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(0) T(,x)=Idx; (1) TCy)T(y,z)=T(x,z) and (2) M, =MNT(x,y),
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A morphism of Lie algebroids ¢: £(G1) — £(G2) integrates to a (locally trivial Lie)
groupoid local morphism @ : G; e G> uniquely determined modulo germ equivalence.

Integrating a flat infinitesimal connection
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The geometric data

» E, F two vector spaces, A C Zzo and

T=ED T, Tn:=Ls(E"F),

n€eA
where we have set Top = F.
» T= M x T is a trivial bundle;
> the structure group G and the corresponding groupoid G = M x M X G;
» an action 7 : G X E — E, and the induced action on T;
» The induced action of G on T:
p: G(P) —  Iso(T)
(xy.8) — (1) — (x,7(g)(1))

» A map W : M — G gives rise to a (trivial) direct connection
W MxM +«~— G
(xy) — WEWH)™
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Geometric polynomial regularity structure

Definition
A geometric polynomial structure on a vector bundle V — M over a
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where A = Zx>o, P =Iso(T), p is the canonical representation, where
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Principal bundles with connections vs. gauge groupoids with
connections

Gauge groupoids (Ehresman, Mackenzie)
There is a one to one correspondence

principal bundles P +— gauge groupoids G(P)

Extension to gauge groupoids with connection
Theorem 3: There is a one to one correspondence

flat principal bundles (P, V) «— flat gauge groupoids (G(P),l'v).

Flat connections are locally trivial

Flat direct connections ['(x, y) are trivialisable i.e., they are locally of the form
ity = FL ()

with the F’s given in terms of local sections of P (local section atlas of the groupoid).
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Gaugeoid transformations vs. gauge transformations

Gaugeoid group of gaugeoid transformations
> Aut(G) := {® € Diff(G), (711 72) = P(71) P(72) for composable
(71,72) € G?} > diffeomorphisms of G which are groupoid morphisms,
> Auty(G) ~ {P € Aut(G), by =Idu}.

> The case of a gauge groupoid: Auty(G(P)) := Z¥ (P x P,Ad(G))
= {I € C&°(P x P, Ad(G)), which obey the cocycle condition i.e.,
F(p, @) T(d, ) (r, p) = 1d,} (Condition (1)).

From gauge to gaugeoid transformations on gauge groupoids

» The map ¢ : Auty(P)> F — ((p, q) — Fp (Fq)_1> € Auty (G (P))
> is neither injective nor surjective;
> Gaugeoid transformations which are not gauge transformations
(P x P,Ad(G))/BZF (P x P,Ad(G)) ~ Autp(G(P))/Auty (P) Auty(P)7L,

with Auty(P) Auty,(P)~!
= {I € Auty(G(P)),T(p,q) = F(p) F(g)~1, for an F € Auty(P)}.
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