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1. Index theory on
Riemannian manifolds



M Riemannian manifold, compact, without boundary
spin structure ~ spinor bundle SM — M

n = dim(M) even ~- splitting SM = S M & SgM
Hermitian vector bundle E — M with connection

~~ twisted spinor bundle V; g = S, )gM @ E

Dirac operator D : C>*(M, V) — C>*(M, V)

(0 Dg
0= <DL 0 )
Properties of D:

m linear differential operator of first order
m elliptic

m essentially self-adjoint

m D, is Fredholm, i.e. index is defined

ind(D.) = dimker(D,) — dimcoker(D,)



Heat kernel expansion

DgrD, is of Laplace type ~~ heat kernel expansion

e D0 (x, x) ' (4nt) 23 g(x)0
j=0

Tr(e tDRDL) 4 1)~ n/2Z/ tr( aj X)

Similarly:

—tD, DR tko at) /2 . =
Tr(e~0:0ny X0 (47ep) /Zo /M tr(3(x))



Index computation

ind(D.) = dimker(D,) — dimker(Dg)
= dimker(DgD,) — dimker(D,DR)

— Z e «(DrDL) _ Z et «(D.DR)
k k

— Tr(e—tDHDL) (e_tDLDR)

~ (4n)" "/22 / [tr(a(x)) — tr(&(x))]¢

ind(D;) = /M [tr(@n/2(x)) — tr(&n/2(x))],

/ [tr(a;(x)) — tr(&(x))] = 0 for j < n/2
M



The index theorem

Local index theorem

The following holds pointwise:

Ny oA e _J0 forj < n/2
(4m) "/ ?[tr(&(x)) tr(aj(x))]_{A(M)/\ch(Eﬂx for | 2

Corollary (Atiyah-Singer 1968)

ind(D,) = /MA(M) A ch(E)



Setup for manifolds with boundary

M Riemannian manifold, compact, with boundary oM
spin structure ~ spinor bundle SM — M

n = dim(M) even ~- splitting SM = S M & SgpM
Hermitian vector bundle E — M with connection

~~ twisted spinor bundle V; g = S, )gM @ E

Dirac operator D : C>*(M, V) — C>*(M, V)

(0 Dg
0= (DL 0 )
Need boundary conditions:

Let Ay be the Dirac operator on OM.
P+ = X[0,00)(Ao) = spectral projector

APS-boundary conditions:
P.(flom) = 0 i



Atiyah-Patodi-Singer index theorem

Theorem (Atiyah-Patodi-Singer 1975)

Under APS-boundary conditions D, is Fredholm and

ind(DPS) :/ A(M) A ch(E)
M

[ TAM) A oh(E))—1He) +1(Ao) er 1(Ao)
JOM

Here
m h(A) = dimker(A)
m 7)(A) = 1a(0) where na(s) = > sign(A) - [A["*

Aespec(A) “.
A0 - 6



2. Index theory on
Lorentzian manifolds



Index theory in Lorentzian signature?

Problem 1: Let D be a differential operator of order k over a
closed manifold. Then D : HX — L2 is Fredholm < D is elliptic.

= no Lorentzian analog to Atiyah-Singer index theorem

Problem 2: Hyperbolic PDEs behave badly on closed
manifolds

Problem 3: Closed Lorentzian manifolds violate causality
conditions

= useless as models in General Relativity

But: There exists a Lorentzian analog to the
Atiyah-Patodi-Singer index theorem! o



Setup for Lorentzian manifolds

m M globally hyperbolic Lorentzian manifold with boundary
oM = 5,18,
m S; smooth compact spacelike Cauchy hypersurfaces

m spin structure ~ spinor bundle SM — M
m n=dim(M) even ~ splitting SM = S ;M & SgpM
m Hermitian vector bundle E — M with connection ~~
twisted spinor bundles V, ;g = S;/gM @ E
m Dirac operator D : C>*(M, V) — C>(M, V) (hyperbolic!)
m A; Dirac operator on S; (elliptic!) o



The Lorentzian index theorem

Theorem (B.-Strohmaier 2015)

Under APS-boundary conditions D, is Fredholm.
The kernel consists of smooth spinor fields and

ind(D/\S) :/ A(M) A ch(E / T(A(M) A ch(E))

_ h(A1) + h(A2) + n(A1) — n(A2)
2




Original proof of the index theorem

Step 1: Show that DS is Fredholm
(microlocal analysis, FIOs)
Step 2: Compute index
m introduce auxiliary Riemannian metric on M

m use spectral flow to relate the Lorentzian and the
Riemannian indices

m apply classical APS theorem

Aim: Replace step 2 by local index theorem



Hadamard type expansion

On Minkowski space (R”, (-, -)) define distributions (k € Np):

((x, X) — fexg)kt1-n/2 ifk+1<n/2
(x, x)k*1=n/2|og((x, x) — iexy)  otherwise

X0

N




Hadamard type expansion

consider as distribution on manifold near x using normal
coordinates about x

vary x

~ distribution H defined on neighborhood ¢/ of diagonal in
Mx M

~~ formal bisolution of (DrDy)xu(x,y) = (DrDL)ju(x,y) =0
onu.

U= Vk(X,y)Hk
k=0

The Hadamard coefficients Vj are recursively defined and C*
on U. Formally:
Vi (x, x) = ax(x)



Hadamard solutions

Schwartz kernel theorem

weC™MxM) <& &:CPM)— C°(M)

Bu)(v) =w(uev)

A bidistribution w € C~>°(M x M) is called bisolution if

DD o & =& o DrD; = 0.

It is called to be of Hadamard form if

n/2—1+¢
w— > VHkeC'U) VLeN,.
k=0



Hadamard regularization

Forw e CO(U, V X V*) write
[@](x) := tr(w(x, X))

For differential operators Qq, Q> of order my, mo put

[Q,w, C?z]reg =[Qo(w— Z/,:/:o Vitk) o Qo]
with N =n/2 — 1+ my + mo.

Proposition 1

For Hadamard bisolutions w we have:
[DRDLaW, 1]reg = [1 #*%DRDL]reg = [Vn/z]a
[DL7W7 DR]reg = [\N/D/Z]



Product manifolds

Let M = | x S with metric —df? + g. Put
f(t) = 32 1AT2(1 — x(0)(8)) — itx () (&)
where A = DZ. Now
(@sU)(t,-) = /R f(t — s)u(s,-)ds

defines a distinguished Hadamard bisolution ws.



Product manifolds

Localize h and n:

hx = [x401(Ds)](X)
nx = nx(0)  where
= sign(A)| A% @5 (x) 2
A£0
Then

/ hxdx = h(Ds) and / nxdx = n(Dg)
M M

Proposition 2

In the product case, for the distinguished Hadamard bisolution:

[DL7WS7 I/S]"Gg(t X) = %(nx + hX)



Regularized Dirac current

For any Hadamard bisolution w define regularized Dirac current

J;%g(g) = [DL7 W, f]reg

Jréq is @ smooth 1-form on M.

In product case, by Proposition 2:

J%E(VS) = [Dr,ws, ?s]reg = %(nx + hy)



Crucial computation

Assume M has product metric near boundary oM = S; LU S,

wq: distinguished Hadamard bisolution near S;, extended to M
propagation of singularities = w¢ is Hadamard on all of M
similarly for wo



Crucial computation

—ind (D}PS) = /3 (Jrah — ) (vs)dS  (Chiral Anomaly)
= [ (s = ) s,
1
— [ Jalvs)aSi - | Shlvs)ose+ [ o
S So M
= 5(1(Ds,) + h(Ds)) — 3(1(Ds,) + h(Ds) + [ 6%

Thus dJe, is the (negative of) the index density.



Local index theorem

Theorem (B.-Strohmaier, 2017)
iy = —A(M) A ch(E) pointwise.

o

Proof: For all f € C°(M) we have:
[ 100 = [ (V0 = [ D, Pleg
M M M
= /M[Wfo DL,WQ, 1]reg = /M[(DR o f— fO DR) (¢] D[_,(,dg, 1]reg
= / f- ([DLawZa DFl]reg - [DRDL,UJ2, 1]reg>
M

= /Mf' ([Vn/z] - [Vn/Z])

= 0drey = [Vn/2 — Vpjol = —A(M) A ch(E). mg
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