingly, they are one-loop exact, i.e., no terms of order ℏ2 or higher arise.

An obvious extension of our work would be the generalisation of the results to
the higher conserved currents of the Sine–Gordon model which exist classically
as a consequence of integrability, as well as in perturbation theory [36–39]. Their
classical expression is obtained from an explicit recurrence relation, and in the
form factor programme it has been proposed that — in contrast to the stress
tensor — they do not receive quantum corrections [23]. Another important step
that is still unclear is the adiabatic (infinite-volume) limit g → const, which al-
ready for correlation functions of the vertex operators is a difficult task. To show
the existence of this limit, one probably has to first show the non-perturbative
generation of a finite mass (Debye screening), which is known to arise at least
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for small |βg| [40, 41] and in the case β2 = 4π [20]. Also the extension of our
results to the super-renormalisable range 4π ≤ β2 < 8π is a worthwhile task to
achieve in the future. Lastly, while the equivalence with the Thirring model has
been proven for correlation functions of the vertex operators and derivatives of
the field, their equality for correlation functions involving the stress tensor or
higher-order conserved currents (which exist in the Thirring model [38,39]) is so
far unknown, and needs to be studied.

2. Euclidean case

In the construction of the theory in Euclidean signature, we follow the well-
established treatment of Euclidean quantum field theories via functional inte-
grals. An introduction can be found in [42], from which we take formulas and
results without specifying their source explicitly.

2.1. Preliminaries. We consider a centred Gaussian measure dµΛ,ϵ(ϕ) with co-
variance CΛ,ϵ(x, y) depending on an IR cutoff Λ and a UV cutoff Λ0. Centred
and Gaussian means that∫

ϕ(x1) · · · ϕ(xn) dµΛ,ϵ(ϕ) =
∑

π

∏
(i,j)∈π

CΛ,ϵ(xi, xj) , (17)

where the sum runs over all partitions π of the set {1, . . . , n} into unordered
pairs (i, j). Therefore, the right-hand side vanishes if n is odd. In general, we
have the characteristic function∫

ei(J,ϕ) dµΛ,ϵ(ϕ) = e− 1
2 (J,CΛ,ϵ∗J) (18)

where we introduced the scalar product

(f, g) ≡
∫

f(x)g(x) d2x (19)

and the convolution

(f ∗ g)(x) ≡
∫

f(x, y)g(y) d2y , (20)

from which the above follows by functional differentiation with respect to J . For
finite cutoffs, the covariance is assumed to be a smooth function, and hence the
Gaussian measure is supported on smooth functions ϕ ∈ S(R2). In general, and
in particular as the cutoffs are removed, the measure is supported on distribu-
tions. However, the combinatorics are unaffected by the support properties of
the measure. Obviously, as the cutoffs are removed in the physical limit Λ, ϵ → 0,
the covariance must turn into the free propagator. Regulated expectation values
in the free theory are defined by the Gaussian integral (17)

⟨A1[ϕ] · · · An[ϕ]⟩Λ,ϵ
0 ≡

∫
A1[ϕ] · · · An[ϕ] dµΛ,ϵ(ϕ) , (21)
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where the Ai are local functionals of the field, and the interacting expectation
values are computed from the Gell-Man–Low formula

⟨A1[ϕ] · · · An[ϕ]⟩Λ,ϵ
int ≡

〈
A1[ϕ] · · · An[ϕ]e−Sint[ϕ]〉Λ,ϵ

0〈
e−Sint[ϕ]

〉Λ,ϵ

0

, (22)

where Sint is the interaction which is assumed to be bounded from below.
It is well known that the massless scalar field in two dimensions is not well

defined because of infrared problems [43, 44]. In our case, this manifests as a
logarithmic divergence of the regulated covariance

CΛ,ϵ(x, y) ≡ − 1
4π

ln
[
Λ2[(x − y)2 + ϵ2]] (23)

as the IR cutoff Λ is removed. To verify that (23) is a suitable regularisation,
we note that the UV cutoff ϵ obviously regulates the UV singular behaviour as
x → y, while the IR cutoff Λ arises from the small-mass limit of the massive
propagator:∫ eip(x−y)

p2 + m2
d2p

(2π)2 = 1
2π

∫ ∞

0

q

q2 + m2 J0(q|x − y|) dq

= 1
2π

K0(m|x − y|) = − 1
4π

ln
[

m2e2γ

4 (x − y)2
]

+ O(m) .

(24)

We will see later on that this divergence is responsible for the super-selection
sectors of the theory, and for the vacuum sector which we consider results in a
neutrality condition [45].

In the range β2 < 4π, one only needs to normal-order the interaction to
obtain finite correlation functions of the basic field ϕ. Normal-ordering N is a
linear operation that can be defined with respect to any given covariance, but
we only need it with respect to the covariance Cµ,ϵ (23) for a fixed IR cutoff µ.
We have the explicit formula for exponentials

Nµ

[
ei(J,ϕ)

]
= e 1

2 (J,Cµ,ϵ∗J)ei(J,ϕ) , (25)

from which normal-ordering of monomials can be obtained by functional differ-
entiation with respect to J . Moreover, for J(y) = ±βδ2(y − x) we obtain the
normal-ordering of the interaction of the Sine-Gordon theory:

Nµ[2 cos(βϕ(x))] = Nµ

[
eiβϕ(x)

]
+ Nµ

[
e−iβϕ(x)

]
, (26a)

Nµ

[
eiαϕ(x)

]
= e 1

2 α2Cµ,ϵ(x,x)eiαϕ(x) = (µϵ)− α2
4π eiαϕ(x) . (26b)

Normal-ordering has the property that

⟨NΛ[(J1, ϕ) · · · (Jn, ϕ)]⟩Λ,ϵ
0 =

∫
NΛ[(J1, ϕ) · · · (Jn, ϕ)] dµΛ,ϵ(ϕ) = δn,0 , (27)
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which makes evaluation easy, and is the reason for the name “normal-ordering”.
For a normal ordering with respect to a different covariance, one first has to
change the normal-ordering according to

Nν [(J1, ϕ) · · · (Jn, ϕ)]

= exp
[
−1

2

(
δ

δϕ
, (Cν,ϵ − Cµ,ϵ) ∗ δ

δϕ

)]
Nµ[(J1, ϕ) · · · (Jn, ϕ)] ,

(28)

which is proven as in [42, Thm. 2.4]. We note that for unsmeared exponentials
and the covariance (23), there is a particularly simple relation:

Nµ

[
e±iβϕ(x)

]
=
(

Λ

µ

) β2
4π

NΛ

[
e±iβϕ(x)

]
. (29)

In the proofs in the following sections, we also need a formula which (to
our knowledge) first appeared in [20, Lemma 2.6], and which we generalise and
formulate as a Lemma:

Lemma 1. The expectation value of a product of exponentials and basic fields
can be decomposed as

〈
m∏

j=1
ei(αj ,ϕ)

n∏
k=1

(βk, ϕ)
〉Λ,ϵ

0

=
〈

m∏
j=1

ei(αj ,ϕ)

〉Λ,ϵ

0

×
n∏

k=1

∂

∂σk
exp

i
m∑

j=1

n∑
k=1

σk

(
αj , CΛ,ϵ ∗ βk

)
+
∑

1≤k<ℓ≤n

σkσℓ

(
βk, CΛ,ϵ ∗ βℓ

)∣∣∣∣∣∣
σi=0

.

(30)

In particular, for n = 2 we obtain

〈
(β1, ϕ)(β2, ϕ)

m∏
j=1

ei(αj ,ϕ)

〉Λ,ϵ

0

=
〈

m∏
j=1

ei(αj ,ϕ)

〉Λ,ϵ

0

×

(β1, CΛ,ϵ ∗ β2
)

−
m∑

j,k=1

(
αj , CΛ,ϵ ∗ β1

)(
αk, CΛ,ϵ ∗ β2

) .

(31)

Proof. We essentially transcribe the proof of [20] from Gaussian random vari-
ables to functional integrals. We first recall the formula for a shifted Gaussian
measure

dµΛ,ϵ
(
ϕ + CΛ,ϵ ∗ h

)
= e− 1

2 (h,CΛ,ϵ∗h)e−(ϕ,h) dµΛ,ϵ(ϕ) (32)
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with h ∈ S(R2), which is easily proven by showing that the characteristic func-
tions (18) of both measures are the same. We then compute〈

m∏
j=1

ei(αj ,ϕ)e(h,ϕ)

〉Λ,ϵ

0

=
∫ m∏

j=1
ei(αj ,ϕ)e(h,ϕ) dµΛ,ϵ(ϕ)

=
∫ m∏

j=1
ei(αj ,ϕ+CΛ,ϵ∗h) exp

[(
h, ϕ + CΛ,ϵ ∗ h

)]
dµΛ,ϵ

(
ϕ + CΛ,ϵ ∗ h

)
=
∫ m∏

j=1
ei(αj ,ϕ+CΛ,ϵ∗h) exp

[(
h, ϕ + CΛ,ϵ ∗ h

)
− 1

2
(
h, CΛ,ϵ ∗ h

)
− (ϕ, h)

]
dµΛ,ϵ(ϕ)

=
∫ m∏

j=1
ei(αj ,ϕ+CΛ,ϵ∗h) exp

[
1
2
(
h, CΛ,ϵ ∗ h

)]
dµΛ,ϵ(ϕ)

=
〈

m∏
j=1

ei(αj ,ϕ)

〉Λ,ϵ

0

exp

i
m∑

j=1
(αj , CΛ,ϵ ∗ h) + 1

2
(
h, CΛ,ϵ ∗ h

) , (33)

where we used the formula (32) in the third equality. We then set

h =
n∑

k=1
σkβk (34)

and use that
n∏

k=1
(βk, ϕ) =

n∏
k=1

∂

∂σk
e(h,ϕ)

∣∣∣∣∣
σi=0

(35)

to obtain equation (30). Equation (31) follows immediately. ⊓⊔

2.2. Proof of theorem 1 (Renormalisation). We begin with Oµν = ∂µϕ ∂νϕ. Tak-
ing two functional derivatives of equation (25) with respect to J and setting J
to zero, we obtain

Nµ[ϕ(x)ϕ(y)] = ϕ(x)ϕ(y) − Cµ,ϵ(x, y) , (36)

and taking derivatives and setting x = y = z, it follows that

Nµ[Oµν(z)] = Oµν(z) + lim
x→z

∂µ∂νCµ,ϵ(x, z) = Oµν(z) − 1
2πϵ2 δµν , (37)

using the explicit form of the covariance (23). The normal-ordering of the vertex
operators Vα(x) = eiαϕ(x) is given in equation (26), such that we obtain (with
σj = ±1) 〈

Nµ[Oµν(z)]
n∏

j=1
Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

= (µϵ)−n β2
4π

〈[
Oµν(z) − 1

2πϵ2 δµν

] n∏
j=1

Vσjβ(xj)
〉Λ,ϵ

0

.

(38)
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Using Lemma 1, in particular equation (31) with β1(x) = ∂µδ2(z − x), β2(x) =
∂νδ2(z − x) and αj(x) = σjβδ2(x − xj), it follows that

〈
Nµ[Oµν(z)]

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

= −β2(µϵ)−n β2
4π

〈
n∏

j=1
Vσjβ(xj)

〉Λ,ϵ

0

n∑
j,k=1

σjσk∂µCΛ,ϵ(xj , z)∂νCΛ,ϵ(xk, z) ,

(39)

where the term coming from the normal ordering (37) has canceled with the first
term in equation (31). Finally, using equation (18) with J(x) =

∑n
j=1 σjβδ2(x−

xj) we obtain

〈
Nµ[Oµν(z)]

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

= −β2(µϵ)−n β2
4π exp

−1
2β2

n∑
j,k=1

σjσkCΛ,ϵ(xj , xk)


×

n∑
j,k=1

σjσk∂µCΛ,ϵ(xj , z)∂νCΛ,ϵ(xk, z)

= − β2

4π2

(
Λ

µ

) β2
4π

(∑n

j=1
σj

)2 ∏
1≤j<k≤n

[
µ2[(xj − xk)2 + ϵ2]]σjσk

β2
4π

×
n∑

j,k=1
σjσk

(xj − z)µ

(xj − z)2 + ϵ2
(xk − z)ν

(xk − z)2 + ϵ2

(40)

with the explicit form of the covariance (23).

Since we are in the finite regime β2 < 4π, the terms
[
µ2[(xj − xk)2 + ϵ2]]σjσk

β2
4π

are singular in the limit ϵ → 0 if σjσk = −1, but the singularity is integrable.
The same holds for the terms (xj − z)µ/[(xj − z)2 + ϵ2](xk − z)ν/[(xk − z)2 + ϵ2]
if j ̸= k, but for j = k their scaling degree at xj = z is 2 = dimR2 in the
limit ϵ → 0, such that we have a logarithmic singularity in this case and need
to renormalise. We recall that the scaling degree of a distribution u ∈ S ′(Rk) at
x = 0 is defined as

sd(u) ≡ inf
{

a ∈ R : lim
λ→0

λau(fλ) = 0 ∀f ∈ S(Rk)
}

, (41)

where fλ(x) ≡ f(λx); in this case, since uµν defined by

uµν(f) ≡
∫

xµxν

(x2 + ϵ2)2 f(x) d2x (42)
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is not a well-defined distribution for ϵ = 0, we have to restrict to test functions
f ∈ S(R2 \ {0}). To renormalise uµν and thus obtain a well-defined distribution,
we compute for ϵ > 0 that

∂µ∂ν ln
[
µ2(x2 + ϵ2)] = 2δµν

x2 + ϵ2 − 4xµxν

(x2 + ϵ2)2 , (43)

such that

uµν(f) =
∫ [1

2
δµν

x2 + ϵ2 − 1
4∂µ∂ν ln

[
µ2(x2 + ϵ2)]]f(x) d2x

= 1
2δµν

∫ 1
x2 + ϵ2 f(x) d2x − 1

4

∫
ln
[
µ2(x2 + ϵ2)]∂µ∂νf(x) d2x .

(44)

In the second term, we can take the limit ϵ → 0 since the singularity of the
integrand at x = 0 is logarithmic and thus integrable. To extract the singular
part from the first term and determine the required counterterms, we pass to
Fourier space and compute

∫
2π K0(|p|ϵ) eipx d2p

(2π)2 = (2π)−1
∫ ∞

0

∫ 2π

0
K0(|p|ϵ) ei|p||x| cos ϕ|p| dϕ d|p|

=
∫ ∞

0
K0(|p|ϵ) J0(|p||x|)|p| d|p| = 1

x2 + ϵ2

(45)

using the integrals [46, Eqs. (10.9.2) and (10.43.27)], where K is the second
modified and J the ordinary Bessel function. Using the known expansion of the
modified Bessel function for small argument [46, Eq. (10.31.2)]

K0(|p|ϵ) = −γ − ln
(

ϵ|p|
2

)
+ O

(
ϵ2 ln ϵ

)
, (46)

we obtain

1
x2 + ϵ2 = 2π

∫
[K0(|p|ϵ) + ln(µϵ)] eipx d2p

(2π)2 − 2π ln(µϵ) δ2(x)

≈ −2π

∫
ln
(

|p|
2µ

eγ

)
eipx d2p

(2π)2 − 2π ln(µϵ) δ2(x)
(47)

as ϵ → 0. To explicitly determine the form of the first term in coordinate space,
we write∫

ln
(

|p|
2µ

eγ

)
eipx d2p

(2π)2 = −i∂ρ

∫
pρ

p2 ln
(

|p|
2µ

eγ

)
eipx d2p

(2π)2

= −i∂ρ

[
xρ

∫ (px)
p2x2 ln

(
|p|
2µ

eγ

)
eipx d2p

(2π)2

]
,

(48)
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since by Euclidean covariance the integral must be proportional to xρ. Using
spherical coordinates, we find∫ (px)

p2x2 ln
(

|p|
2µ

eγ

)
eipx d2p

(2π)2 =
∫ ∞

0

∫ 2π

0
ln
(

|p|
2µ

eγ

)
ei|p||x| cos ϕ cos ϕ

(2π)2|x|
dϕ d|p|

= i
2π|x|

∫ ∞

0
ln
(

|p|
2µ

eγ

)
J1(|p||x|) d|p|

= i
2π|x|2

lim
δ→0

∫ ∞

0

(
t

2µ|x| e
γ
)2δ

− 1

2δ
J1(t) dt

= i
2π|x|2

lim
δ→0

(
eγ

µ|x|

)2δ
Γ (1+δ)
Γ (1−δ) − 1

2δ

= − i
2π|x|2

ln(µ|x|) , (49)

where we used the integrals [46, Eqs. (10.9.2) and (10.22.43)]. We thus obtain
the renormalised distribution uren

µν , acting on a test function as

uren
µν (f) = −1

4

∫
ln
(
µ2x2)[∂µ∂νf(x) + δµν

xρ

x2 ∂ρf(x)
]

d2x , (50)

and the divergent part is given by

udiv
µν (f) = −πδµν ln(µϵ)f(0) . (51)

The negative of udiv
µν is the required counterterm, which is local and diverges

logarithmically with the UV cutoff ϵ as required.
To obtain the renormalised expectation value, we separate the terms with

j = k and j ̸= k in the last sum in the unrenormalised expectation value (40),
and then replace uµν with uren

µν in the terms with j = k. Taking the limit ϵ → 0,
we obtain〈

Nµ[Oµν(z)]
n∏

j=1
Nµ

[
Vσjβ(xj)

]〉Λ,0

0,ren

= − β2

4π2

(
Λ

µ

) β2
4π

(∑n

j=1
σj

)2 ∏
1≤j<k≤n

[
µ2(xj − xk)2]σjσk

β2
4π

×

 n∑
k=1

uren
µν (xk − z) + 2

∑
1≤j<k≤n

σjσk

(xj − z)(µ

(xj − z)2
(xk − z)ν)

(xk − z)2

 ,

(52)

where uren
µν (x) is the formal integral kernel of the distribution defined by equa-

tion (50). We see that taking the IR cutoff Λ → 0, we have a non-vanishing
result only if the sum of all σi vanishes, which is the super-selection criterion or
neutrality condition of the vacuum sector [45].
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For the renormalised expectation value of the stress tensor Tµν = Oµν −
1
2 δµνOρ

ρ + gδµν(Vβ + V−β), we obtain a sum of four terms, the first two of
which are obtained from equation (52). Since the divergent part of uµν (51) is
proportional to δµν , it cancels out between the first two terms, i.e., we have〈

Nµ

[
Oµν(z) − 1

2δµνOρ
ρ(z)

] n∏
j=1

Nµ

[
Vσjβ(xj)

]〉Λ,0

0,ren

= lim
ϵ→0

〈
Nµ

[
Oµν(z) − 1

2δµνOρ
ρ(z)

] n∏
j=1

Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

(53)

and no counterterm is actually necessary for this combination. For the last two
terms, we compute〈

Nµ[Vβ(z)]
n∏

j=1
Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

= (µϵ)−(n+1) β2
4π

× exp

−β2

2 CΛ,ϵ(z, z) − β2
n∑

j=1
σjCΛ,ϵ(z, xj) − β2

2

n∑
j,k=1

σjσkCΛ,ϵ(xj , xk)


=
(

Λ

µ

) β2
4π

(
1+
∑n

j=1
σj

)2
n∏

j=1

[
µ2[(z − xj)2 + ϵ2]]σj

β2
4π

×
∏

1≤j<k≤n

[
µ2[(xj − xk)2 + ϵ2]]σjσk

β2
4π , (54)

using the normal-ordering of vertex operators (26), equation (18) with J(x) =
βδ2(x − z) +

∑n
j=1 σjβδ2(x − xj), and the explicit form of the covariance (23).

Since we are in the finite regime β2 < 4π, the singularities that arise for ϵ = 0
as xj → xk and xj → z are integrable, and so for this term no further renor-
malisation beyond the normal-ordering is required. Moreover, we again see how
the neutrality condition appears: as Λ → 0, we obtain a vanishing result un-
less

∑n
j=1 σj = −1. The last term with V−β results in the same result with σj

replaced by −σj on the right-hand side. ⊓⊔

2.3. Proof of theorem 2 (Convergence). In this whole section, we tacitly employ
Fubini’s theorem to interchange absolutely convergent integrals. We consider
numerator and denominator of equation (4) separately. We start with the de-
nominator, and compute analogously to equation (54) that〈

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

= lim
Λ,ϵ→0

〈
n∏

j=1
Nµ

[
Vσjβ(xj)

]〉Λ,ϵ

0

= δ0,
∑n

j=1
σj

∏
1≤j<k≤n

[
µ2(xj − xk)2]σjσk

β2
4π .

(55)
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Since σj = ±1, to obtain a non-vanishing result we must have n = 2m with m
positive σj and m negative ones. We then rename the xj with σj = −1 to yj and
renumber them. Taking into account that there are

(
n
m

)
= (2m)!/(m!)2 possibil-

ities to choose m positive σj from a total of n = 2m ones (since equation (55) is
symmetric under a permutation of the (renamed) xi and yj among themselves),
the denominator of equation (4) reduces to

∞∑
m=0

1
(m!)2

∫
· · ·
∫ 〈 m∏

j=1
Nµ[Vβ(xj)] Nµ[V−β(yj)]

〉0,0

0,ren

m∏
i=1

g(xi)g(yi) d2xi d2yi

=
∞∑

m=0

µ−m β2
2π

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π m∏

i=1
g(xi)g(yi) d2xi d2yi .

(56)

As in previous works [1,47], to bound the term at order 2m we introduce complex
variables χj ≡ x1

j + ix2
j , υj ≡ y1

j + iy2
j such that

(xi − yj)2 = (x1
i − y1

j )2 + (x2
i − y2

j )2 = |χi − υj |2 (57)

and analogously for (xi − xj)2 = |χi − χj |2 and (yi − yj)2 = |υi − υj |2. It follows
that[∏

1≤i<j≤n(xi − xj)2∏
1≤i<j≤n(yi − yj)2∏n

i,j=1(xi − yj)2

]p

=

∣∣∣∣∣
∏

1≤i<j≤n(χi − χj)
∏

1≤i<j≤n(υi − υj)∏n
i,j=1(χi − υj)

∣∣∣∣∣
2p

=

∣∣∣∣∣det
(

1
χi − υj

)n

i,j=1

∣∣∣∣∣
2p

,

(58)

where the last equality is the well-known Cauchy determinant formula [48]. We
estimate ∣∣∣∣∣det

(
1

χi − υj

)n

i,j=1

∣∣∣∣∣ ≤
∑

π

n∏
j=1

1∣∣χj − υπ(j)
∣∣ , (59)

where the sum runs over all permutations π of {1, . . . , n}. Using the inequality k∑
j=1

|ak|

p

≤

{
kp−1 p ≥ 1
1 0 < p < 1

}
k∑

j=1
|ak|p ≤ max

(
kp−1, 1

) k∑
j=1

|ak|p , (60)

it follows that[∏
1≤i<j≤n(xi − xj)2∏

1≤i<j≤n(yi − yj)2∏n
i,j=1(xi − yj)2

]p

≤

∑
π

n∏
j=1

1∣∣χj − υπ(j)
∣∣
2p

≤ max
(
(n!)2p−1, 1

)∑
π

n∏
j=1

∣∣χj − υπ(j)
∣∣−2p

= (n!)max(2p−1,0)
∑

π

n∏
j=1

[
(xj − yπ(j))2]−p

,

(61)
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since the number of permutations π of n elements is n!.
Inserting the estimate (61) with p = β2/(4π) into equation (56), the denom-

inator of equation (4) is estimated by (we recall that g ≥ 0)
∞∑

m=0

1
(m!)γ

∫
· · ·
∫ m∏

j=1

[
µ2(xj − yj)2]− β2

4π

m∏
i=1

g(xi)g(yi) d2xi d2yi (62)

with γ ≡ 1 − max(β2/(2π) − 1, 0), and where an additional factor of m! arose
since all m! permutations of the yj give the same contribution. We see that we
only need to bound ∫∫ [

µ2(x − y)2]− β2
4π g(x)g(y) d2x d2y , (63)

which we split in two parts: the region where µ2(x−y)2 > 1 and which we bound
by
∫∫

g(x)g(y) d2x d2y = ∥g∥2
1, and the region where µ2(x − y)2 ≤ 1 and which

we bound using Young’s inequality. For this, we use it in the form [49]

|(f, g ∗ h)| =
∣∣∣∣∫∫ f(x)g(x − y)h(y) d2x d2y

∣∣∣∣ ≤ ∥f∥p∥g∥q∥h∥r , (64)

where p, q, r ≥ 1 with 1/p + 1/q + 1/r = 2. Taking

q = 1 + 4π − β2

8π
, p = r = 1 + 4π

8π − β2 , (65)

the condition p, q, r ≥ 1 is fulfilled since we are in the finite regime β2 < 4π, as
well as p, q, r < 2. We obtain∫∫

µ|x−y|≤1

[
µ2(x − y)2]− β2

4π g(x)g(y) d2x d2y ≤ ∥g∥2
p

∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2
2π

∥∥∥∥
q

(66)
and ∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2

2π

∥∥∥∥q

q

=
∫

µ|x|≤1
(µ|x|)− β2

2π q d2x

= 32π3

(4π − β2)(8π − β2)µ−2 ,

(67)

where q (65) was chosen in such a way that the integral is finite. Summing the
contributions from both regions, we have shown that there exists a constant K
(depending on β and g) such that∫∫ [

µ2(x − y)2]− β2
4π g(x)g(y) d2x d2y ≤ K , (68)

and hence the denominator (56) is bounded from above by
∞∑

m=0
Km

{
(m!)−1 β2 < 2π

(m!)
β2
2π −2 2π ≤ β2 < 4π

}
< ∞ . (69)
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Moreover, since each term in the sum (56) is positive, it is bounded from below
by the first term which is 1. Let us remark that the bounds (69) are not new
and known from [1]; we have repeated their derivation to make the proof self-
contained, and since very similar estimates are needed for the numerator.

Consider thus the numerator of equation (4), where using the result (52) for
the renormalised expectation values again only even terms with n = 2m con-
tribute. Taking into account the symmetry under the exchange of variables and
renaming integration variables as in the case of the denominator, the numerator
reads

− β2

4π2

∞∑
m=0

µ−m β2
2π

(m!)2

∫
f(z)

∫
· · ·
∫ [∏

1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π

×
[ m∑

k=1
uren

µν (xk − z) +
m∑

k=1
uren

µν (yk − z) + 2
∑

1≤j<k≤m

(xj − z)(µ

(xj − z)2
(xk − z)ν)

(xk − z)2

− 2
m∑

j,k=1

(xj − z)(µ

(xj − z)2
(yk − z)ν)

(yk − z)2 + 2
∑

1≤j<k≤m

(yj − z)(µ

(yj − z)2
(yk − z)ν)

(yk − z)2

]

× d2z

m∏
i=1

g(xi)g(yi) d2xi d2yi . (70)

Since we can interchange xj and yj without changing the result, we see that
there are three different types of terms: the ones involving the renormalised
uren

µν , the ones involving a double sum and only xj , and the ones with a double
sum over both xj and yj . We start with the last two types, which after the shift
xj → xj + z, yj → yj + z and with the estimate (61) with p = β2/(4π) are
bounded by

β2

4π2

∞∑
m=0

1
(m!)1+γ

∫
|f(z)|

∫
· · ·
∫ ∑

π

m∏
j=1

[
µ2(xj − yπ(j))2]− β2

4π

×
[
4

∑
1≤j<k≤m

1
|xj ||xk|

+ 2
m∑

j,k=1

1
|xj ||yk|

]
d2z

m∏
i=1

g(xi + z)g(yi + z) d2xi d2yi

(71)

with the same γ as before, defined after equation (62). Since the remainder of the
integrand is invariant under permutations of the yj , the sum over permutations
π coming from the determinant estimate again gives a factor of m!. We then
use again Young’s inequality (64), separating contributions involving a 1/|xk|
or 1/|yk| from the sums from the ones without. The contributions without such
terms are estimated as before (68), taking into account that the norm of g with
shifted argument x + z is equal to the norm of g because the integral that
defines the norm is translation invariant. For the other contributions, we begin
with the first sum, where a single term 1/|xj | may be present. In the region
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where µ|xj − yj | > 1, we then estimate∫∫
µ|xj−yj |>1

[
µ2(xj − yj)2]− β2

4π
1

|xj |
g(xj + z)g(yj + z) d2xj d2yj

≤ ∥g∥1

∫ 1
|xj |

g(xj + z) d2xj

= ∥g∥1

∫ 1
|xj |(µ2x2

j + 1)g(xj + z)(µ2x2
j + 1) d2xj

≤ π2µ−1∥g∥1
∥∥(µ2x2 + 1)g(x + z)

∥∥
∞

(72)

using Hölder’s inequality

∥fg∥1 ≤ ∥f∥r/(r−1)∥g∥r (73)

with r = 1. In the region where µ|xj − yj | ≤ 1, we use instead Young’s inequal-
ity (64) with the same choice of exponents (65) and obtain∫∫

µ|xj−yj |≤1

[
µ2(xj − yj)2]− β2

4π
1

|xj |
g(xj + z)g(yj + z) d2xj d2yj

≤ ∥g∥p

∥∥∥∥ 1
|x|

g(x + z)
∥∥∥∥

p

∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2
2π

∥∥∥∥
q

(74)

and, using again Hölder’s inequality (73) with r = 1,∥∥∥∥ 1
|x|

g(x + z)
∥∥∥∥p

p

=
∫ 1

|x|p(µ2x2 + 1)
gp(x + z)(µ2x2 + 1) d2x

≤ πµp−2Γ
(

1 − p

2

)
Γ
(p

2

)∥∥(µ2x2 + 1)gp(x + z)
∥∥

∞ < ∞ ,

(75)

since the choice (65) is such that 1 < p < 2. Thus also in this case there exists
a constant K (depending on β and g) such that∫∫ [

µ2(xj − yj)2]− β2
4π

1
|xj |

g(xj + z)g(yj + z) d2xj d2yj ≤ K . (76)

If the second sum involves 1
|xj ||yk| with j ̸= k, we have the same estimates, while

for j = k we obtain analogously to the above∫∫
µ|xj−yj |>1

[
µ2(xj − yj)2]− β2

4π
1

|xj ||yj |
g(xj + z)g(yj + z) d2xj d2yj

≤ π4µ−2∥∥(µ2x2 + 1)g(x + z)
∥∥2

∞

(77)

and ∫∫
µ|xj−yj |≤1

[
µ2(xj − yj)2]− β2

4π
1

|xj |
g(xj + z)g(yj + z) d2xj d2yj

≤
∥∥∥∥ 1

|x|
g(x + z)

∥∥∥∥2

p

∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2
2π

∥∥∥∥
q

,

(78)



20 M. B. Fröb, D. Cadamuro

and so also in this case we can bound everything by a constant K depending on
β and g. It follows that equation (71) is bounded by

β2

4π2

∞∑
m=0

1
(m!)γ

∫
|f(z)|

4
∑

1≤j<k≤m

Km + 2
m∑

j,k=1
Km

d2z

≤ C

∞∑
m=0

1
(m!)γ

m2Km < ∞

(79)

with another constant C = 4/π∥f∥1.
For the remaining terms in the numerator (70) involving the renormalised

uren
µν , we recall its definition (50) from which it follows that∫

uren
µν (x − z)f(z) d2z

= −1
4

∫
ln
[
µ2(x − z)2][∂µ∂νf(z) − δµν

(x − z)ρ

(x − z)2 ∂ρf(z)
]

d2z .

(80)

We then again shift xj → xj + z, yj → yj + z and use the determinant esti-
mate (61) with p = β2/(4π) to obtain the bound

β2

4π2

∞∑
m=0

1
(m!)1+γ

∫ ∫
· · ·
∫ ∑

π

m∏
j=1

[
µ2(xj − yπ(j))2]− β2

4π

×
m∑

k=1
|ln(µ|xk|)|

[
sup

µ,ν∈{1,2}
|∂µ∂νf(z)| + 1

|xk|
sup

ρ∈{1,2}
|∂ρf(z)|

]

× d2z

m∏
i=1

g(xi + z)g(yi + z) d2xi d2yi

(81)

with the same γ as before. The sum over permutations π again gives a factor
m!, and for the terms with the xk not involved in the sum, we have the same
bounds (68) as before. For the other terms, in the region where µ|xk − yk| > 1
we estimate that∫∫

µ|xk−yk|>1

[
µ2(xk − yk)2]− β2

4π |ln(µ|xk|)|g(xk + z)g(yk + z) d2xk d2yk

≤ ∥g∥1

∫
|ln(µ|xk|)|g(xk + z) d2xk

= ∥g∥1

∫
|ln(µ|xk|)|

(µ2x2
k + 1)2 g(xk + z)(µ2x2

k + 1)2 d2xk

≤ π

µ2 ln 2∥g∥1
∥∥(µ2x2 + 1)2g(x + z)

∥∥
∞ ,

(82)

using again Hölder’s inequality (73) with r = 1, and analogously∫∫
µ|xk−yk|>1

[
µ2(xk − yk)2]− β2

4π
|ln(µ|xk|)|

|xk|
g(xk + z)g(yk + z) d2xk d2yk

≤ 4π

µ
∥g∥1

∥∥(µ2x2 + 1)g(x + z)
∥∥

∞ .

(83)
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In the region where µ|xk − yk| ≤ 1, we use again Young’s inequality (64) with
the same choice of exponents (65) and obtain

∫∫
µ|xk−yk|≤1

[
µ2(xk − yk)2]− β2

4π |ln(µ|xk|)|g(xk + z)g(yk + z) d2xk d2yk

≤ ∥g∥p∥|ln(µ|x|)|g(x + z)∥p

∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2
2π

∥∥∥∥
q

(84)

and, using again Hölder’s inequality (73) with r = 1,

∥|ln(µ|x|)|g(x + z)∥p
p =

∫
|ln(µ|x|)|p

(µ2x2 + 1)2 gp(x + z)(µ2x2 + 1)2 d2x

≤ 6µ−2∥∥(µ2x2 + 1)2gp(x + z)
∥∥

∞ < ∞ ,

(85)

and analogously

∫∫
µ|xk−yk|≤1

[
µ2(xk − yk)2]− β2

4π
|ln(µ|xk|)|

|xk|
g(xk + z)g(yk + z) d2xk d2yk

≤ ∥g∥p

∥∥∥∥ |ln(µ|x|)|
|x|

g(x + z)
∥∥∥∥

p

∥∥∥∥Θ(1 − µ|x|)(µ|x|)− β2
2π

∥∥∥∥
q

(86)

with∥∥∥∥ |ln(µ|x|)|
|x|

g(x + z)
∥∥∥∥p

p

=
∫

|ln(µ|x|)|p

|x|(µ2x2 + 1)2 gp(x + z)(µ2x2 + 1)2 d2x

≤ 25µ−2∥∥(µ2x2 + 1)2gp(x + z)
∥∥

∞ < ∞ .

(87)

It follows that there exists a constant K (depending on β and g) such that
equation (81) is bounded by

C

∞∑
m=0

1
(m!)γ

mKm < ∞ (88)

with another constant C = 1
π

[∥∥∥supµ,ν∈{1,2} |∂µ∂νf(z)|
∥∥∥

1
+
∥∥∥supρ∈{1,2} |∂ρf(z)|

∥∥∥
1

]
.

Taking all together, the numerator of equation (4) is bounded by (5), with
K being the maximum of all the constants K in this section, and C being the
sum of all the constants C in this section. Since the denominator is bounded
from below by 1, the bound (5) holds for the full Gell-Mann–Low expectation
value (4).

For the first two terms of the stress tensor Tµν = Oµν − 1
2 δµνOρ

ρ +gδµν(Vβ +
V−β) we can take over the above bounds. For the third term, we use the re-
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sult (54) and thus have to bound

∞∑
n=0

1
n!

∫
· · ·
∫ ∑

σi=±1

〈
Nµ[Vβ(gf)]

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

n∏
i=1

g(xi) d2xi

=
∞∑

m=0

µ−(m+1) β2
2π

m!(m + 1)!

∫
g(z)f(z)

∫
· · ·
∫ m∏

j=1

[
(z − xj)2

(z − yj)2

] β2
4π
[

1
(z − ym+1)2

] β2
4π

×

∏1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

m∏
j=1

(yj − ym+1)2

(xj − ym+1)2


β2
4π

× d2z

m∏
i=1

g(xi) d2xi

m+1∏
j=1

g(yj) d2yj , (89)

where we used that because of the neutrality condition only odd terms n =
2m + 1 give a non-vanishing contribution. Of these, m have a positive σj and
m + 1 have a negative one, such that the sum over the σj resulted in a factor
of
(2m+1

m

)
= (2m + 1)!/(m!(m + 1)!), and as before we renamed the integration

variables with a negative σj to yj . Setting xm+1 ≡ z, the terms in brackets
combine to the expression (58) with n = m + 1 and p = β2/(4π), and we can
use the Cauchy determinant formula and the bound (61) for the determinant.
We can thus bound the series (89) by

∞∑
m=0

1
m![(m + 1)!]γ

∫
g(z)|f(z)|

∫
· · ·
∫ ∑

π

[
µ2(z − yπ(m+1))2]− β2

4π

×
m∏

j=1

[
µ2(xj − yπ(j))2]− β2

4π d2z

m∏
i=1

g(xi) d2xi

m+1∏
j=1

g(yj) d2yj ,

(90)

and the sum over permutations π gives a factor (m + 1)! since the remainder of
the integrand is symmetric under the interchange of the yj . We can now use the
bound (68) (estimating together the integrals over z and ym+1), and obtain for
the series (89) the bound

C

∞∑
m=0

1
[(m + 1)!]γ (m + 1)Km ≤ C

∞∑
m=0

1
(m!)γ

m2Km < ∞ , (91)

with C now also depending on g (from the integral over ym+1 and z). The same
bound is obtained analogously for the fourth term in the stress tensor involving
V−β , which switches xi with yi in equation (89), such that taking all together
the bound (5) holds also for the stress tensor. ⊓⊔

2.4. Proof of theorem 3 (Conservation). Since we have shown in the last subsec-
tion that the denominator of the Gell-Mann–Low formula (4) is bounded from
below, to show that the interacting stress tensor is conserved it is enough to show
that the numerator vanishes when smeared with a test function of the form ∂µf
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with f ∈ S(R2). Consider the numerator for Oµν (70) smeared with ∂µf , which
contains two different types of terms: the ones with the renormalised uren

µν , and
the others involving double sums. We start with the second type, and compute∫ (x − z)(µ

(x − z)2
(y − z)ν)

(y − z)2 ∂µf(z) d2z

= 1
4∂x

(µ∂y
ν)

∫
ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]∂µf(z) d2z

= 1
8 △x∂y

ν

∫
ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]f(z) d2z

+ 1
8 △y∂x

ν

∫
ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]f(z) d2z

+ 1
8∂x

µ∂µ
y (∂x

ν + ∂y
ν )
∫

ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]f(z) d2z

= π

2 ∂y
ν ln
[
µ2(y − x)2]f(x) + π

2 ∂x
ν ln
[
µ2(x − y)2]f(y)

+ 1
8∂x

µ∂µ
y (∂x

ν + ∂y
ν )
∫

ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]f(z) d2z ,

(92)

using that the logarithm is a fundamental solution of the Laplace equation in 2
dimensions:

△ ln
[
µ2(x − z)2] = 4πδ2(x − z) , (93)

as follows for example from the limit m → 0 of equation (24) for the massive
covariance after taking derivatives. Analogously, we obtain∫ (x − z)ρ

(x − z)2
(y − z)ρ

(y − z)2 ∂νf(z) d2z

= 1
4∂x

ρ ∂ρ
y(∂x

ν + ∂y
ν )
∫

ln
[
µ2(x − z)2] ln

[
µ2(y − z)2]f(z) d2z ,

(94)

which cancels the last line of (92) if we take the combination Oµν − 1
2 δµνOρ

ρ that
appears in the stress tensor. The terms of the second type in this combination
thus sum up to

β2

4π

∞∑
m=0

µ−m β2
2π

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π

×
[ ∑

1≤j<k≤m

[f(xj) − f(xk)]∂ν ln
[
µ2(xj − xk)2]

−
m∑

j,k=1
[f(xj) − f(yk)]∂ν ln

[
µ2(xj − yk)2]

+
∑

1≤j<k≤m

[f(yj) − f(yk)]∂ν ln
[
µ2(yj − yk)2]] m∏

i=1
g(xi)g(yi) d2xi d2yi .

(95)
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We compute

∂xℓ
ν ln

[∏1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π


= β2

2π

[
ℓ−1∑
k=1

(xℓ − xk)ν

(xℓ − xk)2 +
m∑

k=ℓ+1

(xℓ − xk)ν

(xℓ − xk)2 −
m∑

k=1

(xℓ − yk)ν

(xℓ − yk)2

]
,

(96)

and the analogous equation with x and y exchanged, multiply by f(xℓ), sum
over ℓ and rename summation indices to obtain

m∑
k=1

f(xk)∂xk
ν ln

[∏1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π


= β2

2π

 ∑
1≤j<k≤m

[f(xj) − f(xk)] (xj − xk)ν

(xj − xk)2 −
m∑

j,k=1
f(xj) (xj − yk)ν

(xj − yk)2

 ,

(97)

as well as the analogous equation with x and y exchanged. We can thus rewrite
equation (95) in the form

∞∑
m=0

µ−m β2
2π

(m!)2

∫
· · ·
∫ m∏

i=1
d2xi d2yi g(xi)g(yi)

×
m∑

k=1
[f(xk)∂xk

ν + f(yk)∂yk
ν ]
[∏

1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π

,

(98)

and since by assumption g is constant on the support of f , we can integrate the
derivatives by parts such that they act on f and then use the symmetry of the
integrand under the exchange of the xi and the yi, such that the sum over k
gives a factor m. Since the term with m = 0 does not contribute, renaming the
summation index m → m + 1 we thus obtain

−
∞∑

m=0

µ−(m+1) β2
2π

m!(m + 1)!

∫
· · ·
∫ [∏

1≤j<k≤m+1(xj − xk)2(yj − yk)2∏m+1
j,k=1(xj − yk)2

] β2
4π

× [∂νf(xm+1) + ∂νf(ym+1)]
m+1∏
i=1

g(xi)g(yi) d2xi d2yi

(99)

for the terms of the second type in the combination Oµν − 1
2 δµνOρ

ρ. This now
cancels exactly the contribution from the last two terms of the stress tensor
Tµν = Oµν − 1

2 δµνOρ
ρ + gδµν(Vβ + V−β) smeared with ∂µf : this is seen by com-

paring equation (99) with the result (89) (renaming z = xm+1 in that equation),
and the analogous result for V−β which is obtained by exchanging x and y.
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It follows that the numerator of the Gell-Mann–Low formula for Tµν smeared
with ∂µf only involves the terms with the renormalised uren

µν . For them, we use
equation (80) and compute∫

uren
µν (x − z)∂µf(z) d2z

= −1
4

∫
ln
[
µ2(x − z)2][△∂νf(z) − (x − z)ρ

(x − z)2 ∂ρ∂νf(z)
]

d2z

= −π∂νf(x) + 1
4

∫
ln
[
µ2(x − z)2] (x − z)ρ

(x − z)2 ∂ρ∂νf(z) d2z

(100)

as well as∫
uρ

ρren(x − z)∂νf(z) d2z

= −1
4

∫
ln
[
µ2(x − z)2][△∂νf(z) − 2(x − z)ρ

(x − z)2 ∂ρ∂νf(z)
]

d2z

= −π∂νf(x) + 1
2

∫
ln
[
µ2(x − z)2] (x − z)ρ

(x − z)2 ∂ρ∂νf(z) d2z ,

(101)

using again that the logarithm is a fundamental solution of the Laplace equation
in two dimensions. In the combination uren

µν − 1
2 δµνuρ

ρren the integrals again cancel
and we are left with the first terms:

∞∑
n=0

1
n!

∫
· · ·
∫ ∑

σi=±1

〈
Nµ[Tµν(∂µf)]

n∏
j=1

Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

n∏
i=1

g(xi) d2xi

= β2

8π

∞∑
m=0

µ−m β2
2π

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m(xj − xk)2(yj − yk)2∏m
j,k=1(xj − yk)2

] β2
4π

×
m∑

k=1

[
∂νf(xk) + ∂νf(yk)

] m∏
i=1

g(xi)g(yi) d2xi d2yi . (102)

Comparing with the result (89) with z = xm+1, and the analogous result for
V−β which is obtained by exchanging x and y, it follows that

∞∑
n=0

1
n!

∫
· · ·
∫ ∑

σi=±1

〈
Nµ

[
T̂µν(∂µf)

] n∏
j=1

Nµ

[
Vσjβ(xj)

]〉0,0

0,ren

n∏
i=1

g(xi) d2xi = 0

(103)

and thus equation (6), where

T̂µν ≡ Tµν − β2

8π
gδµν(Vβ + V−β)

= Oµν − 1
2δµνOρ

ρ + g

(
1 − β2

8π

)
δµν(Vβ + V−β)

(104)

is the quantum-corrected stress tensor. ⊓⊔
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3. Minkowski case

In the Minkowski case, we use the framework of perturbative algebraic quantum
field theory (pAQFT), whose main advantage is the clean separation of algebraic
issues (including renormalisation) from the construction of a state. Reviews of
pAQFT can be found in [50–52], and we again take formulas and results without
specifying their source explicitly.

3.1. Preliminaries. In pAQFT, one first constructs the algebra of free fields A0
as the free algebra over smeared fields ϕ(f) = (f, ϕ) with f ∈ S(R2) and their
adjoints [ϕ(f)]† (= ϕ(f∗) for the real scalar field that we are considering), with
unit 1 and the non-commutative product ⋆, modulo the commutation relations

[ϕ(f), ϕ(g)]⋆ ≡ ϕ(f) ⋆ ϕ(g) − ϕ(g) ⋆ ϕ(f) = i(f, ∆ ∗ g)1 . (105)

where the scalar product (·, ·) and convolution ∗ are defined in equations (19)
and (20). ∆ is the commutator function defined as the difference between re-
tarded and advanced fundamental solutions of the Klein–Gordon equation

∆(x, y) ≡ Gret(x, y) − Gadv(x, y) , ∂2Gret(x, y) = δ2(x − y) = ∂2Gadv(x, y) ,
(106)

which are unique in any globally hyperbolic spacetime, in particular Minkowski
space. A state ω is given by a linear functional on A0, which is normalised
ω(1) = 1 and positive: ω(A†A) > 0 for all 0 ̸= A ∈ A0. We consider quasi-
free states with vanishing one-point function, which are the analogue of the
centred Gaussian covariance in Euclidean signature. That is, these states are
characterised by the analogue of equation (17):

ω(ϕ(f1) ⋆ · · · ⋆ ϕ(fn)) =
∑

π

∏
(i,j)∈π

i
(
fi, G+ ∗ fj

)
, (107)

where the sum runs over all partitions π of the set {1, . . . , n} into unordered
pairs (i, j), and where

G+(x, y) ≡ −iω(ϕ(x) ⋆ ϕ(y)) (108)

is the two-point function of the state ω, here written in terms of its integral
kernel. Summing, we also obtain the analogue of equation (18) for exponentials:

ω
(

ei(J,ϕ)
⋆

)
= ω

 ∞∑
k=0

ik

k! (J, ϕ) ⋆ · · · ⋆ (J, ϕ)︸ ︷︷ ︸
k times

 = e− i
2 (J,G+∗J) , (109)

from which the above follows by functional differentiation with respect to J .
Taking the expectation value of the commutation relations (105), we obtain

G+(x, y) − G+(y, x) = ∆(x, y) , (110)

such that the antisymmetric part of the two-point function is fixed.
For a massless scalar field in two-dimensional Minkowski space, we again

have an IR divergence if we try to define the vacuum state as the limit m → 0
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of the massive one analogous to equation (24) in Euclidean signature. Namely,
the massive two-point function reads

G+(x, 0) = −2πi
∫

eipxδ(p2 + m2)Θ(p0) d2p

(2π)2

= −i lim
ϵ→0+

∫ e−i
√

(p1)2+m2x0+ip1x1−ϵ|p1|

2
√

(p1)2 + m2

dp1

2π
,

(111)

and if m = 0 the p1 integral has a logarithmic singularity at the origin. In the
limit m → 0, we obtain

G+(x, 0) = i
4π

ln
[

m2e2γ

4 (ϵ − i(x1 − x0))(ϵ + i(x1 + x0))
]

+ O(m) , (112)

and we see that for spacelike separations (x1)2 > (x0)2 where we can set ϵ = 0,
we recover exactly the result (24) in Euclidean signature, up to an overall factor
of −i. However, the antisymmetric part has the well-defined limit

∆(x, 0) = G+(x, 0) − G+(0, x)

= i
4π

lim
ϵ→0+

[
ln
[
ϵ − i(x1 − x0)

]
+ ln

[
ϵ + i(x1 + x0)

]
− ln

[
ϵ + i(x1 − x0)

]
− ln

[
ϵ − i(x1 + x0)

]]
= 1

4
[
sgn(x1 − x0) − sgn(x1 + x0)

]
= −1

2Θ
[
(x0)2 − (x1)2] sgn(x0) ,

(113)

and vanishes outside the light cone as required. Because of the IR divergence,
this state is not positive, and to construct the Hilbert space of the theory from
the algebra A0 and a state (via the GNS construction) the IR divergence must
be cured, which can be done in different (related) ways:

– Working with a massive scalar field, and taking the limit m → 0 only for
expectation values of operators with a well-defined limit. This maintains pos-
itivity, and it is expected (and in some cases proven) that a finite mass arises
from non-perturbative effects (Debye screening) [20,40,41].

– The separation of the constant part of ϕ and its quantisation as a massless
harmonic oscillator, similar to what is done in string theory [53] and de Sitter
QFT [54]. In pAQFT, this is the Dereziński–Meissner representation [55].

– A Krein space construction, where positivity is only maintained in the phys-
ical subspace which contains derivatives of ϕ and vertex operators [56,57].

– Restricting the algebra A0 to be generated by derivatives of ϕ and vertex
operators, which we will do in the following.

All three constructions are equivalent for our purposes, since the interacting
expectation values of Oµν and Tµν , defined again using the Gell-Mann–Low
formula (10) only involves derivatives of ϕ and vertex operators, which have a
well-defined massless limit.
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Instead of the vacuum state, we take moreover a general quasi-free Hadamard
state, which for our purposes can be defined as the quasi-free state ωΛ,ϵ with
two-point function

G+(x, y) = i
4π

ln
[
Λ2(ϵ + iu)(ϵ + iv)

]
− iW (x, y) , (114)

where W (x, y) is a smooth and symmetric bisolution of the massless Klein–
Gordon equation ∂2

xW (x, y) = ∂2
yW (x, y) = 0, and we introduced the light cone

coordinates

u = u(x, y) ≡ (x0 −y0)− (x1 −y1) , v = v(x, y) ≡ (x0 −y0)+(x1 −y1) . (115)

As in the Euclidean case, Λ is an IR cutoff which we ultimately take to vanish,
and we keep ϵ > 0 as a UV cutoff. That is, the physical two-point function is
obtained as the distributional boundary value (in the limit ϵ → 0) from the
function (114) which is analytic for all ϵ > 0. The two-point function (114) can
be decomposed as

G+(x, y) = H+(x, y) + i
2π

ln
(

Λ

µ

)
− iW (x, y) , (116)

where
H+(x, y) ≡ i

4π
ln
[
µ2(ϵ + iu)(ϵ + iv)

]
(117)

is the Hadamard parametrix containing the singular part of the two-point func-
tion, which is the same for all Hadamard states. The Feynman propagator and
parametrix are the time-ordered versions of (114) and (117), and read

GF(x, y) ≡ Θ(x0 − y0)G+(x, y) + Θ(y0 − x0)G+(y, x)

= HF(x, y) + i
2π

ln
(

Λ

µ

)
− iW (x, y) ,

(118a)

HF(x, y) ≡ Θ(x0 − y0)H+(x, y) + Θ(y0 − x0)H+(y, x)

= i
4π

ln
[
µ2(−uv + iϵ|u + v| + ϵ2)

]
,

(118b)

where we used that W (x, y) is symmetric. We note that the time-ordered Hadamard
parametrix HF is a fundamental solution of the massless Klein–Gordon equation:

∂2HF(x, y) = −4∂u∂vHF(x, y) = 2ϵ

π(u2 + ϵ2)δ(u + v)

→ 2δ(u)δ(v) = δ2(x − y) (ϵ → 0) ,

(119)

where the second equality is a straightforward computation using the well-known
results |x|′ = sgn(x), Θ′(x) = δ(x) and sgn′(x) = 2δ(x), and the limit

lim
ϵ→0

ϵ

x2 + ϵ2 = ℑm lim
ϵ→0

1
x − iϵ = πδ(x) . (120)

is the Sokhotski–Plemelj theorem.
The algebra A0 is completed by adding normal-ordered products N . Nor-

mal ordering can be performed with respect to the full two-point function G+
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or the Hadamard parametrix H+; the latter choice has the advantage that
the normal-ordered products transform covariantly under diffeomorphisms, or
Lorentz transformations in Minkowski space. Analogously to equation (25), we
have for exponentials

NG

[
ei(J,ϕ)

]
= e i

2 (J,G+∗J)ei(J,ϕ)
⋆ (121)

with J ∈ S(R2) (and the analogous formula with G replaced by H), from which
the normal-ordering of monomials is obtained by functional differentiation with
respect to J , assuming that the right-hand side is a well-defined element of A0.
In the massless case, that means that we have to take

∫
J(x) d2x = 0, which

ensures that it can be written as J(x) = ∂µJµ(x) (see, e.g., [58, App. B and C])
such that (J, ϕ) = −(Jµ, ∂µϕ) and only derivatives of ϕ enter. The expectation
value of a normal-ordered quantity is given by

ωΛ,ϵ(NG[(J1, ϕ) · · · (Jn, ϕ)]) = δn,0 (122)

analogous to equation (27), and for a change in normal ordering we have

NG

[
ei(J,ϕ)

]
= e i

2 (J,(G+−H+)∗J) NH

[
ei(J,ϕ)

]
, (123)

both formulas with the above restriction on J . The vertex operators Vα(x) are
formally given by the exponentials eiαϕ(x), but those cannot be defined if we
only consider derivatives of ϕ. Instead, we include the Hadamard-normal-ordered
operators NH [Vα(x)] among the generators of the algebra A0, with a change of
normal ordering analogous to equation (29) given by

NG[Vα(x)] = e i
2 α2(G+−H+)(x,x) NH [Vα(x)] =

(
Λ

µ

)− α2
4π

e α2
2 W (x,x) NH [Vα(x)]

(124)
using the decomposition of the two-point function (116), and expectation value

ωΛ,ϵ(NG[Vα(x)]) = 1 . (125)

It remains to define their ⋆ products with other elements of A0. For this, we note
that equation (121) implies

NG

[
ei(J,ϕ)

]
⋆ NG

[
ei(K,ϕ)

]
= e i

2 (J,G+∗J)+ i
2 (K,G+∗K)ei(J,ϕ)

⋆ ⋆ ei(K,ϕ)
⋆

= exp
[

i
2

(
(J, G+ ∗ J) + (K, G+ ∗ K) − (J, ∆ ∗ K)

)]
ei(J+K,ϕ)

⋆

= exp
[
−i(J, G+ ∗ K)

]
NG

[
ei(J+K,ϕ)

] (126)

using the Baker–Campbell–Hausdorff formula [59] and the commutation rela-
tions (105) and (110), as well as the analogous formula with G replaced by H.
Taking functional derivatives with respect to J or K and taking into account the
condition

∫
J(x) d2x = 0, we obtain the product for terms involving powers of

∂µϕ, while setting J(x) = αδ2(x − y) and interpreting eiαϕ(y) as vertex operator
Vα(y), we obtain the products for them. It follows that A0 also contains terms of
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the form NH [Vα1(x1) · · · Vαn
(xn)∂µ1ϕ(z1) · · · ∂µk

ϕ(zk)] and similar, i.e., normal-
ordered products of multiple vertex operators and derivatives of ϕ. Generalising
equation (125), their expectation value (after changing the normal ordering to
involve G) vanishes if k > 0, and is equal to 1 if k = 0 for any n.

A central object in pAQFT are time-ordered products T , which can be defined
as multilinear maps from classical expressions into A0. They are constructed
inductively, using that the ones with single entries are equal to the Hadamard-
normal-ordered products

T [O(x)] = NH [O(x)] , (127)

while the higher ones are defined outside the diagonal by causal factorisation:

T [O1(x1) ⊗ · · · ⊗ On(xn)]
= T [O1(x1) ⊗ · · · ⊗ Ok(xk)] ⋆ T [Ok+1(xk+1) ⊗ · · · ⊗ On(xn)] (128)

if none of the x1, . . . , xk lie in the past light cone of any of the xk+1, . . . , xn. The
extension to the total diagonal x1 = · · · = xn corresponds to renormalisation.
We then want to prove the analogue of Lemma 1 (for n = 2), which is

Lemma 2. The expectation value of a time-ordered product of vertex operators
and a bilinear operator is given by

ωΛ,ϵ

T

 n⊗
j=1

Vαj
(xj) ⊗ (∂µ⃗ϕ ∂ν⃗ϕ)(z)

 = exp

−i
∑

1≤i<j≤n

αiαjHF(xi, xj)


×

 lim
z′→z

∂z
µ⃗∂z′

ν⃗ W (z, z′) +
n∑

i,j=1
αiαj∂µ⃗GF(z, xi)∂ν⃗GF(z, xj)



× exp

−1
2

n∑
i,j=1

αiαjW (xi, xj)

(Λ

µ

) (
∑n

k=1
αk)2

4π

, (129)

where ∂µ⃗ ≡ ∂µ1 · · · ∂µk
and ∂ν⃗ ≡ ∂ν1 · · · ∂νℓ

with k, ℓ ≥ 1.
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Proof. The result (129) follows immediately from the expression

T

 n⊗
j=1

Vαj
(xj) ⊗ (∂µ⃗ϕ ∂ν⃗ϕ)(z)

 = exp

−i
∑

1≤i<j≤n

αiαjHF(xi, xj)


×

[
n∑

i,j=1
αiαj∂µ⃗GF(z, xi)∂ν⃗GF(z, xj) NG

 n∏
j=1

Vαj
(xj)


− 2

n∑
i=1

αi∂(µ⃗GF(z, xi) NG

∂ν⃗)ϕ(z)
n∏

j=1
Vαj

(xj)


+ NG

(∂µ⃗ϕ ∂ν⃗ϕ)(z)
n∏

j=1
Vαj

(xj)

+ lim
z′→z

∂z
µ⃗∂z′

ν⃗ W (z, z′) NG

 n∏
j=1

Vαj
(xj)

]

× exp

−1
2

n∑
i,j=1

αiαjW (xi, xj)

(Λ

µ

) (
∑n

k=1
αk)2

4π

(130)

for the time-ordered product, using that the expectation value of a normal-
ordered expression (with respect to G) involving powers of ϕ vanishes, while it
is equal to 1 if only vertex operators appear. To prove equation (130), we first
have to show the related result

T

 n⊗
j=1

Vαj
(xj)

 = exp

−i
∑

1≤i<j≤n

αiαjHF(xi, xj)

NG

 n∏
j=1

Vαj
(xj)



× exp

−1
2

n∑
i,j=1

αiαjW (xi, xj)

(Λ

µ

) (
∑n

k=1
αk)2

4π

(131)

by induction in n. Note that both sides are symmetric under a permutation of
the αj and xj , the right-hand side because the Feynman Hadamard parametrix
HF (118) is symmetric in its arguments. For n = 1, we compute

T [Vα(x)] = NH [Vα(x)] =
(

Λ

µ

)α2
4π

e− α2
2 W (x,x) NG[Vα(x)] (132)

using equation (127) and the change of normal-ordering for vertex operators (124),
which is the correct result. Assume thus that equation (131) is fulfilled for all
m ≤ n, and consider the time-ordered products with n + 1 vertex operators. If
not all points coincide, k of them are not in the past light cone of any of the
other n + 1 − k for some 1 ≤ k ≤ n, and by relabeling we may assume that these
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are the first. Using the causal factorisation (128), we thus obtain

T

n+1⊗
j=1

Vαj (xj)

 = T

 k⊗
j=1

Vαj
(xj)

 ⋆ T

 n+1⊗
j=k+1

Vαj
(xj)


= exp

−i
∑

1≤i<j≤k

αiαjHF(xi, xj) − i
∑

k+1≤i<j≤n+1
αiαjHF(xi, xj)



× NG

[
k∏

i=1
Vαi

(xi)
]

⋆ NG

 n+1∏
j=k+1

Vαj
(xj)

(Λ

µ

)(∑k

i=1
αi

)2
+
(∑n+1

j=k+1
αj

)2

4π

× exp

−1
2

k∑
i,j=1

αiαjW (xi, xj) − 1
2

n+1∑
i,j=k+1

αiαjW (xi, xj)

 , (133)

using the induction hypothesis in the second equality. Employing equation (126)
for the star product of two normal-ordered expressions (with the exponentials
interpreted as vertex operators as explained there) and the decomposition of the
two-point function (116), we obtain

NG

[
k∏

i=1
Vαi

(xi)
]

⋆ NG

 n+1∏
j=k+1

Vαj
(xj)


= exp

−i
k∑

i=1

n+1∑
j=k+1

αiαjG+(xi, xj)

NG

n+1∏
j=1

Vαj
(xj)


= exp

−i
k∑

i=1

n+1∑
j=k+1

αiαjH+(xi, xj)

NG

n+1∏
j=1

Vαj
(xj)



× exp

−
k∑

i=1

n+1∑
j=k+1

αiαjW (xi, xj)

(Λ

µ

)∑k

i=1

∑n+1
j=k+1

αiαj

2π

.

(134)

Using that H+(xi, xj) = HF(xi, xj) if xi does not lie in the past light cone
of xj as we have assumed, and inserting the result (134) into equation (133),
one easily sees that the various terms combine into the required form (131),
which therefore holds at least outside the diagonal. To extend the result to the
diagonal, we note that since the right-hand side is a smooth function of the
xi if ϵ > 0, it simply extends by continuity. This is even true in the limit of
vanishing UV cutoff ϵ if α2

i < 4π for all i, since then the scaling degree of
exp
[
−i
∑

1≤i<j≤n+1 αiαjHF(xi, xj)
]

is less than 2(m − 1) = (m − 1) dimR2 on
each subdiagonal where m points coincide, such that the singularities that arise
there are integrable.
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We can now prove equation (130), which we also do by induction in n. For
n = 0, we compute

T [(∂µ⃗ϕ ∂ν⃗ϕ)(z)] = NH [(∂µ⃗ϕ ∂ν⃗ϕ)(z)]

= NG[(∂µ⃗ϕ ∂ν⃗ϕ)(z)] + lim
z′→z

∂z
µ⃗∂z′

ν⃗ W (z, z′) (135)

using equation (127), the change of normal-ordering (123) at second order in
J [taking once J(x) = ∂µ⃗δ2(z − x) and once J(x) = ∂ν⃗δ2(z − x)], as well as
the decomposition of the two-point function (116). Since this agrees with equa-
tion (130) for n = 0, the base case is proven. Assume thus that equation (130) is
fulfilled for all m ≤ n, and consider the time-ordered products with n + 1 vertex
operators. If not all points coincide, again k of them will not lie in the past light
cone of the other n + 2 − k for some 1 ≤ k ≤ n + 1. We thus can again use causal
factorisation (128), but now have to distinguish two cases, namely whether the
distinguished point z is among the group of k or among the group of the n+2−k
points. In the first case, we have

T

n+1⊗
j=1

Vαj
(xj) ⊗ (∂µ⃗ϕ ∂ν⃗ϕ)(z)


= T

k−1⊗
j=1

Vαj (xj) ⊗ (∂µ⃗ϕ ∂ν⃗ϕ)(z)

 ⋆ T

n+1⊗
j=k

Vαj
(xj)

 ,

(136)

and inserting the induction hypothesis and the previous result (131) on the right-
hand side, we obtain a number of star products of normal-ordered expressions,
which are too long to display explicitly. To evaluate them, we need in addition
to equation (134) also

NG

∂µ⃗ϕ(z)
k−1∏
j=1

Vαj (xj)

 ⋆ NG

n+1∏
j=k

Vαj (xj)


= exp

−i
k−1∑
i=1

n+1∑
j=k

αiαjG+(xi, xj)

NG

∂µ⃗ϕ(z)
n+1∏
j=1

Vαj
(xj)


−

n+1∑
j=k

αj∂µ⃗G+(z, xj) exp

−i
k−1∑
i=1

n+1∑
j=k

αiαjG+(xi, xj)

NG

n+1∏
j=1

Vαj
(xj)


(137)
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and

NG

(∂µ⃗ϕ ∂ν⃗ϕ)(z)
k−1∏
j=1

Vαj
(xj)

 ⋆ NG

n+1∏
j=k

Vαj
(xj)



= exp

−i
k−1∑
i=1

n+1∑
j=k

αiαjG+(xi, xj)


NG

(∂µ⃗ϕ ∂ν⃗ϕ)(z)
n+1∏
j=1

Vαj (xj)



− 2
n+1∑
j=k

αj∂(µ⃗G+(z, xj) NG

∂ν⃗)ϕ(z)
n+1∏
j=1

Vαj
(xj)



+
n+1∑

i,j=k

αiαj∂µ⃗G+(z, xi)∂ν⃗G+(z, xj) NG

n+1∏
j=1

Vαj
(xj)


 ,

(138)

which are obtained by first taking one or two functional derivatives of equa-
tion (126) with respect to J , and then interpreting the exponentials as vertex
operators, setting J(x) =

∑k−1
j=1 αjδ2(x − xj) and K(x) =

∑n+1
j=k αjδ2(x − xj).

Using further the decomposition of the two-point function (116) and the fact
that for xi not in the past light cone of xj we have H+(xi, xj) = HF(xi, xj), the
result (130) follows in this case.

A similar computation yields equation (130) also in the second case where the
distinguished point z is among the second group of n + 2 − k points, for which
we need the analogues of equations (137) and (138) with the factors reversed.
We omit the details. We have thus shown that equation (130) holds at least
outside the diagonal, but since the right-hand side is a smooth function of the
xi if ϵ > 0, it extends to the diagonal by continuity. However, this is no longer
true for ϵ = 0, and we resolve the renormalisation problem in section 3.2. ⊓⊔

Remark. While the choice of taking the Hadamard-normal-ordered expressions
for time-ordered products with a single entry (127) may seem strange to some-
one aquainted with flat-space quantum field theory, it is actually indispensable in
curved spacetimes, since otherwise the renormalisation freedom is unacceptably
large [60]. Moreover, in flat space of three or more dimensions the Hadamard
parametrix actually coincides with the vacuum two-point function. It is only
in two dimensions or for non-vacuum states that the difference becomes rele-
vant, and as we see from equation (129) it is the correct choice to ensure the
superselection rule in analogy with the Euclidean case.

3.2. Proof of theorem 4 (Renormalisation). We begin again with Oµν = ∂µϕ ∂νϕ.
Using Lemma 2, the decomposition of the two-point function and the explicit
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form of the Hadamard parametrix (118), we obtain (with σj = ±1)

ωΛ,ϵ

T

 n⊗
j=1

Vσjβ(xj) ⊗ Oµν(z)

 =
∏

1≤i<j≤n

[
µ2(−uijvij + iϵ)

]σiσj
β2
4π

×

[
lim

z′→z
∂z

µ∂z′

ν W (z, z′) − β2
n∑

i,j=1
σiσj∂µW (z, xi)∂νW (z, xj)

+ β2

2π

n∑
i,j=1

σiσjH(µ(z, xi)∂ν)W (z, xj)

− β2

(4π)2

n∑
i,j=1

σiσjHµ(z, xi)Hν(z, xj)
]

× exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)

(Λ

µ

) β2(
∑n

k=1
σk)2

4π

,

(139)

where we defined

Hµ(x, y) ≡ −4πi ∂µHF(x, y) = Θ(u + v)
xµ − iϵ + Θ(−(u + v))

xµ + iϵ . (140)

and set (for better readability)

uij ≡ u(xi, xj) , vij ≡ v(xi, xj) . (141)

Analogously to the Euclidean case, the terms
[
µ2(−uijvij + iϵ)

]σjσk
β2
4π are sin-

gular in the physical limit ϵ → 0 if σjσk = −1, but the singularity is inte-
grable since we are in the finite regime β2 < 4π. Since W is a smooth func-
tion, it is not singular, but since the scaling degree of Hµ (140) is −1 and the
integration measure in light cone coordinates (115) is d2x = 1

2 du dv, terms
involving Hµ can potentially be problematic and may need renormalisation.
The terms of the form H(µ(z, xi)∂ν)W (z, xj) are by definition (140) equal to
−4πi ∂z

(µHF(z, xi)∂ν)W (z, xj), and we can integrate the z derivative by parts
such that it either acts on W or the smearing function. Since the singularity of
HF is integrable, the result is a well-defined distribution and we can take the
limit ϵ → 0 with impunity. The same holds for the terms Hµ(z, xi)Hν(z, xj) with
i ̸= j since their scaling degree (when all points coincide) is 2 < dimR4, but as
in the Euclidean case the terms Hµ(z, xj)Hν(z, xj) are problematic since their
scaling degree is 2 = dimR2 such that we expect a logarithmic singularity as
ϵ → 0. To determine the required counterterm, we compute first

Hu(x, y)Hu(x, y) = Θ(u + v)
(u − iϵ)2 + Θ(−(u + v))

(u + iϵ)2

= −∂uHu(x, y) + 2iϵ
u2 + ϵ2 δ(u + v)

→ 4πi ∂2
uHF(x, y) + iπδ2(x − y) (ϵ → 0) ,

(142)
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where we used the Sokhotski–Plemelj formula (120) for the last limit. Integrating
the u derivatives by parts on the test function, the singularity of HF is integrable
and we have a well-defined distribution. In the same way, we obtain

Hv(x, y)Hv(x, y) → 4πi ∂2
vHF(x, y) + iπδ2(x − y) (ϵ → 0) , (143)

but the mixed terms are more complicated. For them, we compute

Hu(x, y)Hv(x, y) = Θ(u + v)
(u − iϵ)(v − iϵ) + Θ(−(u + v))

(u + iϵ)(v + iϵ)

= −8π2∂u∂v

[
HF(x, y)

]2 −
2iϵ ln

[
µ2(u2 + ϵ2)]
u2 + ϵ2 δ(u + v)

(144)

using that HF is a fundamental solution (119), and the limit of the last term
is again most easily computed in Fourier space: we have for ℜeα > 0 [46,
Eq. 10.32.11] ∫ e−ipu

(u2 + ϵ2)α
du = 2

√
π|p|α− 1

2

Γ (α)(2ϵ)α− 1
2

Kα− 1
2
(|p|ϵ) , (145)

where K is the second modified Bessel function. It follows that

ln
[
µ2(u2 + ϵ2)]

u2 + ϵ2 = lim
δ→0

[
1
δ

(
µ2δ(u2 + ϵ2)−1+δ − (u2 + ϵ2)−1

)]
= lim

δ→0

∫ [1
δ

(
µ2δ 2

√
π|p|

1
2 −δ

Γ (1 − δ)(2ϵ) 1
2 −δ

K 1
2 −δ(|p|ϵ) − 2

√
π|p|

1
2

(2ϵ) 1
2

K 1
2
(|p|ϵ)

)]
eipu dp

2π

= π

ϵ

∫
e−|p|ϵ

[
2 ln(2µϵ) − e2|p|ϵ E1(2|p|ϵ) − γ − ln(2|p|ϵ)

]
eipu dp

2π
, (146)

where E1 is the exponential integral and we used the value of the modified Bessel
function Kν and its first derivative with respect to ν at ν = 1

2 [46, Eqs. (10.39.2)
and (10.38.7)]. Using the known asymptotic expansion of E1 for small argu-
ment [46, Eq. (6.6.2)], we obtain in the limit ϵ → 0 that

ϵ
ln
[
µ2(u2 + ϵ2)]

u2 + ϵ2 ≈ 2π ln(2µϵ)
∫

eipu dp

2π
= 2π ln(2µϵ) δ(u) (147)

and thus

Hu(x, y)Hv(x, y) → −8π2∂u∂v

[
HF(x, y)

]2 − 2πi ln(2µϵ) δ2(x − y) , (148)

where the first term is a well-defined distribution (the renormalised part, i.e.,
the extension of Hu(x, y)Hv(x, y) to the diagonal), and the second term is the
anticipated logarithmically divergent local term as the UV cutoff ϵ is removed.

In light cone coordinates (115), the Minkowski metric reads

ds2 = − du dv = ηµν dxµ dxν ⇒ ηµν = −1
2

(
0 1
1 0

)
, ηµν = −2

(
0 1
1 0

)
, (149)
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such that we can summarise the above results as

Hµ(x, y)Hν(x, y) = [Hµ(x, y)Hν(x, y)]ren + 4πi ηµν ln(2µϵ) δ2(x − y) + O(ϵ) ,
(150)

using that δ2(x − y) = 2δ(u)δ(v) and with

[Hu(x, y)Hu(x, y)]ren = 4πi ∂2
uHF(x, y) + iπδ2(x − y) , (151a)

[Hv(x, y)Hv(x, y)]ren = 4πi ∂2
vHF(x, y) + iπδ2(x − y) , (151b)

[Hu(x, y)Hv(x, y)]ren = −8π2∂u∂v

[
HF(x, y)

]2
. (151c)

To renormalise, we have to subtract the local term, which in the pAQFT frame-
work is done by changing the time-ordered products by local terms. In our case,
with the local term supported at the diagonal z = xi, we thus have to change
the time-ordered products with two entries, one of which is Oµν(z) and one of
which is a vertex operator Vσiβ(xi). Since the local term that we want to sub-
tract has scaling dimension 2, the same as Oµν , the time-ordered product must
be proportional to the vertex operator, and we make the ansatz

δT [Oµν(z) ⊗ Vα(x)] = cα ηµνδ2(z − x) T [Vα(x)] (152)

with a constant cα to be determined. From the recursive construction of the
time-ordered products, it follows that

δT

 n⊗
j=1

Vσjβ(xj) ⊗ Oµν(z)

 = cσjβ ηµν

n∑
j=1

δ2(z − xj) T

 n⊗
j=1

Vσjβ(xj)

 , (153)

and hence the expectation value (139) changes as

ωΛ,ϵ

δT

 n⊗
j=1

Vσjβ(xj) ⊗ Oµν(z)


= ηµν

n∑
j=1

cσjβδ2(z − xj) ωΛ,ϵ

T

 n⊗
j=1

Vσjβ(xj)


= ηµν

n∑
j=1

cσjβδ2(z − xj)
∏

1≤i<j≤n

[
µ2(−uijvij + iϵ)

]σiσj
β2
4π

× exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)

(Λ

µ

) β2
(∑n

j=1
σj

)2

4π

(154)

using the result (131) and the explicit form of the Hadamard parametrix (118).
Adding this correction to (139), we can cancel the divergent part by choosing

c±β = i β2

4π
ln(2µϵ) . (155)

We see clearly that the renormalisation is state-independent, which is one of the
central insights of pAQFT. Moreover, as in the Euclidean case we only obtain a
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non-vanishing result in the limit where the IR cutoff Λ → 0 if the sum of all σi

vanishes, the super-selection criterion of the vacuum sector [45].
For the renormalised expectation value of the stress tensor Tµν = Oµν −

1
2 ηµνOρ

ρ + gηµν(Vβ + V−β), we again obtain a sum of four terms, the first two of
which can be read off from equations (139) and (154). As in the Euclidean case,
since the divergent part in (150) is proportional to ηµν , it cancels out between
the first two terms and the stress tensor is finite without counterterms. For the
last two terms, we take the expectation value of equation (131) and use the
explicit form of the Hadamard parametrix (118) to obtain

ωΛ,ϵ

T

 n⊗
j=1

Vσjβ(xj) ⊗ Vβ(z)

 =
∏

1≤i<j≤n

[
µ2(−uijvij + iϵ)

]σiσj
β2
4π

×
n∏

j=1

[
µ2(−u(xj , z)v(xj , z) + iϵ)

]σj
β2
4π exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)



× exp

−β2
n∑

j=1
σjW (xj , z) − β2

2 W (z, z)

(Λ

µ

) β2
(

1+
∑n

j=1
σj

)2

4π

. (156)

Since we are in the finite regime β2 < 4π, the singularities that arise for ϵ = 0
as xj → xk and xj → z are integrable, and so for this term no further renor-
malisation beyond the normal-ordering is required. Moreover, we again see how
the neutrality condition appears: as Λ → 0, we obtain a vanishing result un-
less

∑n
j=1 σj = −1. The last term with V−β results in the same result with σj

replaced by −σj on the right-hand side. ⊓⊔

3.3. Proof of theorem 5 (Convergence). As in the Euclidean case, we tacitly
employ Fubini’s theorem to interchange absolutely convergent integrals in this
whole section, and consider numerator and denominator of equation (10) sepa-
rately. Starting with the denominator, we use the result (131) from the proof of
Lemma 2 to obtain

ω0,0

T

 n⊗
j=1

Vσjβ(xj)

 = lim
Λ,ϵ→0

 exp

−iβ2
∑

1≤i<j≤n

σiσjHF(xi, xj)



× exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)

(Λ

µ

) β2(
∑n

k=1
σk)2

4π


= δ0,

∑n

k=1
σk

∏
1≤i<j≤n

[
−µ2(uijvij)−

]σiσj
β2
4π exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)

 ,

(157)
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where we use the notation (uv)± ≡ limϵ→0(uv ± iϵ|u + v|) for the distributional
boundary value. Since σj = ±1, to obtain a non-vanishing result we must have
n = 2m with m positive σj and m negative ones. We then rename the xj

with σj = −1 to yj and renumber them. Taking into account that there are(
n
m

)
= (2m)!/(m!)2 possibilities to choose m positive σj from a total of n = 2m

ones (since equation (157) is symmetric under a permutation of the (renamed)
xi and yj among themselves), the denominator of equation (10) reduces to

∞∑
m=0

(−1)m

(m!)2

∫
· · ·
∫

ω0,0

T

 m⊗
j=1

Vβ(xj) ⊗ V−β(yj)

 m∏
i=1

g(xi)g(yi) d2xi d2yi

=
∞∑

m=0

(−1)m

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

× µ−m β2
2π exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


×

m∏
i=1

g(xi)g(yi) d2xi d2yi . (158)

To bound the terms at order 2m, we change the integration measure to light
cone coordinates

d2x = 1
2 du(x) dv(x) , u(x) = x0 − x1 , v(x) = x0 + x1 , (159)

and use that (115)

u(x, y) = u(x) − u(y) , v(x, y) = v(x) − v(y) . (160)

The absolute value of the terms in brackets factorises into a part depending on
the u and a part depending on the v, and for each of them we use the Cauchy
determinant formula:∣∣∣∣∣

∏
1≤j<k≤m u(xj , xk)u(yj , yk)∏m

j,k=1 u(xj , yk)

∣∣∣∣∣
p

=

∣∣∣∣∣det
(

1
u(xi, yj)

)m

i,j=1

∣∣∣∣∣
p

≤

∣∣∣∣∣∣
∑

π

m∏
j=1

1∣∣u(xj , yπ(j))
∣∣
∣∣∣∣∣∣
p

,

(161)

where the sum runs over all permutations π of {1, . . . , n}, and we used the
estimate (59). For the exponential, we use the second assumption on W

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)] ≥ 0 , (162)
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which lets us estimate the exponential by 1. It follows that the denominator (158)
can be bounded by

∞∑
m=0

2−2m

(m!)2

∫
· · ·
∫ ∑

π

m∏
j=1

1
µ
∣∣u(xj , yπ(j))

∣∣


β2
4π
∑

π

m∏
j=1

1
µ
∣∣v(xj , yπ(j))

∣∣


β2
4π

×
m∏

i=1
|g(xi)||g(yi)| du(xi) dv(xi) du(yi) dv(yi) . (163)

We then estimate

|g(xi)| ≤
[
1 + µ2u(xi)2]−2[1 + µ2v(xi)2]−2

×
∥∥∥[1 + µ2u(x)2]2[1 + µ2v(x)2]2g(x)

∥∥∥
∞

,
(164)

such that the integrals over the u and the v factorise. We thus need to bound

∫
· · ·
∫ ∑

π

m∏
j=1

1
µ
∣∣u(xj , yπ(j))

∣∣


β2
4π m∏

i=1

du(xi)[
1 + µ2u(xi)2

]2 du(yi)[
1 + µ2u(yi)2

]2 , (165)

and the analogous expression with u replaced by v. Using the Hölder inequal-
ity (73) with r = ρ > 1, this expression can be bounded by∫ · · ·

∫ ∑
π

m∏
j=1

1
µ
∣∣u(xj , yπ(j))

∣∣
ρ β2

4π m∏
i=1

du(xi)
[1 + µ2u(xi)2]ρ

du(yi)
[1 + µ2u(yi)2]ρ


1
ρ

×

[∫
· · ·
∫ m∏

i=1

du(xi)[
1 + µ2u(xi)2

] ρ
ρ−1

du(yi)[
1 + µ2u(yi)2

] ρ
ρ−1

] ρ−1
ρ

, (166)

and choosing ρ such that ρ β2

4π < 1 (which is possible since we are in the finite
regime β2 < 4π), we can use the estimate (60) to obtain∑

π

m∏
j=1

1
µ
∣∣u(xj , yπ(j))

∣∣
ρ β2

4π

≤
∑

π

m∏
j=1

[
µ
∣∣u(xj , yπ(j))

∣∣]−ρ β2
4π

. (167)

Since the remainder of the integrand is invariant under a permutation of the
yi, the sum over permutations π just gives a factor m!, so that we only need to
bound ∫∫ [

µ|u(xj , yj)|
]−ρ β2

4π du(xj)
[1 + µ2u(xj)2]ρ

du(yj)
[1 + µ2u(yj)2]ρ . (168)

In the region where µ|u(xj , yj)| > 1, we estimate the first term by 1 and
bound equation (168) by

[∫
(1 + µ2u2)−ρ du

]2 ≤ π2µ−2. In the region where
µ|u(xj , yj)| ≤ 1, we use again Young’s inequality in the form (64) with the
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exponents (65), but now in one dimension and with β2 replaced by ρβ2. This
gives

∥∥(1 + µ2u2)−ρ
∥∥2

p

∥∥∥∥Θ(1 − µ|u|)(µ|u|)−ρ β2
4π

∥∥∥∥
q

= µ−2

(
πΓ
(
pρ − 1

2
)

Γ (pρ)

) 1
p( 8π

4π − ρβ2q

) 1
q

,

(169)

where the result for the second norm is equation (67), and the first norm is a
straightforward computation using [46, Eq. (5.12.3)] and [46, Eq. (5.12.1)]. The
result is finite with the choice we made for p, q and ρ, in particular ρβ2q =
4π − (4π − ρβ2)(8π − ρβ2)/(8π) < 4π and pρ > 1. On the other hand, for the
second factor in equation (166) we have the simple bound

[∫ du(
1 + µ2u2

) ρ
ρ−1

] ρ−1
ρ

≤ ρµ
1−ρ

ρ . (170)

Taking all together, we can bound equation (166) (and thus equation (165)) by
(m!)

1
ρ K̂m, where K̂ is a constant depending on β and g, and we recall that

ρ > 1. Inserting this result into equation (163), it follows that the denominator
of equation (10) is bounded by

∞∑
m=0

2−2m

(m!)2 (m!)
2
ρ K̂2m =

∞∑
m=0

(m!)
β2
4π −1Km < ∞ , (171)

with the new constant K = K̂2/4, and where we made the (admissible) choice
ρ = 8π/(4π + β2). We remark that the bounds (171) are not new and were
already derived in [24]. However, a technical improvement over the proof of [24]
is that we admit arbitrary adiabatic cutoff functions g ∈ S(R2), without any
restriction on their support.

Consider thus the numerator of equation (10), where the renormalised expec-
tation values are given by the sum of (139) and (154) with the choice (155) to
cancel the divergent part. We see that in the physical limit Λ → 0 again only
even terms with n = 2m contribute, and taking into account the symmetry un-
der the exchange of variables and renaming integration variables as in the case
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of the denominator, the numerator reads

∞∑
m=0

(−1)m

(m!)2

∫
f(z)

∫
· · ·
∫ [∏

1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

×

[
lim

z′→z
∂z

µ∂z′

ν W (z, z′) + β2

8π2

m∑
i,j=1

H(µ(z, xi)Hν)(z, yj)

− β2
m∑

i,j=1
∂µ[W (z, xi) − W (z, yi)]∂ν [W (z, xj) − W (z, yj)]

+ β2

2π

m∑
i,j=1

[H(µ(z, xi) − H(µ(z, yi)]∂ν)[W (z, xj) − W (z, yj)]

− β2

8π2

∑
1≤i<j≤m

[
H(µ(z, xi)Hν)(z, xj) + H(µ(z, yi)Hν)(z, yj)

]
− β2

16π2

m∑
j=1

[
[Hµ(z, xj)Hν(z, xj)]ren + [Hµ(z, yj)Hν(z, yj)]ren

]]

× µ−m β2
2π exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


× d2z

m∏
i=1

g(xi)g(yi) d2xi d2yi . (172)

We see that there are various different types of terms, some of which are equal
since we can interchange xj and yj without changing the result, and we will
bound all of them separately. Consider first the terms that only contain W but
no derivatives Hµ of the Hadamard parametrix. By the first assumption on W ,
it and its derivatives grow at most polynomially such that

∣∣∣ lim
z′→z

∂z
µ∂z′

ν W (z, z′)
∣∣∣ ≤ w

[
1 + µ2u(z)2 + µ2v(z)2

]k

, (173a)

|∂µW (z, x)| ≤ w
[
1 + µ2u(z)2 + µ2v(z)2

]k[
1 + µ2u(x)2 + µ2v(x)2

]k

(173b)

for some constant w > 0 and some k ∈ N. It follows that the contribution of the
terms that only contain W but no derivatives Hµ to the numerator (172) can be
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bounded by

∞∑
m=0

µ−m β2
2π

(m!)2

∫
|f(z)|

∫
· · ·
∫ ∣∣∣∣∣

∏
1≤j<k≤m u(xj , xk)v(xj , xk)u(yj , yk)v(yj , yk)∏m

j,k=1 u(xj , yk)v(xj , yk)

∣∣∣∣∣
β2
4π

×

[
w
[
1 + µ2u(z)2 + µ2v(z)2

]k

+ β2w
[
1 + µ2u(z)2 + µ2v(z)2

]2k

×

[
m∑

i=1

[
1 + µ2u(xi)2 + µ2v(xi)2

]k

+
[
1 + µ2u(yi)2 + µ2v(yi)2

]k
]2]

× exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


× d2z

m∏
i=1

|g(xi)||g(yi)| d2xi d2yi . (174)

The integral over z can be estimated by a constant C depending on the test
function f and the constants w, k and β2. Absorbing the terms

[
1 + µ2u(xi)2 +

µ2v(xi)2
]k

into the test functions g(xi) to obtain new test functions g̃, and taking
into account that the middle sum in equation (174) contributes m2 terms, which
by renaming of integration variables all give the same contribution, we can then
repeat the derivation of the denominator estimates for the remaining terms. It
follows that equation (174) is bounded by

C

∞∑
m=0

(m!)
β2
4π −1m2Km < ∞ , (175)

where K depends on g̃ and thus also on W . Next consider the mixed terms
involving W and Hµ = −4πi∂µHF (140). Integrating the derivative by parts
and using the estimates (173) for W , the contribution of these terms to the
numerator (172) can be bounded by

∞∑
m=0

µ−m β2
2π

(m!)2

∫ ∫
· · ·
∫ ∣∣∣∣∣

∏
1≤j<k≤m u(xj , xk)v(xj , xk)u(yj , yk)v(yj , yk)∏m

j,k=1 u(xj , yk)v(xj , yk)

∣∣∣∣∣
β2
4π

× 8m2wβ2
[
|f(z)| + sup

µ
|∂µf(z)|

][
1 + µ2u(z)2 + µ2v(z)2

]k∣∣HF(z, x1)
∣∣

× exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


× d2z

m∏
i=1

|g̃(xi)||g̃(yi)| d2xi d2yi , (176)
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where we have again absorbed terms
[
1 + µ2u(xi)2 + µ2v(xi)2

]k

into the test
functions g(xi), and the factor of m2 arises because all the terms in the sum
give the same contribution. To compute the integral over z, we use that the
Hadamard parametrix

∣∣HF
∣∣ (118) factors in the limit ϵ → 0, such that

∣∣HF(z, x)
∣∣ ≤ 1

4π
|ln |µu(z, x)|| + 1

4π
|ln |µv(z, x)|| + 1

4 . (177)

The contribution of the last term is bounded by∫
2wβ2

[
|f(z)| + sup

µ
|∂µf(z)|

][
1 + µ2u(z)2 + µ2v(z)2

]k

d2z ≤ C , (178)

where the constant C depends on f and W through w and k. For the contribu-
tions of the logarithms in (177), we first bound

8wβ2
[
|f(z)| + sup

µ
|∂µf(z)|

][
1 + µ2u(z)2 + µ2v(z)2

]k

≤ C
[
1 + µ2u(z)2

]−1[
1 + µ2u(z)2

]−1
,

(179)

where the constant C depends on f and W through w and k. We then change
the z integration to light cone coordinates (159), such that the integral over z
factors, and then use the estimate∫

|ln |µu(z, x)||k

1 + µ2u(z)2 du(z) ≤ 2
µ

ck lnk(2 + µ|u(x)|) . (180)

and the analogous one with u replaced by v. It follows that the integral over
z in equation (176) is bounded by a constant C depending on f , g and W .
For the remaining terms we repeat the derivation of the denominator esti-
mates, absorbing the logarithm of equation (180) in the test functions g since
|g(xi)| ln(2 + µ|u(xi)|) is still a rapidly decreasing function. It follows that also
the contribution of the terms involving both W and Hµ to the numerator (172)
is bounded by a sum of the form (175).

The bound (180) is proven as follows: we estimate first that

∫
|ln |µu(z, x)||k

1 + µ2u(z)2 du(z) = 1
µ

∫
|ln |s||k

1 + [s + µu(x)]2 ds

≤ 2
µ

∫ ∞

0

|ln s|k

1 + [s − µ|u(x)|]2 ds ,

(181)

and thus only have to show that∫ ∞

0

|ln s|k

1 + (s − a)2 ds ≤ ck lnk(2 + a) (182)
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for a ≥ 0. We compute∫ ∞

0

|ln s|k

1 + (s − a)2 ds =
∫ 1

0

(− ln s)k

1 + (s − a)2 ds +
∫ ∞

1

lnk s

1 + (s − a)2 ds

≤
∫ 1

0
(− ln s)k ds +

∫ 1+a

1

lnk s

1 + (s − a)2 ds +
∫ ∞

1+a

lnk s

1 + (s − a)2 ds

≤ k! + lnk(1 + a)
∫ 1+a

1

1
1 + (s − a)2 ds +

∫ ∞

1

lnk(s + a)
1 + s2 ds

≤ k! + 3
4π lnk(1 + a) +

∫ ∞

1

[ln(s) + ln(2 + a)]k

1 + s2 ds

(183)

using the inequality (valid for a ≥ 0, b ≥ 1)

ln(a + b) ≤ ln b + ln(2 + a) ⇔ (a + b) ≤ b(2 + a) , (184)

which is proven in the standard way by showing that it holds for a = 0 and that
the first derivative with respect to a of the left-hand side is smaller than the one
on the right-hand side. Using further that∫ ∞

1

lnk(s)
1 + s2 ds ≤ k! , (185)

we obtain∫ ∞

0

|ln s|k

1 + (s − a)2 ds ≤ k! + 3
4π lnk(1 + a) +

k∑
m=0

(
k

m

)
lnk−m(2 + a)m!

≤
(

2k! + 3
4π

)
lnk(2 + a)

(186)

as required.
The remaining terms in equation (172) either involve two derivatives Hµ

of the Hadamard parametrix at different points, or the renormalised product
[Hµ(z, x)Hν(z, x)]ren (151). We start with the latter ones, which contain local
terms proportional to δ2(z − x) as well as derivatives acting on the Hadamard
parametrix and its square. The local terms allow to perform the integral over z,
resulting in a factor f(xi) or f(yj) which can be estimated by ∥f∥∞, and for the
remaining terms we can repeat the derivation of the denominator estimates. The
terms with derivatives acting on the Hadamard parametrix and its square are
integrated by parts to act on f , and as before we introduce factors of [1+µ2u(z)2]
and [1 + µ2v(z)2] and use that

∣∣[1 + µ2u(z)2][1 + µ2v(z)2]∂µ∂νf(z)
∣∣ ≤ C. The

remaining integral over z is then bounded using equation (180). We can again
absorb the logarithm in the test functions g, and since there are 2m ≤ 2m2

terms involving [Hµ(z, x)Hν(z, x)]ren, it follows that also their contribution to
the numerator (172) is bounded by a sum of the form (175).

To bound the remaining terms with two derivatives Hµ of the Hadamard
parametrix at different points, we first consider the case where µ = u, ν = v.
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Using that HF is a fundamental solution of the Klein–Gordon equation (119)
and the definition of Hµ (140), a straightforward computation results in∫

H(u(z, x)Hv)(z, y)f(z) d2z = −2π2HF(x, y)[f(x) + f(y)]

− 8π2
∫

HF(z, x)HF(z, y)∂u∂vf(z) d2z .

(187)

To estimate the second term, we introduce factors of [1 + µ2u(z)2] and [1 +
µ2v(z)2] and use Hölder’s inequality (73) with r = 2 to obtain∣∣∣∣∫ HF(z, x)HF(z, y)∂u∂vf(z) d2z

∣∣∣∣ ≤
∥∥[1 + µ2u(z)2][1 + µ2v(z)2]∂u∂vf

∥∥
∞

×

[∫ ∣∣HF(z, x)
∣∣2

[1 + µ2u(z)2][1 + µ2v(z)2] d2z

∫ ∣∣HF(z, y)
∣∣2

[1 + µ2u(z)2][1 + µ2v(z)2] d2z

] 1
2

.

(188)

Using the bound (177) for the Hadamard parametrix and the estimate (180), we
obtain the bound∣∣∣∣∫ HF(z, x)HF(z, y)∂u∂vf(z) d2z

∣∣∣∣ ≤ C ln(2 + µ|u(x)|) ln(2 + µ|v(x)|)

× ln(2 + µ|u(y)|) ln(2 + µ|v(y)|) ,

(189)

where the constant C depends on f , and we can again absorb the logarithms
in the test functions g. Repeating the derivation of the denominator estimates
and taking into account that there are m2 + m(m − 1) < 2m2 terms with
two derivatives Hµ of the Hadamard parametrix at different points, it follows
that also the contribution of the second term in equation (187) to the nu-
merator (172) is bounded by a sum of the form (175). On the other hand,
the first term in equation (187) is directly bounded using the bound (177) for
the Hadamard parametrix, which is however logarithmically divergent for small
u(x, y) or v(x, y). We can then almost repeat the derivation of the denomina-
tor estimates, except that we need to bound equation (168) in the case that an
additional logarithm is present, i.e., we need to bound∫∫ [

µ|u(xj , yj)|
]−ρ β2

4π |ln |µu(xj , yk)|| du(xj)
[1 + µ2u(xj)2]ρ

du(yj)
[1 + µ2u(yj)2]ρ (190)

in the two cases k = j and k ̸= j. We start with the case k = j, and use the
well-known bound1

ln z ≤ 1
r

(zr − 1) ≤ 1
r

zr (191)

for z, r ≥ 0 to estimate[
µ|u(xj , yj)|

]−ρ β2
4π |ln |µu(xj , yj)|| ≤ 8π

ρβ2

[
µ|u(xj , yj)|

]−ρ β2
8π

. (192)

1 It can be proven in the standard way, noting that for f(z) = ln z − 1
r

(zr − 1) we have
f(1) = 0 and zf ′(z) = 1 − zr ≤ 0 for z ≥ 1, zf ′(z) ≥ 0 for z ≤ 1.
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In the region µ|u(xj , yj)| > 1, we then estimate this term by 8π/(ρβ2), and
bound equation (190) by 8π/(ρβ2)

[∫
(1 + µ2u2)−ρ du

]2 ≤ 8π3/(ρβ2µ2). In the
region where µ|u(xj , yj)| ≤ 1, we use again Young’s inequality in the form (64)
with the exponents (65), but now in one dimension and with β2 replaced by
ρβ2/2. This gives ∥∥(1 + µ2u2)−ρ

∥∥2
p

∥∥∥∥Θ(1 − µ|u|)(µ|u|)−ρ β2
8π

∥∥∥∥
q

= µ−2

(
πΓ
(

pρ−1
2
)

Γ
(

pρ
2
) ) 1

p( 16π

8π − ρβ2q

) 1
q

,

(193)

which is finite with the choice we made for p, q and ρ as before. For k ̸= j, we
use again Hölder’s inequality (73) with r = (4π − ρβ2)/(2ρβ2) to obtain∫∫ [

µ|u(xj , yj)|
]−ρ β2

4π |ln |µu(xj , yk)|| du(xj)
[1 + µ2u(xj)2]ρ

du(yj)
[1 + µ2u(yj)2]ρ

≤

[∫∫ [
µ|u(xj , yj)|

]−rρ β2
4π du(xj)

[1 + µ2u(xj)2]ρ
du(yj)

[1 + µ2u(yj)2]ρ

] 1
r

×
[∫∫

|ln |µu(xj , yk)||
r

r−1
du(xj)

[1 + µ2u(xj)2]ρ
du(yj)

[1 + µ2u(yj)2]ρ

] r−1
r

.

(194)

With this choice of r, we have r > 1 and rρβ2/(4π) < 1 such that both integrals
are convergent, and we can bound each of them by repeating the estimates
used to bound (190). Since there are m2 + m(m − 1) < 2m2 terms with two
derivatives Hµ of the Hadamard parametrix at different points, it follows that
also the contribution of the first term in equation (187) to the numerator (172)
is bounded by a sum of the form (175).

We thus consider the remaining terms with two derivatives of the Hadamard
parametrix at different points for µ = ν = u; the case µ = ν = v is completely
analogous. Using the definition of Hµ (140), we compute

Hu(z, x)Hu(z, y) =
∑

a,b=±

Θ(a(u + v)(z, x))Θ(b(u + v)(z, y))

× ∂

∂u(z)
ln[(u(z, x) − aiϵ)2] − ln[(u(z, y) − biϵ)2]

2u(x, y) + 2(a − b)iϵ

=
[

∂

∂u(z) − ∂

∂v(z)

] ∑
a,b=±

Θ(a(u + v)(z, x))Θ(b(u + v)(z, y))

× ln[(u(z, x) − aiϵ)2] − ln[(u(z, y) − biϵ)2]
2u(x, y) + 2(a − b)iϵ

=
[

∂

∂u(z) − ∂

∂v(z)

]2 ∑
a,b=±

Θ(a(u + v)(z, x))Θ(b(u + v)(z, y))

× (u(z, x) − aiϵ) ln[(u(z, x) − aiϵ)2] − (u(z, y) − biϵ) ln[(u(z, y) − biϵ)2]
2u(x, y) + 2(a − b)iϵ ,

(195)
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and since the last fraction is integrable in u(z) and has a finite limit as y → x
even for ϵ = 0, we can take the limit ϵ → 0 and obtain

Hu(z, x)Hu(z, y) = ∂2

∂u(z)2

[
u(z, x) ln[u(z, x)2] − u(z, y) ln[u(z, y)2]

2u(x, y)

]
. (196)

Using the mean value theorem for f(u(x)) = u(z, x) ln[u(z, x)2], we have

u(z, x) ln[u(z, x)2] − u(z, y) ln[u(z, y)2]
u(x, y) = f ′(u(a)) = −2 − ln[u(z, a)2] (197)

for some point a such that min(u(x), u(y)) ≤ u(a) ≤ max(u(x), u(y)), and thus

Hu(z, x)Hu(z, y) = −1
2

∂2

∂u(z)2 ln
[
µ2u(z, a)2] . (198)

Introducing as before factors [1 + µ2u(z)2], it follows that we can estimate

∣∣∣∣∫ Hu(z, x)Hu(z, y)f(z) d2z

∣∣∣∣ ≤ 1
2
∥∥[1 + µ2u(z)2][1 + µ2v(z)2]∂2

uf(z)
∥∥

∞

×
∫

|ln |u(z, a)|| du(z)
1 + µ2u(z)2

∫ dv(z)
1 + µ2v(z)2 ,

(199)

and the integrals are estimated using equation (180). Finally, we use

ln(2 + µ|u(a)|) ≤ ln(2 + µ|u(x)|) + ln(2 + µ|u(y)|) , (200)

absorb the logarithms in the test functions g and repeat the derivation of the
denominator estimates. It follows that also the contribution of the terms with
two derivatives of the Hadamard parametrix at different points for µ = ν = u
and µ = ν = v to the numerator (172) is bounded by a sum of the form (175),
using again that we have m2 + m(m − 1) < 2m2 of this type.

For the first two terms of the stress tensor Tµν = Oµν − 1
2 ηµνOρ

ρ +gηµν(Vβ +
V−β) we can take over the above bounds. For the third term, we use the re-
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sult (156) and thus have to bound

∞∑
n=0

in

n!

∫
· · ·
∫ ∑

σi=±1
ω0,0

T

Vβ(gf) ⊗
n⊗

j=1
Vσjβ(xj)

 n∏
i=1

g(xi) d2xi

= i
∞∑

m=0

(−1)m

m!(m + 1)!µ
−(m+1) β2

2π

∫
f(z)g(z)

∫
· · ·
∫

×

[∏
1≤j<k≤m[u(xj , xk)v(xj , xk)]−

∏
1≤j<k≤m+1[u(yj , yk)v(yj , yk)]−

(−1)m
∏m

j=1
∏m+1

k=1 [u(xj , yk)v(xj , yk)]−

] β2
4π

×

 1
−[u(ym+1, z)v(ym+1, z)]−

m∏
j=1

[u(xj , z)v(xj , z)]−
[u(yj , z)v(yj , z)]−


β2
4π

× exp

−β2

2

m∑
i=1

m∑
j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


× exp

[
−β2

m∑
i=1

[W (xi, z) − W (yi, z) − W (xi, ym+1) + W (yi, ym+1)]
]

× exp
[
−β2

2 [W (ym+1, ym+1) − 2W (ym+1, z) + W (z, z)]
]

× d2z d2ym+1

m∏
i=1

g(xi)g(yi) d2xi d2yi , (201)

where we used that because of the neutrality condition only odd terms n =
2m + 1 give a non-vanishing contribution. Of these, m have a positive σj and
m + 1 have a negative one, such that the sum over the σj resulted in a factor
of
(2m+1

m

)
= (2m + 1)!/(m!(m + 1)!), and as before we renamed the integration

variables with a negative σj to yj . The second assumption on W shows that the
exponentials can be bounded by 1, and setting xm+1 ≡ z the terms in brackets
combine to[∏

1≤j<k≤m+1[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m+1∏m+1

j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

. (202)

We can then use the same steps as in bounding the denominator (158), with the
result that the series (201) is bounded by

∥f∥∞

∞∑
m=0

1
m!(m + 1)! [(m + 1)!]1+ β2

4π Km+1 ≤ C

∞∑
m=0

(m!)
β2
4π −1m2Km , (203)

with the constant C now also depending on K and thus on g. The same bound
is obtained analogously for the fourth term in the stress tensor involving V−β ,
which switches xi with yi in equation (201).
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Since we have shown that the denominator of the Gell-Mann–Low formula (10)
is a convergent series in g (171) starting with 1, and is thus bounded by 1

2 from
below for sufficiently small ∥g∥∞, the required bounds for the expectation values
of Oµν(f) and Tµν(f) follow. ⊓⊔

3.4. Proof of theorem 6 (Conservation). As in the Euclidean case, to show that
the interacting stress tensor is conserved it is enough to show that the numerator
of the Gell-Mann–Low formula vanishes when smeared with a test function of
the form ∂µf with f ∈ S(R2). Consider the numerator for Oµν (172), and smear
it with ∂µf . The result contains now three different types of terms: the ones with
the renormalised [Hµ(x, y)Hν(x, y)]ren (151), the ones involving double sums of
Hµ, and the ones involving W . We start with the latter type, which contains
double sums involving W , a coincidence limit of derivatives of W , and a mixed
double sum involving W and Hµ. For the double sums involving W , we compute∫

∂µf(z)
[
∂(µW (z, x)∂ν)W (z, y) − 1

2ηµν∂ρW (z, x)∂ρW (z, y)
]

d2z

= −1
2

∫
f(z)

[
∂2W (z, x)∂νW (z, y) + ∂νW (z, x)∂2W (z, y)

]
d2z ,

(204)

where x and y do not need to be distinct. Since W is a bisolution of the Klein–
Gordon equation ∂2

xW (x, y) = ∂2
yW (x, y) = 0, these terms vanish. For the terms

involving the coincidence limit, we use Synge’s rule [61]

∂z
µ lim

z′→z
f(z, z′) = lim

z′→z

[
∂z

µf(z, z′) + ∂z′

µ f(z, z′)
]

, (205)

and compute∫
∂µf(z) lim

z′→z

[
∂z

µ∂z′

ν W (z, z′) − 1
2ηµν∂z

ρ∂ρ
z′W (z, z′)

]
d2z

= −
∫

f(z) lim
z′→z

[
∂2

z ∂z′

ν W (z, z′) − 1
2∂z

ρ

(
∂z

ν − ∂z′

ν

)
∂ρ

z′W (z, z′)
]

d2z .

(206)

The first term again vanishes since W is a bisolution, while the second one
vanishes because W (x, y) = W (y, x) is symmetric in x and y, exchanging z and
z′ in one of the two parts. Lastly, for the mixed terms involving both W and
Hµ, we obtain∫

∂µf(z)
[
H(µ(z, x)∂ν)W (z, y) − 1

2ηµνHρ(z, x)∂ρW (z, y)
]

d2z

= −
∫

f(z)
[

1
2∂µHµ(z, x)∂νW (z, y) + 1

2Hν(z, x)∂2W (z, y)
]

d2z ,

(207)

and since W is a bisolution, the last term vanishes. However, for ∂µHµ we obtain
instead using the definition of Hµ (140)

∂µHµ(z, x) = −4πi ∂2HF(z, x) = −4πi δ2(z − x) , (208)
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since the Hadamard parametrix HF is not a bisolution of the (massless) Klein–
Gordon equation, but instead a fundamental solution (119), and hence∫

∂µf(z)
[
H(µ(z, x)∂ν)W (z, y) − 1

2ηµνHρ(z, x)∂ρW (z, y)
]

d2z

= 2πif(x) ∂νW (x, y) .

(209)

Similarly, for the terms involving double sums containing H(µ(z, xi)Hν)(z, xj)
with i ̸= j, we obtain∫

∂µf(z)
[
H(µ(z, x)Hν)(z, y) − 1

2ηµνHρ(z, x)Hρ(z, y)
]

d2z

= 2πi [f(x) Hν(x, y) + f(y) Hν(y, x)] = 2πi [f(x) − f(y)]Hν(x, y) ,

(210)

and for the terms involving the renormalised [Hµ(x, y)Hν(x, y)]ren it follows that∫
∂µf(z)

[
[Hµ(z, x)Hν(z, x)]ren − 1

2ηµν [Hρ(z, x)Hρ(z, x)]ren
]

d2z

= −2δu
ν

∫
∂vf(z)[Hu(z, x)Hu(z, x)]ren d2z

− 2δv
ν

∫
∂uf(z)[Hv(z, x)Hv(z, x)]ren d2z

(211)

using the form of the Minkowski metric in light cone coordinates (149). Insert-
ing the explicit expressions for the renormalised [Hµ(x, y)Hν(x, y)]ren (151), we
obtain∫

∂µf(z)
[
[Hµ(z, x)Hν(z, x)]ren − 1

2ηµν [Hρ(z, x)Hρ(z, x)]ren
]

d2z

= −8πi
∫

∂u∂v∂νf(z)HF(z, x) d2z − 2πi[δu
ν ∂vf(x) + δv

ν∂uf(x)]

= 2πi ∂νf(x) − 2πi[δu
ν ∂vf(x) + δv

ν∂uf(x)] ,

(212)

using that HF is a fundamental solution (119) of the Klein–Gordon equation.
Analogous to the Euclidean case (96), we compute

∂xℓ
ν ln

[∏1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π


= δu

ν

β2

4π

∑
k ̸=ℓ

1
[u(xℓ, xk)]− sgn(u+v)

−
m∑

k=1

1
[u(xℓ, yk)]− sgn(u+v)


+ δv

ν

β2

4π

∑
k ̸=ℓ

1
[v(xℓ, xk)]− sgn(u+v)

−
m∑

k=1

1
[v(xℓ, yk)]− sgn(u+v)

 ,

(213)

where we recall that

[u(xℓ, xk)]− sgn(u+v) = lim
ϵ→0

[u(xℓ, xk) − iϵ sgn((u + v)(xℓ, xk))] , (214a)
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[v(xℓ, xk)]− sgn(u+v) = lim
ϵ→0

[v(xℓ, xk) − iϵ sgn((u + v)(xℓ, xk))] (214b)

are the distributional boundary values obtained in the physical limit. We multi-
ply by f(xℓ), sum over ℓ and rename summation indices to obtain

m∑
k=1

f(xk)∂xk
ν ln

[∏1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π


= δu

ν

β2

4π

 m∑
1≤j<k≤m

f(xj) − f(xk)
[u(xj , xk)]− sgn(u+v)

−
m∑

j,k=1

f(xj)
[u(xj , yk)]− sgn(u+v)


+ δv

ν

β2

4π

 m∑
j=1

m∑
k=j+1

f(xj) − f(xk)
[v(xj , xk)]− sgn(u+v)

−
m∑

j,k=1

f(xj)
[v(xj , yk)]− sgn(u+v)


= β2

4π

 ∑
1≤j<k≤m

[f(xj) − f(xk)]Hν(xj , xk) −
m∑

j,k=1
f(xj)Hν(xj , yk)

 ,

(215)

where in the last equality we used equation (140) in the limit ϵ → 0, which can
be written as

Hu(x, y) = 1
[u(x, y)]− sgn(u+v)

, Hv(x, y) = 1
[v(x, y)]− sgn(u+v)

. (216)

By the same procedure, we also obtain the analogous equation with x and y
exchanged. Similarly, we compute

m∑
k=1

f(xk)∂xk
ν exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


= −β2 exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


×

m∑
j,k=1

f(xk)∂xk
ν [W (xk, xj) − W (xk, yj)] , (217)

where the derivative acts on the first argument of W , as well as the analogous
equation with x and y exchanged. It follows that the numerator of the Gell-
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Mann–Low formula for the stress tensor, smeared with ∂µf , reduces to
∞∑

n=0

1
n!

∫
· · ·
∫ ∑

σi=±1
ω0,0

T

Tµν(∂µf) ⊗
n⊗

j=1
Vσjβ(xj)

 n∏
i=1

g(xi) d2xi

= −i
∞∑

m=0

(−1)m

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

×

[
m∑

i=1
[∂νf(xi) + ∂νf(yi)] − β2

8π

m∑
i=1

[∂νf(xi) + ∂νf(yi)]

+ β2

8π

m∑
j=1

[δu
ν ∂vf(xj) + δv

ν∂uf(xj) + δu
ν ∂vf(yj) + δv

ν∂uf(yj)]
]

× µ−m β2
2π exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


×

m∏
i=1

g(xi)g(yi) d2xi d2yi

+ i
∞∑

m=0

(−1)m

m!(m + 1)!

∫
· · ·
∫ [∏

1≤j<k≤m+1[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m+1∏m+1

j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

× µ−(m+1) β2
2π exp

−β2

2

m+1∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


× [∂νf(xm+1) + ∂νf(ym+1)]

m+1∏
i=1

g(xi)g(yi) d2xi d2yi , (218)

where we integrated some derivatives by parts, used that by assumption g is
constant on the support of f , and for the last two terms in the stress tensor
involving the vertex operators used the result (201) with z renamed to xm+1
and the analogous result for V−β with z renamed to ym+1. Shifting in the last
sum the summation index m → m − 1, and using that because of the symmetry
of the integrand we can replace

∂νf(xm) + ∂νf(ym) → 1
m

m∑
i=1

[∂νf(xi) + ∂νf(yi)] , (219)

the last sum in equation (218) coming from the vertex operators in the stress ten-
sor cancels the first sum in brackets in the first sum in equation (218), completely
analogous to the Euclidean case. However, the other terms do not cancel, and
to remove them we need to use the finite renormalisation freedom we still have,
redefining time-ordered products involving one Oµν and one vertex operator Vα.

Analogously to the redefinition (152) that was needed to renormalise the
time-ordered products, we make a further redefinition of the form

δT [Oµν(z) ⊗ Vα(x)] =
(
cu

αδu
µδu

ν + cv
αδv

µδv
ν

)
δ2(z − x) T [Vα(x)] (220)
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with (finite) constants cu
α and cv

α; there is no need for a term proportional to
ηµν since it would cancel out in the stress tensor anyway. Analogously to the
change (154), this induces a change in the expectation value of Oµν and thus
Tµν which reads

ωΛ,ϵ

δT

 n⊗
j=1

Vσjβ(xj) ⊗ Tµν(z)

 = ωΛ,ϵ

δT

 n⊗
j=1

Vσjβ(xj) ⊗ Oµν(z)


=

n∑
j=1

(
cu

σjβδu
µδu

ν + cv
σjβδv

µδv
ν

)
δ2(z − xj)

∏
1≤i<j≤n

[
µ2(−uijvij + iϵ)

]σiσj
β2
4π

× exp

−β2

2

n∑
i,j=1

σiσjW (xi, xj)

(Λ

µ

) β2
(∑n

j=1
σj

)2

4π

, (221)

since the redefinition (220) is traceless. In the physical limit Λ, ϵ → 0 again
only neutral configurations with

∑n
j=1 σj contribute, and summing over n and

smearing with the adiabatic cutoff function g and the test function f , we obtain
the change of the numerator of the Gell-Mann–Low formula for the stress tensor:

∞∑
n=0

in

n!

∫
· · ·
∫ ∑

σi=±1
ω0,0

δT

 n⊗
j=1

Vσjβ(xj) ⊗ Tµν(f)

 n∏
i=1

g(xi) d2xi

=
∞∑

m=0

(−1)m

(m!)2

∫
· · ·
∫ [∏

1≤j<k≤m[u(xj , xk)v(xj , xk)]−[u(yj , yk)v(yj , yk)]−
(−1)m

∏m
j,k=1[u(xj , yk)v(xj , yk)]−

] β2
4π

×
m∑

j=1

[
δu

µδu
ν

(
cu

βf(xj) + cu
−βf(yj)

)
+ δv

µδv
ν

(
cv

βf(xj) + cv
−βf(yj)

)]

× µ−m β2
2π exp

−β2

2

m∑
i,j=1

[W (xi, xj) − W (yi, xj) − W (xi, yj) + W (yi, yj)]


×

m∏
i=1

g(xi)g(yi) d2xi d2yi , (222)

where we have used (as before) that only the terms with n = 2m with m positive
σj and m negative ones contribute, renamed the integration variables for V−β

to yi, and took into account that there are
(

n
m

)
= (2m)!/(m!)2 possibilities to

choose the m positive σj from a total of n = 2m ones. Replacing f → ∂µf , the
terms in the sum result in

δu
µδu

ν

(
cu

β∂µf(xj) + cu
−β∂µf(yj)

)
+ δv

µδv
ν

(
cv

β∂µf(xj) + cv
−β∂µf(yj)

)
= −2δu

ν

(
cu

β∂vf(xj) + cu
−β∂vf(yj)

)
− 2δv

ν

(
cv

β∂uf(xj) + cv
−β∂uf(yj)

) (223)

using the explicit form of the Minkowski metric in light cone coordinates (149),
and adding this contribution to the numerator of the Gell-Mann–Low formula
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for the stress tensor, smeared with ∂µf (218), we can cancel the offending terms
of the third sum in brackets by choosing

cu
±β = cv

±β = −i β2

16π
. (224)

In effect, the result of this redefinition is to remove the local terms in the renor-
malised [Hµ(x, y)Hν(x, y)]ren (151) for the uu and vv components, such that
[Hu(x, y)Hu(x, y)]ren = 4πi ∂2

uHF(x, y) and analogously for the vv component.
The remaining term in equation (218) is of the same form as the contribution

of V±β (201), and as in the Euclidean case it follows that a modified stress tensor
is conserved in the quantum theory: we have

∞∑
n=0

1
n!

∫
· · ·
∫ ∑

σi=±1
ω0,0

T

T̂µν(∂µf) ⊗
n⊗

j=1
Vσjβ(xj)

 n∏
i=1

g(xi) d2xi = 0

(225)
with (15)

T̂µν ≡ Tµν − β2

8π
gηµν(Vβ + V−β) . (226)

One might ask if a further redefinition of time-ordered products could be used to
get rid of the extra term in equation (226), such that the classical stress tensor
would also be conserved in the quantum theory. However, this is impossible
since the term in question is proportional to ηµν , and modifying Oµν by any
such term has no effect on the stress tensor. Moreover, redefinitions of time-
ordered products only involving Vβ are not allowed by dimensional reasons in
the finite regime β2 < 4π, so the modified stress tensor (226) is unique. ⊓⊔
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